AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 37 (2007), Pages 21-26

A note on potentially K ;-graphic sequences

GANG CHEN

Department of Mathematics
Ningzia University, Yinchuan
Ningzia 750021
China

chen_g@nxu.edu.cn

Abstract

For a given graph H, let o(H,n) be the smallest even integer such that
every n-term non-increasing graphic sequence m = (dy,ds, .. .,d,) with
o(r) =di+dy+---+d, > 0(H,n) has a realization G containing H
as a subgraph. In this paper, we determine the values of o(Kj,14,n) for
t>3andn > Q[g} +3, where K, is the r X s x t complete 3-partite
graph.

1 Introduction

The set of all sequences m = (dy,ds, .. .,d,) of nonnegative integers with d; <n —1
for each ¢ is denoted by N.S,. A sequence m € NS, is said to be graphic if it is the
degree sequence of a simple graph G on n vertices, and such a graph G is called a
realization of m. The set of all graphic non-increasing sequences in N.S,, is denoted
by GS,. For a sequence 7 = (di,ds, ...,d,) € NS,, define o(n) =dy +da+ - - - + dp.
For a given graph H, a graphic sequence 7 is potentially H-graphic if there exists a
realization of 7 containing H as a subgraph. Gould et al. [3] considered the following
variation of the classical Turan-type extremal problems: determine the smallest even
integer o(H,n) such that every = € GS, with o(n) > o(H,n) is potentially H-
graphic. If H = K,, the complete graph on r vertices, this problem was considered
by Erd6s et al. [1] where they showed that o(K3,n) = 2n for n > 6 and conjectured
that o(K,,n) = (r — 2)(2n —r + 1) + 2 for sufficiently large n. Gould et al. [3] and
Li and Song [6] independently proved that the conjecture holds for 7 = 4 and n > 8.
Li et al. [7,8] showed that the conjecture is true for » = 5 and n > 10 and for r > 6
and n > (751) +3. For H = K, , the r x s complete bipartite graph, Gould et al. [3]
determined o(K,2,n) for n > 4, Yin and Li [10] determined o(K33,n) for n > 6 and
0(Kya,n) for n > 8. Recently, Yin, Li and Chen [9,11,12] determined o(K, ;,n) for
s > r > 1 and sufficiently large n. We now consider the case of H = K. Erdds et
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al. in [1] determined o(Kjy1,n) for n > 6 since K1 = K3, Lai in [5] determined
0(Ky12,n) for n > 4 since K15 = K4 — ¢, a graph obtained from K, by deleting
one edge. Moreover, Eschen and Niu [2] characterized the potentially K ;,-graphic
sequences. The purpose of this paper is to determine the values of o(K;1,,n) for

tZSananQ[@]—i—S.

2 Preliminaries

In order to prove our main results, we need the following notations and results.

Let m = (dy,ds, .. .,d,) € NS, be a non-increasing sequence and 1 < k < n. Let

7'['" _ (dl - ]-7" '7dk—1 - ]-7dk+1 - ]-7" '7ddk+1 - 17ddk+27" '7d7l)7 if dk Z ka

k (dy —1,...,dg, — 1, dgos1s- - dj1, diy1, - - -5 dn), if dy < k.
Denote mj, = (dy,d,,...,d,_;), where d} > dy > --- > d| _, is the rearrangement of
the n — 1 terms in 7. Then 7}, is called the residual sequence obtained by laying off
dy, from .

Theorem 2.1. [4] Let m = (dy,ds,...,d,) € NS, be a non-increasing sequence and
1 <k <n. Then 7 is graphic if and only if m}, is graphic.
Theorem 2.2. [9,10] Let m = (d1,ds,...,d,) € NSy, A = maz{dy,ds,...,d,} and

o(m) be even. The rearrangement sequence of m is denoted by m* = (df,ds, ..., d}),
where di > dy > --- > d;, is the rearrangement of dy,ds, . ..,d,. If there exists an

integer ny < n such that dy, > h > 1 and n; > % [W], then m is graphic.

Theorem 2.3. [9,10] Let m# = (di,...,dr,drs1,- s ris, Qrst1y - ->dn) € GSy,
where d, > r+s—1and d, > r. Ifn > (r+2)(s—1), then w is potentially
K, s-graphic.

Theorem 2.4.

(1)[7] Ifr =4, then o(K,11,n) =6n—10 = (r — 1)(2n — 7) + 2 for n > 10;
(2)[8] Ifr >5, then o(K,41,n) = (r—1)2n—r)+2 forn > (;) +3;
(3)[8] Ifr > 5, then o(K,y1,n) < 2n(r —2) +8 for 2r +2 < n < (;) 43

Theorem 2.5. [3] If 7 = (dy,ds,...,d,) € GS, has a realization G containing H
as a subgraph, then there ewists a realization G' of ™ containing H as a subgraph so
that the vertices of H have the largest degrees of .

Lemma 2.1. Let 7 € GS,. If 7 is potentially Koy o-graphic, then m is potentially
Ky 1 4-graphic.

