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Abstract. A directed triple system of order v, denoted DTS(v), is said to be f-bicyclic 

if it admits an automorphism consisting of f fixed points and two disjoint cycles. In 

this paper, we give necessary and sufficient conditions for the existence of f-bicyclic 

DTS(v)s. 

1. Introduction 

A directed triple is a set of three ordered pairs of the form {(x,y), (Y,z), (x,z)}, that 

we will denote by [x, y, z]. A directed triple system of order v, denoted DTS(v), is a pair 

(V, ~), where V is a v-set and f3 is a set of directed triples of elements of V, called blocks, 

such that any ordered pair of distinct elements of V occurs in exactly one block of~. A 

DTS(v) exists if and only if v == 0 or 1 (mod 3) [4]. 

An automorphism of a DTS(v) is a permutation TC of V which fixes f3. The orbit of a 

block under TC is the image of the block under the powers ofTC. A set of blocks f3' is said to 

be a set of base blocks for a DTS( v) under the permutation TC if the orbits of the blocks of 

f3' produce the DTS(v) and exactly one block of f3' occurs in each orbit. 

Several types of automorphisms have been studied for the question: "For what values 
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of v does there exist a DTS(v) admitting an automorphism of the given type?". In 

particular, a DTS(v) admitting an automorphism consisting of a single cycle is said to be 

cyclic; a cyclic DTS(v) exists if and only if v == 1, 4 or 7 (mod 12) [2]. A DTS(v) 

admitting an automorphism consisting of a fixed point and a cycle of length v-I is said to 

be rotational; a rotational DTS(v) exists if and only if v == 0 (mod 3) [1]. A DTS(v) 

admitting an automorphism consisting of f fixed points and a single cycle of length ~ 2 will 

be said to be f-cyclic; an f-cyclic DTS(v) , with f ~ 2, exists if and only if v ~ 2f + 1 and, 

further, v == 0 (mod 3) and f == 1 (mod 3) or v == 1 (mod 3) and f == 0 (mod 3) [5]. A 

DTS(v) admitting an automorphism consisting of two distinct cycles is said to be bicyclic; 

a bicyclic DTS(v) admitting an automorphism consisting of two cycles of the same length 

exists if and only if v == 4 (mod 6); a bicyclic DTS(v) admitting an automorphism 

consisting of a cycle of length M and a cycle of length N, where M > N, exists if and only 

ifN == 1,4 or 7 (mod 12) and M = kN, with k == 2 (mod 3) [3]. 

A DTS(v) admitting an automorphism consisting of f fixed points and two disjoint 

cycles will be said to be f-bicyclic. The purpose of this paper is to present necessary and 

sufficient conditions for the existence off-bicyclic DTS(v)s. We break this into two cases: 

in the first we assume that the two cycles have the same length, and in the second case we 

assume that the cycles have different lengths. 

2. Automorphism consisting of f fixed points and two cycles of the same length 

In this section, we will consider f-bicyclic DTS(v)s, in which the two cycles have the 

same length N, with vertex set ZN x {O,I}U{<Xl'<X2,''''<X[}, where <X1><X2""'<X[ are 

the fixed points of the automorphism re. We will represent (x,O) E ZN x {O} as Xo and 

(x,I) EZN x {I} as Xl, therefore we have: 

It is easy to prove the following preliminary lemma. 

Lemma 2.1. The fixed points of an automorphism of a DTS(v)form a subsystem. 
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We have the following necessary conditions: 

Lemma 2.2. If there exists an f-bicyclic DTS(v) admitting an automorphism 1C in which 

the two cycles have the same length, then v ~ 2f + 1, v == 0 or 1 (mod 3), f == 0 or 1 

(mod 3) and v + f== 4 (mod 6). 

Proof. A basic condition for the existence of an f-bicyclic DTS(v) is v == 0 or 1 (mod 3), 

since this is the spectrum for DTS(v)s. Further, from Lemma 2.1 it follows that f == 0 or 1 

(mod 3). 
v-f 

Since the automorphism 1C has two cycles of length --, we have that v - f is even. 
2 

Further, if a is a fixed point, then there does exist two blocks starter containing a as only 

fixed point, [Oo,a,xo] and [Ol,a,xl], or [Oo,a,xd and [Ol,a,Xol It follows that, using the 

standard idea of difference methods, we have that the number of fixed points can't be 

greater than the half of the number of differences, i. e. f::;; v - f - 1, therefore we have 
. . . f(f - 1) 

v ~ 2f + 1. Fmally, the number of blocks of fixed pomts IS --3- and the length of the 

v-f v(v-1) 
orbit of each other block is --; since the number of blocks in a DTS(v) is , we 

2 3 
v- f v(v-I) f(f -1) 

have that -- divides -------, and therefore v + f== 1 (mod 3). Since v - fis 
2 3 3 

even, we have v + f== 4 (mod 6). CI 

Theorem 2.1. An f-bicyclic DTS(v) admitting an automorphism 11: in which the two 

cycles have the same length, exists if and only if v ~ 2f + 1, v == 0 or 1 (mod 3), f == 0 or 1 

(mod 3) and v + f == 4 (mod 6). 

