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Abstract

Methods of constructing 3-resolvable nested 3-designs and nested 3-wise
balanced designs from an affine resolvable 3-design are proposed with
illustrations.

1 Introduction

Considering the nested structure, Preece [5] introduced a class of nested balanced
incomplete block (BIB) designs in which there are two systems of blocks, the second
system nested within the first. Each block from the first system is called a super-
block and contains some blocks called sub-blocks from the second. We extend the
work in Preece [5] by introducing some new nested ¢-designs.

A t-(v, k, \¢) design (or simply a t-design) is a system with v points (or treatments)
and b blocks containing £k distinct points, each point appearing in r different blocks
and every set of ¢ distinct points appearing in exactly A; blocks. Then it follows (cf.
Hedayat and Kageyama [3], Raghavarao [6]) that

()Y

and for each 0 < s <t every t-(v, k, A;) design is an s-(v, k, \;) design with

V()
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Here Ay = r and A\ = b. When ¢t = 2, the design is called a BIB design with
parameters v, b, 7, k, A (= A2).

A nested t-design with parameters v, b, 7, k, \;, by, ks, Ay, m is a block design for
v points, each replicated r times with two systems of blocks such that:

(a) the second system is nested within the first with each block (super-block) from
the first system containing exactly m blocks (sub-blocks) from the second sys-
tem, i.e., k = mk, and b, = mb;

(b) ignoring the second system leaves a t-design with b blocks each of k points and
with A\; occurrences for any t-tuple; and

(c) ignoring the first system leaves a t-design with b, blocks each of k, points and
with A,; concurrences for any t-tuple.

(See also Dey [2].)

In a nested t-design it holds that vr = bk = bk, and A*t(i) = b, (kt) Hence it
follows that

A= N+ ) (o 2R (g L L)y

ke —1 ke —2 ki —t+1

Note that in a 3-design if v = 2k, then r = 3X\y — 2)3.

A nested block design is said to be a-resolvable if its super-blocks (and then
sub-blocks) can be grouped into several resolution sets (also here called a-resolution
sets) of some blocks such that every point appears in each resolution set precisely
a times. A 1-resolvable design is simply called a resolvable design. An a-resolvable
block design with ¢ resolution sets of 5 blocks each (b = ¢3) is said to be affine a-
resolvable if any pair of blocks belonging to the same resolution set contains ¢; points
in common, whereas any pair of blocks belonging to different resolution sets contains
¢z points in common (Shrikhande and Ragharavao [8]). Note that ¢, = ak/S = k%/v
and in an affine a-resolvable BIB design ¢ = k(o — 1)/(B—1) =k + A —r.

A block design is said to be ¢t-wise balanced if v points are arranged in b blocks such
that each block contains ki, ks, . .., or k, points that are all distinct (k; < v, k; # ky)
and every t-tuple of distinct points occurs in exactly A; blocks of the design. If b; is
the number of blocks of size k;, i = 1,2,...,p, then for a t-wise balanced design

b:ibi, Atc) —éb<];)

i=1

This paper presents general methods of constructing 3-resolvable nested 3-designs
and 3-resolvable nested 3-wise balanced designs from an affine resolvable 3-design.
Throughout the paper, v*,b*,r*, k* A}, \j represent the parameters of the super-
block structure, whereas vy, by, T4, ks, A\s2, Ay3 represent the parameters of the sub-
block structure.
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The following lemmas are from Kageyama [4].

Lemma 1.1. There does not exist an affine a-resolvable t-design for o > 2 and
t>3.

Lemma 1.2. There does not exist an affine resolvable t-design for t > 4.

Lemma 1.3. Any affine resolvable 3-(v, k, A3) design is a 3-(4X3 + 4,273 + 2, \3)
destgn.

Because of Lemmas 1.1 to 1.3, we consider only affine resolvable 3-(4\3+4,2 3 +
2, \3) designs as a basic design in the paper.

2 Methods

Banerjee and Kageyama [1], using pairs of blocks belonging to different resolution sets
of an affine resolvable BIB design, constructed an a-resolvable nested BIB design. A
similar discussion is made to construct resolvable nested 3-designs by Rai, Banerjee
and Kageyama [7]. However, the present approach cannot show the resolvability but
a 3-resolvability can be obtained. This property is entirely different from the result
of [7].

