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Abstract

An m-cycle system € of AK, is said to be near resolvable if the m-
cycles in € can be partitioned into near parallel classes Ry, R, ..., Ray/2,
each one of which is a 2-factor of AK,, — v for some vertex v in \K,,.
If an NR(n, m, A)-CS has a pair of orthogonal resolutions, it is said to
be doubly resolvable and is denoted by DNR(n, m, A)-CS. For m = 2,3,
DNR(n,m,2)-CSs are known as Room frames of type 1" and
DNR(n, 3,2)-BIBDs, respectively. The spectra for Room frames of type
1" and DNR(n, 3, 2)-BIBDs have been completed. To our knowledge, very
little is known about the existence of DNR(n, m, A)-CSs with m > 4. In
this paper, we use Weil’s theorem on character sum estimates to give
an implicit lower bound about the existence of DNR(mt + 1, m, \)-CSs,
where mt + 1 is a prime power. From this result, we also show that there
exists a DNR(n, 4, \)-CS for any prime power n = 1 (mod 4) and n > 13.

1 Introduction

Let MK, be the graph on n vertices in which each pair of vertices is joined by exactly
A edges. An m-cycle system of a graph G is a collection € of cycles of length m
whose edges partition the edges of G. A near (or almost) parallel class of a graph
G is a 2-factor of G — v for some vertex v in G. An m-cycle system € of \K,, is
said to be near (or almost) resolvable if the m-cycles in € can be partitioned into
near parallel classes Ry, R, ..., Ryy/2 and € is denoted by NR(n, m, A)-CS. The near
parallel classes Ry, Ry, ..., Rxn/2 form a resolution of €. It is well-known that there
exists an NR(n, m, A)-CS if and only if A = 0 mod 2 and n = 1 mod m [2, Table
9.18].

A near resolvable m-cycle system (V, €), where V is the set V(AK,,) of vertices
of AK,, is said to be doubly resolvable if there exist two near resolutions R and
R’ of the m-cycles in € such that |R, " R;| < 1 for all R, € R and R; € R'. (It
should be noted that the m-cycles of the m-cycle system are considered as labelled
so that if a subset of the elements occurs as a cycle more than once the cycles are
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treated as distinct.) We refer to the m-cycle system (V, €) as a doubly near resolvable
m-cycle system, denoted by DNR(n,m, A)-CS. It is easy to see that if there exists
a DNR(n,m,2)-CS, then by repeating each cycle in this design \/2 times, we can
obtain a DNR(n,m, X)-CS. So, we only consider the A = 2 case in the rest of this
paper.

We can use a pair of orthogonal resolutions of a DNR(n, m, 2)-CS to construct an
n x n array. For convenience, we often refer to this array as a DNR(n, m, 2)-CS. We
index the rows and columns of the array with the pair of orthogonal resolutions R
and R'. In the cell labelled (R;, R}), we place R; N R for all R; € R and R € R'. If
RiNR; = (0, the cell is left empty. The rows of the array will contain the resolution
classes of the resolution R and the columns will contain the resolution classes of the
orthogonal resolution R'. If the DNR(n,m,2)-CS has the additional property that
under an appropriate ordering of the resolution classes R and R', R; U R; contains
precisely n— 1 distinct elements of the design and R; N R; = @ for all ¢, then the array
is called an (m,2)-cycle frame of type 1*. The diagonal of an (m,2)-cycle frame of
type 1™ is empty and a unique element of the design can be associated with each
cell (i,7). The DNR(10,3,2)-CS in Figure 1 is a (3,2)-cycle frame of type 1'°. The
element associated with cell (4,4) is 4 for ¢ = 0,1,...,9.

Figure 1: A DNR(10, 3,2)-CS is a (3, 2)-cycle frame of type 11° [4]

(8,3.4)] (6,7,1) 9,5,2) |
(9,4,0) (7,8,2) (5,6,3)
(8,9,3) (5,0,1) (6,7,4)
(6,1,2)] (9,5,4) (7,8,0)
(7,2,3)] (5,6,0) (8,9,1)
(7,9,1) (6,8,4) (3,2,0)
(8,5,2) (4,3,1) (7,9,0) |
(9,6,3) | (042 (8,5,1)
(5,7,4) (9,6,2)] (1,0,3)
| (68,0) | (5,73) L (214)

