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Abstract 

We present partial results on the Flat Antichain Conjecture. In par
ticular, we prove that the conjecture is true when the average size of the 
edges is an integer. 

1 Introduction 

A hypergraph is a collection of subsets (called edges) of a finite set 8. If a hypergraph 
A is such that Ai, Aj E A implies Ai g A j , then A is called an antichain. In other 
words A is a collection of pairwise incomparable sets. Alltichains are also known 
under the names simple hypergraph or clutier. The largest integer less than or equal 
to a real number x will be denoted by l x J. The smallest integer greater than or 
equal to a real number x will be denoted by r x 1. The set of all k-subsets of an set 

S will be denoted by (f). 

The Flat Antichain Conjecture, due to Paulette Lieby [4], was motivated by the 
study of Completely Separating Systems [7]. 

Conjecture 1 (Flat Antichain Conjecture) Given an antichain A on an n-set 
8, there exists an antichain F on 8 satisfying the following conditions: 

1. IFI IAI! 

2. L lEI L lEI, 
EE:;: EEA 

The first condition says that A and F have the same number of edges, the second 
condi tion says that their vertices versus edges incidence matrices have the same 
number of 1 's, and the third condition says that F is flat. If F exists then we say 
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that A can be flattened. The sum LEEA lEI will be denoted by t(A). We shall prove 
that the conjecture is true when t(A)/IAI is an integer. In fact in this case we can 
be more precise: 

Theorem 1 Let A be an antichain of an n-set 8) such that k=t(A)/IAI is an integer. 
Then there exists an antichain F on 8 such that 

1. IFI IAI) 

2. t(F) t(A)) 

8. Fe (8). - k 

To establish our results we will use the L.Y.M. inequality, which is a generalization 
of Sperner's theorem (the size of an antichain of an n-set is at most (l~J))' Lubell, 

Yamamoto and Meschalkin (see [1] or [2] for more details) generalized Sperner's 
theorem by proving that: 

Theorem 2 (The L. Y .M. inequality) Let Pk denote the number of members of 
size k of an antichain A. Then 

t~<1. 
k=l (~) -

In passing, using ideas from [:3], we will show that: 

Theorem 3 Let A be an antichain of an TI,-set. Then 

In the last section we make some remarks on the general case of the Flat Antichain 
Conjecture. 

2 Proofs 

P.roof of Theorem 1: To prove that :F exists, it is sufficient to prove that IAI S; (~), 
where k is the integer t(A)/IAI. 

Let Pi denote the number of members of size i of the antichain A, and let m = IAI. 
The L.Y.M. inequality states that: 

n Pi 
?: (n) :::; 1. 
z=1 i 
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Therefore we have: 

where f(i) = lie:). It is sufficient to prove that f(k) :::;: ~ . The function f can 
be extended to the set of reals [0, n]: on [i, i + 1], with i integer, define for u real in 
[0,1], f(i + u) = (1 - u)f(i) + uf(i + 1). 

The function f is convex. We shall prove this later. As f is convex and k = 
n p' 

I::i--.!:.., we have 
i=I rn 

f(k) = fct) Pi ) :::;: t f(i)Pi :::;: ~. 
i=l m i=l rn rn 

Hence we have rn :::;: (~). To complete the proof we still have to show that f is 

convex. It is sufficient to prove that f(i):::;: !(i-l)t!(i+1) for all i E {1, ... ,n-1}. 
We have 

f(i-l)+f(i+l) 
f( i) 

n-i+l i+1 n-i ill 
--+ = (-.-+-.)+(-:-+-.). 

n- ~ n-~ ~ n-~ 

But the function y --t y+ 11Y is always greater than or equal to 2 on ]0, 00[. Therefore 
f is convex. 0 

Proof of Theorem 3: We shall translate the hypothesis of Theorem 3 into a 
linear program. 1:Jsing the duality theorem of linear prograrnming and the L.Y.M. 
inequality we will prove the inequality of Theorem :3. 

Claim 1 

Proof of claim: We have 

Therefore, the maximum is obtained when k - 1 In - lJ -2- . That is to say when 

k = r~l 
Let A be the (n + 1) X n matrix defined by AI,j = e;) -1 if j E [1, n], Ai,i-l = -1 

ifi E [2,n+ 1], and Ai,j = ° otherwise. Let c= (1,2, ... ,n), and b= (1,0,0, ... ,0). 
The first row constraint of the system Ax :::;: b is the L.Y.M. inequality. (Here the 
variables in x represent the pi's.) The other constraints translate the non-negativity 
of x. 

By the duality theorem of linear programming we know that 

max{cx I A:r ::; b} = min{yb I y 2 0, yA = c}. 
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Let y = (Yo, Y1, Y2, ... , Yn). We have yb = Yo and (~) -1 Yo - Yk = k for k E [1, nJ. 

This can be transformed into Yo = (~)(k + Yk). The linear program min{yb I y 2:: 0, 

yA = c} has the following feasible solution. Take Yr}'l = O. Then Yo = f%l (r¥l)' 
Because of the claim, it is possible to find suitable values for the other y/s. Hence 
we have that 

min{yb I y 2:: 0, yA = c} ::; 

Therefore we have also 

As the parameters P1,P2, ... ,Pn are a feasible solution of max{cxIAx::; b}, this 
finishes the proof of theorem :3. 0 

This bound is best possible since it is achieved by the antichain formed by all the 
f % l-sets. 

3 Remarks on the General Case of the Conjecture 

The profile of a hypergraph H is the vector P = (Po, ... ,Pn), whose entries are 

We will show that if the Flat Antichain Conjecture is true, then the profile of the 
antichain H is determined by a linear system. 

Let Pi denote the number of members of size i of an antichain A. Let m = IAI, 
and t = t(A). Assume there exists a flat antichain F such that 

1. IFI =m, 

2. t(F) = t, 

:3. 3k E [l,nJ, F ~ ((~) u (k!l))' 

Let qk = IF n CD I, and let qk+1 = IF n (k!l) I· Note that qk, qk+l must satisfy the 
system 

{ 
kqk + (k + 1 )qk+I = t 

qk + qk+I = m. 

Using the fact that qk and qk+l are non negative, we deduce that k = l~J. Therefore 
k is equal to the quotient of the Euclidian division of t by m. More precisely t = 
rnk + l' with 0 < l' < rn (the case T' = 0 is Theorem 1). To sum up, qk = m - T' and 
qk+l = 1'. 
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Using a similar argument to that in the proof of Theorem 1 with the equality 

~ = k rn - l' + (k + 1) ~ 
rn rn m 

we can prove that 
~ + qk+1 < 1 
(~) (k~l) - , 

which is the L.Y.M. inequality. Unfortunalety, this is not a sufficient condition for the 
existence of an antichain F. There exist families of integers Po, ... ,pm that satisfy 
the L.Y.M. inequality, but with no antichain having these profiles. 

Computer experiments from Paulette Lieby and these partial results make us 
believe that the conjecture is true. 
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