Proof. Ifv ~ 2f+ 1, v == 0 or 1 (mod 3), f== 0 or 1 (mod 3) and v + f== 4 (mod 6), then 

there is a DTS(v) which admits an automorphism 11: consisting offfixed points and a cycle 

of length v-f. By considering TI? we see that this DTS(v) is also f-bicyclic. This shows 

that the necessary conditions of Lemma 2.2 are also sufficient. 0 

3. Automorphism consisting of f fixed points and two cycles of different lengths 

In this section, we will consider f-bicyclic DTS(v)s, f> 0, in which the two cycles 
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have lengths M and N, M>N, with vertex set ZN x{O}uZM x{1}U{UI,U2, ... ,Ur}, 

where U 1, U 2 , ... , U r are the fixed points of the automorphism 11:. We will represent 

(x,O) E ZN x {O} as Xo and (x,1) E ZM x {I} as Xl, therefore we have: 

We have the following necessary conditions: 

Lemma 3.1. If there exists an f-bicyclic DTS(v), f> 0, admitting an automorphism n 

in which the two cycles have lengths M and N respectively, M > N, then N ~ f + 1, 

M = kN, k 2 (mod 3) and, further, N == 1 (mod 3) and f == 0 (mod 3) or N == 2 (mod 3) 

and f== 1 (mod 3). 

Proof. Suppose that there is an f-bicyclic DTS(v) with the vertex set and the 

automorphism as described above. 

The set of fixed points ofnN is precisely the set ZN x{0}U{UJ,U2, ... ,Ur}, therefore by 

using the Lemma 2.1 we obtain that this set forms an f-cyclic DTS(N + f). Therefore, 

N ~ f+ 1 and, further, N + f== 0 (mod 3) and f== 1 (mod 3) or N + f== 1 (mod 3) and f== 0 

(mod 3). So there must be some blocks of the f-bicyclic DTS(v) with one vertex from 

ZN x {O} and two vertices from ZM x {I}. Since such blocks are fixed under nM
, we have 

that N divides M, say M = kN. 
. v(v -1) . 

The number of blocks of the DTS(v) IS --3- and the number of blocks of the f-cyclic 

+f-
DTS(N + f) with vertex set ZN x {o} U{UI,U2, ... ,Ur} is 3 . The length of 

the orbit of each other block of the DTS(v) is M, therefore M divides 
(N + f)(N + f - 1) 

3 - 3 . It follows that M + 2(N + f) 1 (mod 3). If N + f == 1 

(mod 3), then kN == 2 (mod 3); therefore, N == 1 (mod 3), f == 0 (mod 3) and k == 2 

(mod 3). If N + f == 0 (mod 3), then kN == 1 (mod 3); therefore, N == 2 (mod 3), f == 1 

(mod 3) and k == 2 (mod 3).0 

We now show that the necessary conditions of Lemma 3.1 are also sufficient. 

We require the use of two structures. An (A, n )-system is a collection of ordered pairs 



(anbr ), r=1,2, ... ,n, that partition the set {l,2, ... ,2n} with the property thatbr=~ 

+ r, for every r. It is proved in [7] that an (A, n)-system exists if and only if n == 0 or 1 

(mod 4). A (B, n)-system is a collection of ordered pairs (ar ,br ), r = 1,2, ... ,n, that 

partition the set {1,2, ... ,2n - 1,2n + I} with the property that br = ~ + r for every r. It is 

proved in [6] that a (B, n)-system exists if and only ifn == 2 or 3 (mod 4). 

Lemma 3.2. An f-bicyclic DTS(v), f> 0, admitting an automorphism 'IT in which the 

two cycles have lengths M and N respectively, M > N, exists ifN ~ f + 1, M = kN, k == 2 

(mod 3), N == 1 (mod 3) and f== ° (mod 3). 