We also note that it is not always possible to permute the rows and columns
of a DNR(n, m,2)-CS to form a (m,2)-cycle frame of type 1™; we refer to [9] for
examples of DNR(n, m, 2)-CSs which are not (m, 2)-cycle frames of type 1™. (The
distinction between DNR(n, m, 2)-CS and (m, 2)-cycle frames of type 1™ is important
in recursive constructions.) The DNR(13,3,2)-CS (where cycles are denoted in an
abbreviated form, omitting the braces and the commas of the contained cycles) in
Figure 2 is not a (3, 2)-cycle frame of type 1'®. It is not possible to permute the rows
and columns of the DNR(13, 3,2)-CS to form a (3,2)-cycle frame 112,

If we review an undirected edge ab as a 2-cycle (a,b) (i.e., a loop ab) with a pair
of parallel edge ab’s, then a Room frame of type 1" (see, e.g., [5, 6]) is equivalent to
a DNR(n, 2,2)-CS. We also know that a Room frame of type 1" is equivalent to a
well-known design called a Room square of order n [5, 6]. The spectrum of Room
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Figure 2: A DNR(13,3,2)-CS is not a (3,2)-cycle frame of type 113

013 28C 49B 56A
67B| 124 390 5AC
78C| 235 4A1 6B0
890| 346 5B2 7C1
9A1| 457 6C3 802
AB2| 568 704 913
A24 BC3| 679 815
B35 Co4| T8A 926
C46 015| 89B A37
057 126 9AC B48
C59 168 237| ABO
06A 279 348| BC1
17B 38A 459 €02

squares had been completed by Mullin and Wallis [11].

Theorem 1.1 (Mullin and Wallis [11]) A Room square of order n ezists if and only
ifn is odd and n # 3 or 5.

The existence of DNR(n,2,2)-CSs follows immediately from the existence of
Room squares.

Theorem 1.2 A DNR(n,2,2)-CSs ezists if and only if n is odd and n # 3 or 5.

A DNR(n,3,2)-CS is well known as a DNR(n,3,2)-BIBD. The existence of
DNR(n, 3, 2)-BIBDs has been made extensive research by several authors [7, 9, 8, 1].
Recently, Abel, Lamken and Wang [1] have completed the spectrum of DNR(n, 3, 2)-
BIBDs.

Theorem 1.3 (Lamken [8], Abel, Lamken and Wang [1]) Let n be a positive integer,
n =1 mod 3 and n > 10. Then there exists a DNR(n,3,2)-BIBD.

In this paper, we continue to investigate the existence of DNR(n,m,2)-CSs for
m > 4. In Section 2, we first introduce a cycle starter-adder construction for
DNR(n, m,2)-CSs and an algebraic construction for cycle starters and adders. Then,
applying Weil’s theorem on character sum estimates, we give an implicit lower bound
for the existence of DNR(q, m, 2)-CSs, where ¢ = mt + 1 is a prime power. In Sec-
tion 3, by using the result with m = 4 in Section 2, we also show that there exists a
DNR(n, 4,2)-CS for any prime power n = 1 mod 4 and n > 13.
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2 DNR(g, m,2)-CS for prime power ¢

In what follows, we will use the notation (z1,zs,...,z,) to denote a cycle with
undirected edges x1xa, TaZ3, . . ., Typ—1Tm, 1. Our construction for DNR(n, m, 2)-
CSs is mainly a cycle starter-adder construction, which is similar to the standard
frame starter-adder construction [3, 4, 12].

Let G be an additive abelian group of order n. An m-cycle starter in G is a set
of t = (n—1)/m m-cycles S = {C; = (xi1,Ti2, - .., Tim)|1 <@ < ¢} which satisfies
the following two properties:

(1) Ui {za, @iz, - wim ) = G\ {0}

(2) Uiy ACi =2+ (G\{0}).

where AC; is a set of differences in C;, namely, AC; = {£(Zi(j4+1(modm)) — ij)|7 =
1,2,...,m}.

An adder A(S) for m-cycle starter S is a set of elements (a1, as, ..., a;) € G\ {0}
such that Uﬁ;l{xﬂ +ag, T+ g, ..., T +a;} =G\ {0}

Construction 2.1 (Starter-Adder) If an abelian group G of order n admits an m-
cycle starter S and an adder A(S), then there exists a (m,2)-cycle frame of type 1",
and hence there exist a DNR(n, m,2)-CS.