Proof. Let G be a realization of 7 that contains Ks;1s as a subgraph, where
X = {us,ua}, Y = {us, uq,...,u4a} is the bipartite partition of the vertex set of
Ksio. If uyuy € E(G), then G contains K, as a subgraph, i.e., m is potentially
K, 1 4-graphic. Assume ujuy ¢ E(G). If there exist u;,uj, 3 < i < j < t+4 such
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that wu; € E(G), then G’ = G + {wus, uu;} — {uiu;, upu;} is a realization of ,
and clearly contains K, as a subgraph. Hence 7 is potentially K ;,-graphic. If
wiu; € E(G) for any u;,uj, 3 <i < j <t+4,then G[Y] = K4y contains Ky, as a
subgraph, and hence 7 is also potentially K ;,-graphic. O

Let n > t+ 2 and 7 = (dy,ds, ..., d,) € GS,, where dy > t+ 1 and dy1» > 2. Let
p’l(ﬂ') = (dZ_ 17d3_ 17"'7dt+2 _17dt+3_17"'7dd1+1_17dd1+27"'7dn)7

and denote py(m) = (dy — 1,ds — 1,...,dpyo — 1,d\Vs, dlYy, .. dD), where diY; >

n
d§1+)4 > .- >d\V is the rearrangement of dyy3 — 1,...,dg 41 — 1,day4a, -, dn. Let

py(m) = (ds — 2, . dpyy — 2,diys — 1, ., dP —1,d,,, ., dD),

and denote py(7) = (ds — 2,...,dprs — 2,ds, d\Yy, ..., dP), where d2y > d'?, >
-+ > d® is the rearrangement of d% — 1,...,d%),, = 1,d.,, ..., dD.

Lemma 2.2. Letn > t+2 and w7 = (dy,ds,...,d,) € GS,, where dy > t+ 1 and
diys > 2. If pa(m) is graphic, then m is potentially K 1 4-graphic.

Proof. It follows easily from the definition of py(m) that 7 is potentially Kj;,-
graphic. O

3 Main Result

Theorem 3.1. Lett >3 andn >t+ 2. Then

(mn=1)(t+1)+2 ifnis odd ort is odd,

o(Kien) 2 { (n=1)(t+1)+1 ifn andt are cven.

Proof. If n is odd or ¢ is odd, let 7 = (n — 1,t*"!), where the symbol z¥ in a
sequence stands for y consecutive terms, each equal to z, then ) = (d},...,d,,_;) =
((t —1)"='). It is easy to see that 7} is graphic and not potentially Ki; or Ky 14 1-
graphic. Hence 7 is graphic and not potentially K ;,-graphic. Thus o(Kj14,n) >
o(m)+2=(n—-1)(t+1)+2.

Now assume that n and ¢ are even. Take 7 = (n — 1,¢"" 2/t — 1). Also, it is
easy to see that @ = ((t — 1)""%,¢ — 2) is graphic and not potentially K;, or
K1 4-1-graphic, and hence 7 is graphic and not potentially K; ;.-graphic. Thus
o(Kii,n)>o(m)+2=mn-1)(t+1)+1. O

In order to determine the exact values of o(Ky1,,n) for ¢ > 3 and n > 2[“25)2} + 3,
(t+5)2]
1

we denote m = [ and also need the following Lemmas.

Lemma 3.1. Lett > 3 and n =m. Then o(Ky14,n) < (n—1)(t+1)+2+(t —
1)(m + 3).
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Proof. If t = 3, then n =m =16 > 10. If 4 <t <9, then n = m > (*}') +3. By
Theorem 2.4(1) and (2),

U(Kl,u,n) S U(Kt+2,n):t(2n—t—1)+2
= tn+n—-t+14+(t-1)(n—-t—-1)
= (n-DE+D)+24(t—-1)(m—t—1)
< (n=1)(t+1)+2+ (t—1)(m—4)
< (n=1)(t+1)+2+ (t—1)(m+3).

If t > 10, then n = m < (*5') +3. By Theorem 2.4(3),

o(Ki14,n) 0(Kpa,n) <2n(t—1)+8
th4n—t+14n(t—3)+t+7
(n—1)(t+1)+2+m(t—3)+3(t — 3)
(n=1)(+1)+2+(t—1)(m+3).

INIA I IA

O

Lemma 3.2. Lett >3, n>m and m = (dy,dy,...,d,) € GS,, where d,, > 2. If
o(m) > (n—=1)(t+ 1)+ 2, then 7 is potentially K, -graphic.

Proof. Sinceo(n) > (n—1)(t+1)+2,dy >t+1. U dy >t+3=2+4(t+2) -1,
then by n > m > 4(¢ 4+ 1) and Theorem 2.3, 7 is potentially K 4»-graphic. Hence
m is potentially K, .-graphic by Lemma 2.1. Assume t + 1 < dy < ¢+ 2. Since
= (d},d,, ..., d,_,) satisfies d| > t, m{ is potentially K ,-graphic. If dy =n—1 or
there exists an integer k, t+2 < k < d;+1 such that dy, > dj41, then d} = dy—1,d, =
ds—1,...,dj,; = di1o — 1, by Theorem 2.5, 7 is potentially K, -graphic. We now
further assume that

n—22>d 2 2di1 2 dpyr = =dgyro 2 daygi3 > - 2 dy 2 2.