In this paper, we shall present two construction procedures:
(i) In an affine resolvable 3-design, consider any pair of blocks belonging to different
resolution sets in the partition due to the affine resolvability. Consider the k% /v (= ¢3)
common points in these two blocks and consequently the remaining k& — ¢, points in
each of the two blocks and taking them as three sub-blocks nested in a super-block
of size 2k — g2, we can obtain a nested 3-design (see Theorem 2.1 later).
(i) On the same line, considering the k?/v (= ¢») common points and 2(k — g2)
distinct points from the two blocks of different resolution sets, as two sub-blocks
nested in a super-block of size 2k — ¢, we can obtain a nested 3-wise balanced design
(see Theorem 2.2 later).

Theorem 2.1. The existence of an affine resolvable 3-(4Xs + 4,2X3 + 2, A3) design
with A3 > 2 implies the existence of a 3-resolvable nested 3-design with parameters
v* =4(A3+1),0" = 4(2X3 + 1)(4X3 + 3), r* = 3(2\3 + 1)(4N\s +3), B* = 3(X3 + 1),
A =3(2A34+1)(3N\34+2), A5 = 3[A3(A3—1)/24+ (As+1)(4N\3+1)], b = 3b*, ki = A3 +1,
Az = 3A3(223 + 1), Mg = 303(A\3 — 1)/2.

Proof. In the affine resolvable 3-(4\3+4, 2A3+2, \3) design, any two blocks belonging
to different resolution sets of two blocks each have A3+ 1 points in common, whereas
any two blocks belonging to the same resolution set are disjoint.

Now take any two blocks belonging to different resolution sets and consider the
A3+ 1 common points and the remaining [(2A3 +2) — (A3 + 1)], i.e., (A3 + 1) points in
each of the two blocks as three sub-blocks nested in a super-block of size 3(A3 + 1).
Hence k* = 3(A3 +1). Each pair of resolution sets contributes 4 blocks and there are
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4)s + 3 such resolution sets. Thus b* = 4(*$"%) = 4(2X3 + 1)(4X; + 3).

Take a pair of resolution sets among the 4\3 + 3 resolution sets. Since there
is a single block in each resolution set containing a particular point 6, the present
procedure gives 3 blocks which will contain 6. Then r* = 3(**$**) = 3(2X\3+1)(4\s +
3).

Next, to obtain the value A} where t = 2, 3, we can partition the 4\;+ 3 resolution
sets into four types, (A), (B), (C), (D), containing three points, say, 6, 1, ¢, as follows.

All A12 -’421 AZZ

o ¥ o ¥
(A) (U v Y
6 ¢ o ¢

occurs Az times, where {¢',1',9'} are different points from {6,,d}, respectively;

Bll 612 821 622

m (5 7) (07

occurs Ay — A3 (= A3 + 1) times;

Cu 612 C21 CZZ
0 v\ 0 ¢
@ ()G
DH D12 D21 D22

ooy (Vv 0
o (5 °) ()
occurs Az + 1 times, where Ay = 2A3 + 1.

Under (A), any two resolution sets give three blocks which contain {6,1),¢} and
(%) such pairs of combinations can be made, while in each of (B), (C) and (D) any
two resolution sets give two blocks which contain {#,,d} and we can make ()‘3;1)
such pairs of combinations. Any combination of resolution sets between (A) and
each of (B), (C) and (D) give two blocks containing {6, ,d} and hence there can be
3 x 2A3(A3 + 1) such combinations. Any two resolution sets from (B), (C) and (D),
respectively, give one block containing {6,,d} and (A3 + 1)? such combinations are
possible. Thus Aj = 3(%) +6(*") + 6X3(\s + 1) + 3(\s + 1)? = 3[\a(As — 1)/2 +
(As+1)(4Xs +1)].

To calculate M3, i.e., take a pair {#,v} to consider the following:

occurs A3 + 1 times;
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(1) Any two resolution sets from (A). This family gives the values for A;;.As,
A11A22 and A12A21 Combination, where An, A12, ./4217 .A22 denote blocks of
resolution sets of A.

(2) Any two resolution sets from (B). This family gives the values for B11 821, B11B2a
and ByyBy; combination, where By, Bia, Ba1, Bas denote blocks of resolution
sets of B.

(3) Any two resolution sets from (C). This family gives the values for C1;Csy and
C15C9; combination, where Cqy, C1a, Ca1, Ca9 denote blocks of resolution sets
of C.

(4) Any two resolution sets from (D). This family gives the values for Dy;Dsy and
D15D4; combination, where Dy, Dy, Da1, Doy denote blocks of resolution sets
of D.