Proof: Let G = {go = 0,01,...,gn_1}- We label the rows go, g1,...,gn—1 and the

columns ¢o, gn—1, gn—2, - - -, g1. In row g; and column a; — g; place the m-cycle C; + g;
foralli =1,2,...,(n —1)/m. By the definition of S and A(S), it is easy to verify
that the resultant array is a (m,2)-cycle frame of type 1". O

For m-cycle starter S and adder A(S), we have the following algebraic con-
struction over finite field GF(g), which is similar to the algebraic construction for
DNR(g, 3,2)-BIBDs in [12].

Theorem 2.2 Let ¢ = mt + 1 be a prime power and F = GF(q). Let T be the
multiplicative subgroup of order t in F* = F — {0} and & be a primitive element of
F. Let M be an m-cycle whose elements form a system of distinct representatives
for the cosets of T and whose differences are evenly distributed over the cosets of
T. Then, S = {M,M&™, ME*™ ... MEED™Y s a starter. Furthermore, A(S) =
(gn gmn oo ¢mU=DF s an adder for S if and only if the elements of {a + &£"|a €
M} lie in distinct cosets of T.

Proof: Suffice it to check that S and A(S) satisfy the conditions in the definition of
m-cycle starter and adder. Let M = (x1,29,...,2y) and H; = &T,0 <i <m — 1.
Then ULZg{z1 &, 26", ... 2,6} = Ul Hy = F*, and ULZJAME™ = 2. UL H;
= 2-F*. So, S is an m-cycle starter. Since U/Zj{(z1 +E)EM™, (22 +EM)E™, ..., (2 +
EMEM™Y = U, Hy = F*, hence A(S) is an adder for S. This completes the proof. OJ
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From Construction 2.1 and Theorem 2.2, in order to construct a DNR(q, m,
2)-CS, we need only to find a pair of m-cycle M and £" in GF(q) satisfying the
conditions in Theorem 2.2. Next, we will apply Weil’s theorem on character sum
estimates to show that if ¢ is sufficient large, then there exist a pair of m-cycle M
and " in GF(q) satisfying the conditions in Theorem 2.2.

Let ¢ = mt + 1 be a prime power. Let F' = GF(q) and T be the multiplication
subgroup of order t in F* = F—{0} and £ be a primitive element of F', H; = £'T,0 <
1 < m — 1. We have the following result.

Lemma 2.3 Let M = (1,z,22,..., 2™ %) be an m-cycle on F.

(i) Ifv € Hy, h(z) = 2™ 24+2™3+.. . +x+1 € Hyy, then S = {M, ME™, ...,
MEEI™Y s an m-cycle starter. Furthermore

(1) If the elements of {a+ vy : a € M} lie in distinct cosets of T, then A(S) =
(y,y&™, ..., y€t=Dm) o € F* is an adder for S.

Proof: The differences of M are as follows

+(z — {1, z,..., 2™ % h(z)}

If condition (i) is satisfied, then the differences of M appear in each coset of T' twice.
Hence S is an m-cycle starter from Theorem 2.2. If condition (ii) is satisfied, then
it is clear that A(S) is an adder from Theorem 2.2 again. O

Let
fola) = €7, fiz) = €7"h(2)
Then condition (i) stated in Lemma 2.3 can be derived if there exists an element a
satisfying the following condition:

(Cl) fl(a) S Ho,i = 07 1.

In GF(q), let x be an an nontrivial multiplicative character of order m, that is,
x(@) =wlifz € H;,0<j <m—1, where w = exp(27wi/m) is the mth root of unity.
Let B; = x(fi(a)),i =0, 1.

Let

Di=1+B;+---+B""

for i = 0,1. Then
m, if fl(a) S HO

Di=q 1, if fi(a)=
0, if fi(a) ¢ HyU{0}

From these, form the sum

= > H1+B+ -+ B (1)

z€GF(q) i=0
This sum is equal to nym? + d; where n; is the number of elements a in GF(q),
satisfying the condition C1, and d; is the contribution when one of f;(a) is 0,4 =0, 1.
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For each 4,7 = 0,1, there is only 1 value of a = 0 for which fy(a) = 0 and there are
at most m — 2 values of a for which fi(a) = 0 (since fi(z) is a polynomial of
degree m — 2). Hence the contribution to Sy when fy(a) or fi(a) is zero is at most
(m—1)m = m?—m. Therefore, if we can show that |S;| > m? —m, then there exists
at least one element a in F™* satisfying the condition C1.