Denote ¢ = max{i : di+o = dgy+2+i}. We consider the following cases:

Case 1. dy =t+ 1. By the definition of py(7), it is easy to see that

pa(m) = (ds—2,...,diyoa—2,dayra; - - - dayyore; diys—1, ..o day1 =1, day 340, - - - dn)-

Ide,g <t- ].7 then by d2 :t+1, O'(ﬂ') :d1+d2+"'+dt+1+dt+2+"'+dn <
n—14t(t+1)+(n—t—1)(t—1) = nt+t. Obviously, if nt+t > o(mw) > (n—1)(¢t+1)+2,
then n < 2t—1. In fact, it is impossible that n < 2t—1 for n > m, where m = [%]
and t > 3. Sont+t < (n—1)(t + 1)+ 2 is a contradiction. Hence d;15 > t. So we
have

maX{ds - 27 (RN dt+2 - 27 dd1+27 s 7dd1+2+l7 dt+3 - 17 s 7dd1+1 - 17 dd1+3+47 s 7dn}
<t+1,
min{d3 - 2, ey dt+2 - 2, dd1+27 e 7dd1+2+fv dt+3 - 1, e 7dd1+1 - 1, dd1+3+lv e 7dn} 2 1.

It follows from o(ps(m)) is even, [(H1+41+1)2} < [(%5)2} —2 < n—2 and Theorem 2.2
that po(m) is graphic. Hence 7 is potentially K ;;-graphic by Lemma 2.2.
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Case 2. dy = t+ 2. By the definition of pa(m), pa(m) = (ds — 2,...,dts2 —
2,divs — 1, dgyve — 1ydgyts, ..., dy) for € = 0 or po(m) = (d3 — 2,...,diy2 —
27 dd1+37 ce 7dd1+2+f7 dt+3 - ]., ceey dd1+2 — ]., dd1+3+la ceey dn) for ¢ > 1. Since the
largest term in po(m) is at most ¢ + 2 and the smallest term in ps(7) is at least 1, by
(U2l [(55%) 9 < 5y — 2 and Theorem 2.2, py(rr) is graphic. Hence 7 is also
potentially K ;s-graphic by Lemma 2.2. O

Lemma 3.3. Lett>3 andn=m+s, where 0 < s <m+3. Then

o(Kip4,n) < (n—=1)(t+1)+24 (t —1)(m+3 —s).

Proof. Use induction on s. By Lemma 3.1, Lemma 3.3 holds for s = 0. Now
assume that Lemma 3.3 holds for s — 1,0 < s -1 <m+ 2. Let n = m+ s and
m=(di,dy,...,d,) € GS, witho(m) > (n—=1)(t+1)+2+(t—-1)(m+3—3). Itis
enough to prove that « is potentially K7 ;,-graphic. Clearly, o(m) > (n—1)(t+1)+2.
If d, > 2, then by Lemma 3.2, 7 is potentially Kj-graphic. If d,, < 1, then 7/,
satisfies o(m)) = o(n) = 2d, > (n =Dt +1)+2+(t—-1)(m+3—3s) -2 =
(n—=2)(t+1)+2+(t—1)(m+3 —(s—1)). By the induction hypothesis, 7,
is potentially K, ;-graphic, and hence 7 is also potentially K i;-graphic. Thus,
o(Kip,n)<(n=10)(t+1)+2+(t-1)(m+3—s). O

Lemma 3.4. Ift >3 andn > 2m + 3, then o(K;14,n) < (n—1)(t +1) +2.

Proof. Use induction on n. It follows from Lemma 3.3 that Lemma 3.4 holds for
n = 2m + 3. Now assume that Lemma 3.4 holds for n — 1, n — 1 > 2m + 3. Let
m = (dy,ds,...,d,) € GS, with o(m) > (n — 1)(t + 1) + 2. We only need to prove
that 7 is potentially K i,-graphic. If d, > 2, then by Lemma 3.2, 7 is potentially
K, 1 4-graphic. If d, < 1, then 7/, satisfies () = o(7)—2d, > (n—1)(t+1)+2-2 >
(n —2)(t +1)+2. By the induction hypothesis, 7/, is potentially K ;-graphic, and
hence 7 is also potentially K ;-graphic. O

Theorem 3.2. Lett > 3 andn > 2m + 3. Then

(Kiion) = (n=1)(t+1)+2 ifnisoddort is odd,
TR R = (n=1)(t+1)+1 ifn andt are even.

Proof. If nis odd or ¢ is odd, then by Theorem 3.1 and Lemma 3.4, o(K14,n) =
(n—1)(t+1)+2. If n and t are even, then (n — 1)(t + 1)+ 1 < o(Ky14,n) <
(n—1)(t+1) 42 by Theorem 3.1 and Lemma 3.4. Since o(K71,,n) is even, we have
o(Kiin)=Mm-1)(+1)+1. O
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