(5) Any two resolution sets between (A) and (B). This family gives the values
for AuBH, AllBlQ and A21811 Combination, where Au, Agl, BH, Blg denote
blocks of A and B, respectively.

(6) Any two resolution sets between (A) and (C). This family gives the values for
Ai11C11 and A;1Cqs combination, where Ay, Ci1, Ci2 denote blocks of A and
C, respectively.

(7) Any two resolution sets between (A) and (D). This family gives the values for
A1 Dy and Ay Dy, combination, where Aj,, Dy, D1y denote blocks of A and
D, respectively.

(8) Any two resolution sets between (B) and (C). This family gives the values for
B11Cy1 and B;1Cyy combination, where By, Cq1, C12 denote blocks of B and C,
respectively.

(9) Any two resolution sets between (B) and (D). This family gives the values for
B11D1; and By D1s combination, where By, D11, D1y denote blocks of B and
D, respectively.

(10) Any two resolution sets between (C) and (D). This family gives the values for
C11D1;1 and C19Dy5 combination, where Cy1, D1, D12 denote blocks of C and
D, respectively.

This yields that A5 = 3(3) +7(*™) +TAs(A\s+1)2+6(\s+1)2 = 3(203+1)(3N3+2).

Now, if the sub-blocks of size A3 + 1, nested in a super-block of size 3(A3 + 1), are
considered, a sub-structure with 3b* blocks is obtained. Thus b, = 3b*. In the design
of sub-blocks any two resolution sets among (A) only contribute to A.3. Thus A\ =
3()‘23). Other than A} blocks, where the triplet {6,,d} occurs, any two resolution
sets from (B), (C) and (D) contribute three blocks each for the pair {6,v}. Thus
Az = 3(%) +9(*") = 3X3(2A3 + 1). We next show that the resulting design is 3-
resolvable. The present procedure gives (4)‘3;3) resolution sets containing four blocks
each such that in the partition any of the v* points are replicated three times. The

nested structure also preserves a 3-resolvability. This completes the proof. d

Example 2.1. Consider an affine resolvable 3-design with parameters v = 12,0 =
22,r =11,k = 6, \y = 5, A\3 = 2, whose blocks are given by {(1, 3, 4, 5, 9, 11), (2,
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6,7, 8,10, 12)}, {(2, 4, 5, 6, 10, 1), (3, 7, 8, 9, 11, 12)}, {(3, 5, 6, 7, 11, 2), (4, 8, 9, 10,
1,12)}, {(4, 6,7, 8, 1, 3), (5,9, 10, 11, 2, 12)}, {(5, 7, 8, 9, 2, 4), (6, 10, 11, 1, 3, 12)},
{(6, 8,9, 10, 3, 5), (7, 11, 1, 2, 4, 12)}, {(7, 9, 10, 11, 4, 6), (8, 1, 2, 3, 5, 12)}, {(8, 10,
11,1,5,7), (9,2, 3,4, 6, 12)}, {(9, 11, 1, 2, 6, 8), (10, 3, 4, 5, 7, 12)}, {(10, 1, 2, 3, 7, 9),
(11, 4, 5, 6, 8, 12)}, {(11, 2, 3, 4, 8, 10), (1, 5, 6, 7, 9, 12)}. Then Theorem 2.1 yields
a 3-resolvable nested 3-design with parameters v* = 12,b* = 220, r* = 165, k* =9,
Ay =120, A} = 84, b, = 660, ky, = 3, A2 = 30, A3 = 3. The nested structure is given
as follows, where ( ) and [ ] show sub-blocks and super-blocks, respectively, and
then 12 sub-blocks in each brace form a 3-resolution set in which each point appears
three times, i.e.,

{1(3, 9, 11), (1, 4, 5), (2, 6, 10)], [(1, 4, 5), (3, 9, 11), (7, 8, 12)], [(7, 8, 12), (2, 6, 10),
(1, 4, 5)], [(2, 6, 10), (3,9, 11), (7, 8, 12)]},

{1(1, 4,9), (3,5, 11), (2, 6, 7)], [(3, 5, 11), (L, 4, 9), (8, 10, 12)], [(8, 10, 12), (3, 5, 11),
(2,6, 7], [(26,7), (1, 4,9), (8 10, 12)]},