Proof. Let N == 1 (mod 3), f== ° (mod 3), f> 0, N ~ f+ 1, M = kN, with k == 2 (mod 3) 
M-N-f-l 

and let h = ----
3 

We define a set of blocks, f31, and we consider two cases: 

1) If h == 0 or 1 (mod 4), let: 

f31 = {[01,r1 ,(b r + h)d: r = 1,2, ... , hand b r from an (A, h) - system 

(omit these blocks ifh = O)} U{[Ol ,ui, (3h + i)1]: i = 1,2, ... , f - 2} 

2) Ifh == 2 or 3 (mod 4), let: 

f31 = {[01,r1,(b r +h)d: r=1,2, ... ,handb r froma(B,h)-system}u{[01,Ul,(3h)d}u 

u {[01 ,ui, (3h + i)1]: i = 2,3, ... , f - 2 (omit these blocks iff = 3)} 

We now define another set of blocks, f32 , and we consider four cases: 

1) IfN == 1 (mod 12), say N = 12t + 1, let: 

f32 = {[0o, (3t + r) 1, (3t - r -l)d, [0o, (9t + r + 1)1> (9t - r - l)d, 

[(9t r-1h,(M-3t+r)1,00],[(3t-r-l)1,(M-9t-l+r)1>00]: r=0,1, ... ,3t-l}u 

u{[(9t)l>00,(M - 3t -l)d}u{[Ol ,uf-l>(M - N - 2)d,[01 ,uf,(M N -lhJ} 

2) IfN == 4 (mod 12), say N = 12t + 4, let: 

f32 = {[0o, (3t + r + 1)1 ,(3t - r)d,[(9t + 2 - r)l ,(M - 3t + rh,Oo]: r = 0,1, ... ,3t}u 

u{[Oo, (9t + 4 + rh, (9t + 2 - r)d,[(3t + 1- r)l, (M - 9t - 2 + r)l ,0o]: r = 0,1, ... ,3t - l}u 

u{[ll ,00,(M - 6t - 2)d,[(9t + 3h ,00 ,(M - 3t -l)d}u 

U{[Ol ,uf-1, (M - N - 2)d,[01 ,uf, (M - N - l)d} 
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3) IfN == 7 (mod 12), say N = 12t + 7, let: 

f32={[00, (3t + 2 + r)l, (3t + 1- r)d,[(3t + 1- r)l, (M - 9t 5 + r)l ,00]: r = 0,1, ... ,3t + l}u 

u{[Oo ,(9t + 6 + r)l ,(9t + 4 - r)d,[(9t + 4 - r)l> (M - 3t 1 + r)l ,°0]: r = 0,1, ... ,3t}u 

u{[(9t + 5)1>00, (M - 3t - 2)d} U{[Ol ,u[-l ,(M - N - 2)d,[01 ,u[ ,(M - N - l)d} 

4) IfN == 10 (mod 12), say N = 12t + 10, let: 

f32 = {roo ,(3t + 2 + r)1 ,(3t + 1- rh], [°0, (9t + 7 + r)l, (9t + 5 - rh]: r = 0,1, ... ,3t + I}U 

u{[(9t+7 r)1,(M-3t-l+r)1,00]: r=0,1, ... ,3t}u 

u{[(3t+3 r)1>(M-9t-6+r)1,00]: r=0,1, ... ,3t+2}u 

u{[(9t + 8)1,°0, (M 3t - 4)1 ],[(12t + 10)1,°0, (M - 1)1 ]}U 

U{[Ol ,u[-l ,(M N)l ],[01 ,u[,(M - 6t - 6)1]} 

In all cases, the union of the set f31 U f32 with a set of base blocks for an f-cyclic 

DTS(N + f) on ZN x {O}U{Ul>U2,''''U[} forms a set of base blocks for an f-bicyclic 

DTS(v).O 

Lemma 3.3. An f-bicyclic DTS(v) admitting an automorphism 1t in which the two cycles 

have lengths M andN respectively, M > N, exists if N:2: f + 1, M = kN, k == 2 (mod 3), 

N == 5,8 or 11 (mod 12) andf== 1 (mod 3). 

Proof. Let N 5,8 or 11 (mod 12), f== 1 (mod 3), N:2: f+ 1, M = kN, with k == 2 
M-N-f-l 

(mod 3) and let h = 3 . 

We define a set of blocks, f31, and we consider two cases: 

1) Ifh == ° or 1 (mod 4), let: 

f31 = {[Ol, r1, (b r + hh]: r = 1,2, ... , hand b r from an (A, h) system 

(omit these blocks if h = O)} U{[Ol ,ui, (3h + i)l]: i = 1,2, ... , f} 

2) Ifh 2 or 3 (mod 4), let: 

f31 = {[01,f1, (b r + h)d: r = 1,2, ... , hand b r from a (B, h) system} u {[01 ,ul ,(3h)d} U 

U{[Ol ,ui' (3h + i)l]: i = 2,3, ... , f (omit these blocks iff I)} 

We now define another set, f32, of blocks and we consider three cases: 
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1) IfN == 5 (mod 12), say N = 12t + 5, let: 