{1(5, 9, 11), (1, 3, 4), (6, 7, 8)], [(1, 3, 4), (5, 9, 11), (2, 10, 12)], [(2, 10, 12), (1, 3, 4),
(6, 7,8, [(6, 7, 8), (5,9, 11), (2, 10, 12)]},

{l(1, 3, 11), (4, 5, 9), (2, 7, 8)], [(4, 5, 9), (1, 3, 11), (6, 10, 12)], [(6, 10, 12), (4, 5, 9),
(2,7,8),[(2,1,8), (1, 3, 11), (6, 10, 12)]},

{l(1, 4, 11), (3, 5, 9), (6, 8, 10)], [(3, 5, 9), (1, 4, 11), (2, 7, 12)], [(2, 7, 12), (3, 5, 9),
(6, 8, 10)], [(6, 8, 10), (1, 4, 11), (2, 7, 12)]},

{l(1, 3, 5), (4, 9, 11), (6, 7, 10)], [(4, 9, 11), (1, 3, 5), (2, 8, 12)], [(2, 8, 12), (6, 7, 10),
(4,9, 11)], [(6, 7, 10), (1, 3, 5), (2, 8, 12)]},

{163, 4,9), (1, 5, 11), (7, 8, 10)], [(1, 5, 11), (3, 4, 9), (2, 6, 12)], [(2, 6, 12), (L, 5, 11),
(7, 8,10)], [(7, 8, 10), (3, 4, 9), (2, 6, 12)]},

{1(3, 4,5), (1,9, 11), (2, 6, 8)], [(1, 9, 11), (3, 4, 5), (7, 10, 12)], [(7, 10, 12), (1, 9, 11),
(2, 6, 8)], [(2 6, 8), (3, 4, 5), (7, 10, 12)]},

{[(4, 5, 11), (1, 3, 9), (2, 7, 10)], [(1, 3, 9), (4, 5, 11), (6, 8, 12)], [(6, 8, 12), (1, 3, 9),
(2, 7, 10)], [(2, 7, 10), (4, 5, 11), (6, 8, 12)]},

{[(1, 5,9), (3, 4, 11), (2, 8, 10)], [(3, 4, 11), (1, 5, 9), (6, 7, 12)], [(6, 7, 12), (3, 4, 11),
(2, 8, 10)], [(2, 8, 10), (1, 5,9), (6, 7, 12)]}

{[(1, 4, 10), (2, 5, 6), (3, 7, 11)], [(2, 5, 6), (1, 4, 10), (8, 9, 12)], [(8, 9, 12), (2, 5, 6),
(3, 7,11)], [(3, 7, 11), (1, 4, 10), (8, 9, 12)]},

{1(2, 5, 10), (1, 4, 6), (3, 7, 8)], [(1, 4, 6), (2, 5, 10), (9, 11, 12)], [(9, 11, 12), (1, 4, 6),
(3,7,8)]1(3,7,8), (2,5, 10), (9, 11, 12)]},

{l(1, 6, 10), (2, 4, 5), (7, 8, 9)], [(2, 4, 5), (1, 6, 10), (3, 11, 12)], [(3, 11, 12), (2, 4, 5),
(7, 8,9), (7, 8,9), (1, 6, 10), (3, 11, 12)]},

{l(1, 2, 4), (5, 6, 10), (3, 8, 9)], [(5, 6, 10), (1, 2, 4), (7, 11, 12)], [(7, 11, 12), (5, 6, 10),
(3,8,9), (3, 8,9), (1, 2,4), (7, 11, 12)]},

{l(1, 2, 5), (4, 6, 10), (7, 9, 11)], [(4, 6, 10), (1, 2, 5), (3, 8, 12)], [(3, 8, 12), (4, 6, 10),
(7,9, 11)], [(7, 9, 11), (1, 2, 5), (3, 8, 12)]},

{[(2, 4, 6), (1, 5, 10), (7, 8, 11)], [(1, 5, 10), (2, 4, 6), (3, 9, 12)], [(3, 9, 12), (1, 5, 10),
(7,8,11)], [(7, 8, 11), (2, 4, 6), (3, 9, 12)]},

{l(4, 5, 10), (1, 2, 6), (8, 9, 11)], [(1, 2, 6), (4, 5, 10), (3, 7, 12)], [(3, 7, 12), (1, 2, 6),
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(8,9, 11)], [(8, 9, 11), (4, 5, 10), (3, 7, 12)]},
B

{14, 5, 6), (1,2, 10), (3,7, 9)], [(1, 2, 10), (4, 5, 6), (8, 11, 12)], [(8, 11, 12), (1, 2, 10),

(3,7,91,0(3,7,9), (4, 5, 6), (8, 11, 12)]}7

{11, 5, 6), (2, 4, 10), (3, 8, 11)], [(2, 4, 10), (1, 5, 6), (7, 9, 12)], [(7, 9, 12), (2, 4, 10),

(3,8, 11)], [(3, 8, 11), (1, 5, 6), (7, 9, 12)]},

{l(2, 5, 11), (3, 6, 7), (1, 4, 8)], [(3, 6, 7), (2, 5, 11), (9, 10, 12)], [(9, 10, 12), (3, 6, 7),

(1, 4, 8)], [(1, 4, 8), (2, 5, 11), (9, 10, 12)]},

{13, 6,11), (2,5, 7), (4, 8,9)], [(2, 5, 7), (3, 6, 11), (1, 10, 12)], [(1, 10, 12), (2, 5, 7),

(4, 8,9)], [(4, 8,9), (3,6, 11), (1, 10, 12)]},

{l(2, 7, 11), (3, 5, 6), (8, 9, 10)], [(3, 5, 6), (2, 7, 11), (1, 4, 12)], [(1, 4, 12), (3, 5, 6),

(8,9, 10)], [(8, 9, 10), (2, 7, 11), (1, 4, 12)]},

{12, 3, 5), (6,7, 11), (4, 9, 10)], [(6, 7, 11), (2, 3, 5), (1, 8, 12)], [(1, 8, 12), (6, 7, 11),

(4,9, 10)], [(4, 9, 10), (2, 3, 5), (1, 8, 12)]},

{12, 3, 6), (5, 7, 11), (1, 8, 10)], [(5, 7, 11), (2, 3, 6), (4, 9, 12)], [(4, 9, 12), (5, 7, 11),

(1, 8, 10)], [(L, 8, 10), (2, 3, 6), (4, 9, 12)]},

(1,8, 9)], [(1, 8, 9),
(1,9, 10)], [(L, 9, 10)

(4, 8, 10)], [(4, 8, 10)

{163, 5,7), (2, 6, 11), (1,8, 9)], [(2, 6, 11), (3, 5, 7), (4, 10, 12)], [(4, 10, 12), (2, 6, 11),
(3,5,7), (4, 10, 12)]},

{165, 6, 11), (2, 3, 7), (1, 9, 10)], [(2, 3, 7), (5, 6, 11), (4, 8, 12)], [(4, 8, 12), (2, 3, 7),
, (5,6, 11), (4, 8, 12)]},

{((5, 6, 7), (2, 3, 11), (4 8, 10)], [(2, 3, 11), (5, 6, 7), (1, 9, 12)], [(1, 9, 12), (2, 3, 11),
, (5,6, 7), (1,9, 12)]},

{11, 3,6), (4,7, 8), (2, 5 9)], [(4, 7, 8), (1, 3, 6), (10, 11, 12)], [(10, 11, 12), (4, 7, 8),

(2,5,9)], (2 5,9), (1, 3, 6), (10, 11, 12)]},

{l(1, 4, 7), (3, 6, 8), (5, 9, 10)], [(3, 6, 8), (L, 4, 7), (2, 11, 12)], [(2, 11, 12), (3, 6, 8),

(5,9, 10)], [(5, 9, 10), (1, 4, 7), (2, 11, 12)]},

10,

10,

(2,

10,

(3,

]
(2,9, 10)], [(2,
]

{11, 3, 8), (4, 6,7), (9, 10, 11)], [(4, 6, 7), (1, 3, 8), (2, 5, 12)], [(2, 5, 12), (4, 6, 7), (9,
11)], [(9, 10, 11), (1, 3, 8), (2, 5, 12)]},

{163, 4, 6), (1, 7, 8), (5, 10, 11)], [(1, 7, 8), (3, 4, 6), (2, 9, 12)], [(2, 9, 12), (1, 7, 8), (5,
11)], [(5, 10, 11), (3, 4, 6), (2, 9, 12)]},

{[( 4,7), (1,6, 8), (2,9, 11)], [(1, 6, 8), (3, 4, 7), (5, 10, 12)], [(5, 10, 12), (1, 6, 8),
9, 11)], [(2, 9, 11), (3, 4, 7), (5, 10, 12)]},

{4, 6, 8), (1, 3, 7), (2, 9, 10)], [(1, 3, 7), (4, 6, 8), (5, 11, 12)], [(5, 11, 12), (1, 3, 7),
10), (4, 6, 8), (5, 11, 12)]},