~2 = {[Oo, (3t + 1 + r)l ,(3t - r)d, [(9t + 2 - r) l,(M - 3t - 1 + r)l ,00]: r = 0,1, ... ,3t} u 

u{[Oo, (9t + 4 + rh, (9t + 2 - r)d,[(3t - r)l, (M - 9t - 4 + r)1oOO]: r = 0,1, ... ,3t}u 

u{[(9t + 3)1,°0, (M - 3t - 2)1]} 

2) IfN == 8 (mod 12), say N = 12t + 8, let: 

~2={[00' (3t + 2 + r)l, (3t + 1- r)d,[(9t + 5 - rh, (M - 3t - 1 + r)l ,00]: r = 0,1, ... ,3t + I} U 

u{[00,(9t + 7 + rh ,(9t + 5 - r)d,[(3t + 2 - r)l,(M - 9t - 5 + r)l ,Ool r = 0,1, ... ,3t}u 

u{[(9t + 6)1oOO,(M - 3t - 2)d,[11 ,00,(M - 6t - 4)d} 

3) IfN == 11 (mod 12), say N = 12t + 11, let: 

~2= {[00,(3t+ 3 + rh,(3t + 2 - r)l]: r = 0,1, ... ,3t + 2}u 

u{[Oo, (9t + 9 + r)l> (9t + 7 - r)d, [(9t + 7 - r)l,(M - 3t - 2 + r)l '00]: r 0,1, ... ,3t + I} u 

u{[(3t + 2 - r)l ,(M - 9t - 8 + r)l ,Ool r = 0,1, ... ,3t + 2}u 

u{[(9t + 8)1 ,00, (M - 3t - 3)1]} 

In all cases, the union of the set ~1 u ~2 with a set of base blocks for an f-cyclic 

DTS(N + t) on ZN x{0}u{al>a2, ... ,a[} forms a set of base blocks for an f-bicyclic 

DTS(v).O 

Lemma 3.4. An f-bicyclic DTS(v) admitting an automorphism 1t in which the two cycles 

have lengthsM andN respectively, M> N, exists if N:2 f+ 1, M = kN, k == 2 (mod 3), 

N == 2 (mod 12) and f == 1 (mod 3). 

Proof. Let N == 2 (mod 12), say N = 12t + 2, f== 1 (mod 3), N:2 f + 1, M = kN, with k == 2 
M-N-f-l 

(mod 3) and let h = --3--

We define a set of blocks, l31, and we consider two cases: 

1) lfh == Oar 1 (mod 4), let: 

~l = {[Ol' rl, (b r + h)l]: r = 1,2, ... , hand b r from an (A, h) - system 

(omit these blocks ifh = O)} U {[N1,Oo,(M -1)1],[(6t + l)l,OO,(M - 2)1J} U 

U {rOb ai, (3h + i)l]: i = 1,2, ... , f - 1 (omit these blocks iff = 1)} U 

U {[Obaf,(M - 6t - 2)d} 

2) rfh == 2 or 3 (mod 4), let: 
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f31 = {[Ol,rl,(b r +h)d: r=1,2, ... ,handb r from a (B,h)-system}u 

u{[N 1,°0 ,(M - 2)d,[(6t + 1h,00,(M -1)!1} U{[OI ,a[,(M - 6t - 3)d} U 

u{[Ol>al ,(3h)d,[01,af_l,(M - N -1)d (omitthese blocks iff = 1)} u 

u {[Ol ,ai, (3h + i)d: i = 2,3, ... , f - 2 (omit these blocks iff = 1)} 

Further, let: 

f32 = {[Ob(1 + r)o,(M - 6t -1 + 2r)d: r = 0,1, ... ,3t}u 

u{[(9t - r)l ,00,(M - 3t -1 + r)l]: r = 0,1" ... ,3t - 2} u 

u{[(6t - r)l ,00,(M + r)d,[(3t - r)l '00, (M - 9t - 2 + r)d: r = 0,1, ... ,3t -1} 

In all cases, the union of the set f31 u f32 with a set of base blocks for an f-cyclic 

DTS(N + f) on ZN x{0}u{aba2,· .. ,a[} forms a set of base blocks for an f-bicyclic 
DTS(v).O 

The results of this section combine to give us: 

Theorem 3.1. An f--bicyclic DTS(v), with f> 0, admitting an automorphism 7t in which 

the two cycles have lengths M andN respectively, M > N, exists if and only ifN::::: f+ 1, 

M = kN, k:= 2 (mod 3) and, further, N:= 1 (mod 3) and f:= ° (mod 3) or N:= 2 (mod 3) 

andf:= 1 (mod 3). 
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