{11, 6, 7), (3, 4, 8), (2,10, 11)], [(3, 4, 8), (1, 6, 7), (5, 9, 12)], [(5, 9, 12), (3, 4, 8), (2,

[

(1,

9,

(1,

9,

1)), [(2, 10, 11), (1,6, 7), (5, 9, 12)]},
|

(
7)
(

(1,
{[(2 4, 7), (5, 8 9), (3, 6, 10)], [(5, 8,9), (2,4, 7), (1, 11, 12)], [(L, 11, 12), (5, 8, 9),
6, 10)], [(3, 6, 10), (2, 4, 7), (1, 11, 12)]},

{12, 5 7,9), (6, 10, 11)], [(4, 7, 9), (2, 5, 8), (1, 3, 12)], [(L, 3, 12), (4, 7, 9), (6,
7

(o]
~
—_

>

(6, 10, 11), (2, 5, 8), (1, 3, 12)]}.

{[( 4,9), (5,7, 8), (1, 10, 11)], [(5, 7, 8), (2, 4, 9), (3, 6, 12)], [(3, 6, 12), (5, 7, 8), (1,
11)} [(1 10, 11 ) (2, 4, 9), (37 6, 12)]},

, (2, 8,9), (1, 6, 11)], [(2, 8, 9), (4, 5, 7), (3, 10, 12)], [(3, 10, 12), (2, 8, 9),
L6, 11), (4, 5, 7), (3, 10, 12)]},
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{l(4, 5, 8), (2, 7,9), (1, 3, 10)], [(2, 7, 9), (4, 5, 8), (6, 11, 12)], [(6, 11, 12), (2, 7, 9),
(1, 3, 10)], [(L, 3, 10), (4, 5, 8), (6, 11, 12)]},
5,7,9), (2,4, 8), (3,10, 11)], [(2, 4, 8), (5, 7, 9), (1, 6, 12)], [(1, 6, 12), (2, 4, 8), (3,
[ 1), (5, 7,9), (1, 6, 12)]},
(6, 9, 10), (4, 7, 11)], [(6, 9, 10), (3, 5, 8), (1, 2, 12)], [(1, 2, 12), (6, 9, 10),

(4,7, 11)], [(4, 7, 11), (3, 5, 8), (1, 2, 12)]},

), (5, 8, 10), (1, 7, 11)], [(5, 8, 10), (3, 6, 9), (2, 4, 12)], [(2, 4, 12), (5, 8, 10),
1,7,11), (3, 6,9), (2, 4, 12)]},
{[(3, 5, 10), (6, 8,9), (L, 2, 11)], [(6, 8, 9), (3, 5, 10), (4, 7, 12)], [(4, 7, 12), (6, 8, 9),
1, [(1, 2, 11), (3, 5, 10), (4, 7, 12)]},
{l(5, 6, 8), (3,9, 10), (1, 2, 7)], [(3, 9, 10), (5, 6, 8), (4, 11, 12)], [(4, 11, 12), (3, 9, 10),
(1,2,7)],[(1, 2,7), (5,6, 8), (4, 11, 12)]},

9

{[(5,6,9), (3, 8,10), (2, 4, L1)], [(3, 8, 10), (5, 6, 9), (1, 7, 12)], [(L, 7, 12), (3, 8, 10),
(2,4, 11)], [(2, 4, 11), (5, 6, 9), (1, 7, 12)]},
{[(4, 6,9)

, (7,10, 11), (1, 5, 8)], [(7, 10, 11), (4, 6, 9), (2, 3, 12)], [(2, 3, 12), (1, 5, 8),
(7,10, 11)], [(1, 5, 8), (4, 6, 9), (2, 3, 12)]},

{l(4, 7, 10), (6, 9, 11), (1, 2, 8)], [(6, 9, 11), (4, 7, 10), (3, 5, 12)], [(3, 5, 12), (6, 9, 11),
(1, 2, 8)], [(1, 2, 8), ( , 7, 10), (3, 5, 12)]},

{l(4, 6, 11), (7, 9, 10), (1, 2, 3)], [(7, 9, 10), (4, 6, 11), (5, 8, 12)], [(5, 8, 12), (7, 9, 10),
(1,2, 3)], [(1, 2, 3) ( 6, 11), (5, 8, 12)]},

{1(6, 7, 9), (4, 10, 11), (2, 8)], [(4, 10, 11), (6, 7, 9), (1, 5, 12)], [(1, 5, 12), (4, 10,
1), (2.3, 8], [(2, 3, 8), (6,7, 9), (1,5, 12)]},

{[(5, 7, 10), (1, 8, 11), (2 67 9], [(1, 8, 11), (5, 7, 10), (3, 4, 12)], [(3, 4, 12), (1, 8, 11),
(2, 6,9)],[(26,9), (5 7, 10), (3, 4, 12)]},

{1(5, 8, 11), (1, 7, 10), (2, 3, 9)], [(1, 7, 10), (5, 8, 11), (4, 6, 12)], [(4, 6, 12), (1, 7, 10),
(2,3,9], (2, 3,9), (5, 8, 11), (4, 6, 12)]},

{1(1, 5, 7), (8, 10, 11), (2, 3, 4)], [(8, 10, 11), (1, 5, 7), (6, 9, 12)], [(6, 9, 12), (8, 10,
11), (2, 3, 4)], [(2, 3, 4), (1, 5, 7), (6, 9, 12)]},

{[(6, 8, 11), (1, 2, 9), (3, 7, 10)], [(L, 2, 9), (6, 8, 11), (4, 5, 12)], [(4, 5, 12), (1, 2, 9),
(3,7, 10)], [(3, 7, 10), (6, 8, 11), (4, 5, 12)]},

{1(1, 6,9), (2, 8, 11), (3, 4, 10)], [(2, 8, 11), (1, 6, 9), (5, 7, 12)], [(5, 7, 12), (2, 8, 11),
(3, 4, 10)], [(3, 4, 10), (1, 6, 9), (5, 7, 12)]},

{[(1, 7,9), (2, 3, 10), (4, 8, 11)], [(2, 3, 10), (1, 7, 9), (5, 6, 12)], [(5, 6, 12), (2, 3, 10),
(4, 8, 11)], [(4, 8, 11), (1, 7, 9), (5, 6, 12)]}.
Here, the first ten 3-resolution sets in the nested 3-design come from pairing the
first resolution set of the starting affine resolvable 3-design with, successively, the
remaining resolution sets of the design, while the next nine 3-resolution sets in the
nested 3-design come from pairing the second resolution set of the starting affine
resolvable 3-design with, successively, the remaining resolution sets of the design,
and so on. Thus we have fifty-five 3-resolution sets in all.

Remark.
1) In Theorem 2.1, we assume A3 > 2. This is because we want to have the resulting
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3-design. For example, the smallest example of an affine resolvable 3-design is a
3-(8,4,1) design with b = 14,r = 7, Ay = 3, which yields the resulting design with
blocks of size 2, i.e., A,3 being not positive.

2) Each block in the sub-block structure is repeated three times. Then we can take
only one of the three blocks to produce a new 3-design with the parameters of one
third of the original 3-design consisting of sub-blocks. However this design is neither
nested nor resolvable.

Theorem 2.2. The existence of an affine resolvable 3-(4\s + 4,2X3 + 2, \3) design
implies the existence of a 3-resolvable nested 3-wise balanced design with parameters
v* =4(A3+1),0" = 4273 + 1)(4A3 + 3), r* = 3(4X\3 + 3)(2A3 + 1), B* = 3(N\3 + 1),
A =3(2A3 + 1)(3A3 + 2), Aj = 3[A3(As — 1)/2 4+ (A3 + 1)(4Ns + 1)], by = 2b*, b,y =
by = b" k1 = 2(>\3 + 1)7 kv = A3+ 1,

Proof. The parameters for the super-block structure are obvious. Since, in the affine
resolvable 3-(4A3 + 4,2\3 4 2, \3) design, there are A3 + 1 common points between
any two blocks belonging to different resolution sets, consider these A3 + 1 common
points and the remaining 2[(2A; + 2) — (A3 + 1)] points from the two blocks as two
sub-blocks nested in a super-block of size 3(A3 4+ 1). Thus there are b* sub-blocks of
Ea =2(A3+1) and k.o = A3 + 1 each, i.e., b,y = by = b*. Also by the relation (1.1)

it is clear that
=~ ()
At = Zb(f—) t=2,3.
i=1 t

It can be noted from the nested structure that it preserves a 3-resolvability. This
completes the proof. |

Example 2.2. Consider an affine resolvable 3-design with parameters v = 8,b =
14,r =7k =4, \y = 3, \3 = 1, whose blocks are given by [(1, 2, 3, 5), (4, 6, 7, 8)],
(2, 3,4, 6), (5, 7, 1, 8)], [(3, 4, 5, 7), (6, 1, 2, 8)], [(4, 5, 6, 1), (7, 2, 3, 8)], [(5, 6, 7,
2), (1, 3, 4, 8)], [(6, 7, 1, 3), (2, 4, 5, 8)], [(7, 1, 2, 4), (3, 5, 6, 8)]. Then Theorem 2.2
yields a 3-resolvable nested 3-wise balanced design with parameters v* = 8,b0* = 84,
r* =63, k" =6, \; =45, A} = 30, b, = 168,b,y = by = 84,k = 4, kg = 2,
A2 = 21, A\;3 = 6. The nested structure is given as follows, where ( ) and [ ] show
sub-blocks and super-blocks, respectively, and then 8 sub-blocks in each brace form
a 3-resolution set, namely, there are twenty-one 3-resolution sets in all below

{ [(1,4,5,6), (2,3)], [(2,3,7.8), (1,5)], [(2,3,7,8), (4,6)], [(1,4,5,6), (7.8)] },
{ [(1,2,47), 3,5)], [(3,5,6,8), (1,2)], [(3,5,6,8), (4,7)], [(1,2,4,7), (6,8)] },
{ [(2:3:4,6), (1,5)], [(1,5,7.8), (2,3)], [(1,5,7,8), (4,6)], [(2.:3:4,6), (7.8)] },
{ [(1,3,6,7), (2,5)], [(2,4,5,8), (1,3)], [(2,4,5.,8), (6,7)], [(1,3,6,7), (4.8)] },
{ [(2,5,6,7), (1,3)], [(1,3,4,8), (2,5)], [(1,3,4,8), (6,7)], [(2,5,6,7), (4.8)] },
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{[(3:4,5,7), (1,2)], [(1,2,6,8), (3,5)]; [(1,2,6,8), (4,7)], [(3,4,5,7), (6,
{[(256,7), (3:4)], [(1,3,4,8), (2,6)], [(1,3,4,8), (5,7)], [(2,5,6,7), (1,
{ [(1,2,3,5), (4,6)], [(4,6,7,8), (2,3)], [(4,6,7,8), (1,5)], [(1,2,3,5), (7,
{[(3:4,5,7), (2,6)], [(1,2,6,8), (3,4)], [(1,2,6,8), (5,7)], [(3,4,5,7), (1,
{ [(1,2,4,7), (3,6)], [(3,5,6,8), (2,4)], [(3,5,6,8), (L,7)], [(1,2,4,7), (5,
{[(1,3,6,7), (2,4)], [(2:4,5,8), (3,6)]; [(2,4,5,8), (1,7)], [(1,3,6,7), (5,
{ [(1,3,6,7), (4,5)], [(2:4,5,8), (3,7)]; [(2,4,5,8), (1,6)], [(1,3,6,7), (2,
{ [(2,3,4,6), (5,7)], [(1,5,7.8), (3,4)], [(1,5,7,8), (2,6)], [(2,3,4,6), (1,
{ [(1,4,5,6), (3,7)], [(2,3,7.,8), (4,5)]; [(2,3,7,8), (1,6)], [(1,4,5,6), (2,
{[(1,2,3,5), (4,7)], [(4,6,7,8), (3,5)], [(4,6,7,8), (1,2)], [(1,2,3,5), (6,
{ [(1,2,4,7), (5,6)], [(3,5,6,8), (1,4)], [(3,5,6,8), (2,7)], [(1,2,4,7), (3,
{[(3:4,5,7), (1,6)], [(1,2,6,8), (4,5)], [(1,2,6,8), (3,7)], [(3,4,5,7), (2,
{ [(2,5,6,7), (L,4)], [(1,3,4,8), (5,6)], [(1,3,4,8), (2,7)], [(2,5,6,7), (3,
{ [(1,2,3,5), (6,7)], [(4,6,7,8), (2,5)], [(4.,6,7,8), (1,3)], [(1,2,3,5), (4,
{ [(1,4,5,6), (2,7)], [(2,3,7.8), (5,6)], [(2,3,7,8), (1,4)], [(1,4,5,6), (3,
{ [(2,3,4,6), (L,7)], [(1,5,7.8), (2,4)], [(1,5,7,8), (3,6)], [(2,3,4,6), (5,
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