Expanding S, we obtain

m—1

1
Si= > 1+ Bi+ Y > BB 2)

a€GF(q) =0 k=1 a€GF(q) 0<ko,k1<m—1acGF(q)

In order to estimate the inner sum in (2), we may use Weil’s theorem on multi-
plication character sums, which can be found in [10]

Theorem 2.4 ([10]) Let ¢ be a multiplicative character of GF(q) of order m > 1
and let f € GF(q)[x] be a monic polynomial of positive degree that is not an mth
power of a polynomial. Let d be the number of distinct roots of f in its splitting field
over GF(q), then for every o € GF(q), we have

S U(af@)| < (d-1)va.

ceGF(q)

It is clear that fy(x), fi(x) are coprime. In fact, suppose fo°(z)fF (z) = p™(x)
for some p(z) € GF(q)[z], then ky = k; = 0 (mod m), 1 < ko,ky < m —1,
a contradiction. Note that each of the inner product in (2) can be represented
as Y(cf(a)) for some ¢, where f(z) is a monic polynomial. It is easy to see that
degfo(x) =1, degf{(z) =m — 2. So from Theorem 2.4, we have

S 3 B <m-1m-3)va

Z Z Bk[)BIm < 1)2(m_2)\/a

1<ko,k1<m—1 a€GF(q)

Then we have

1811 > g — (m — 1)(m* —2m — 1)/

Let A = (m —1)(m?*—2m —1),B; = m?> —m, and E; = [Mi ”fHB]]. From
the above we see there will be at least one value of a satisfying condition C1 if
q — A1 - \/q > By or equivalently, if (,/q)> — Ay - (/) — B1 > 0. Solving for the
bigger root of this quadratic in /g, we see that condition C1 holds if ¢ > E?. Thus
this gives the following result.
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Lemma 2.5 Let ¢ = mt + 1 be a prime power. If ¢ > E?, then there is an element
a € GF(q)\ {0} satisfying condition C1.

Next, we will find a bound on ¢ such that there is an element b € GF(q) \ {0}
satisfying condition (ii) stated in Lemma 2.3, where a satisfying condition CI.

For a € F*, let r(xz) = £7'(a’ + 2),0 < i < m — 1. Then condition (ii) stated
in Lemma 2.3 can be derived if there is an element b # 0 satisfying the following
condition:

Let F; = x(r3(0),0<i<m—1

Gi:1+Fi+...+F;m_170§i§m—l

Then

m, if Tl(b) S Ho
Gi=< 1, if r(b)=0

From these, form the sum

= > H1+F+ o S (3)

r€GF(q) i=0

This sum is equal to nom™ + dy where ny is the number of elements b in GF(q),
satisfying the condition C2, and d is the contribution when one of r;(b) is 0, 0 < i <
m — 1. For each 4,0 < i < m — 1, if r;(b) = 0 then the contribution to Sy at © = b
is at most m™~!. There are at most m values of b in GF(q) for which r;(b) = 0 for
any i; hence there is a 2nd value of b (in addition to b = 0) satisfying the condition
C2 if we can show that |Ss| > m™ +m™ = 2m™.

Expanding Sy, we obtain

m—1m—1
k k:
SEIDBRESID D IS D DD DI DI
beGF(q) =0 k=1 beGF(q) 0<iy <ig<m—11<k1,ka<m—1beGF(q)

NS Z Z Z Fle]@... i’zu

0<iy <ig <o+ <iy<m—1 1<k, k2,....ku <m—1 beGF (q)

4ot Z Z Fopk. R o1 (4)

1<k1,k2;....km—1<m~—1beGF(q)

It is clear that ro(z),r1(2),. .., rm—2(z) are pairwise coprime. Suppose that

K() = ro(by P )" (b
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with positive degree, we can show that if §; < m — 1,0 < j < m — 2, then K(b)
is not an mth power of a polynomial in GF(g)[z]. In fact, if K(b) = p(b)™, since
ro(x),r1(x),...,rm_1(x) are pairwise coprime, then Sy = 1 = -+ = 1 = 0
(mod m) and 8; < m —1,0 < j <m—1, we have §y = 0, = -+ = f,-1 = 0,
a contradiction. Note that each of the inner product in (4) can be represented
as ¥(cr(b)) for some ¢, where r(x) is a monic polynomial. It is easy to see that
deg(ri(x)) =1,0 < i <m —1. So, from Theorem 2.4, we have

2; > < (7)em-va-1va

Z Z Z FRF2| < <172@> (m—1)%(2—1)/q

0<i1 <io<m—1 1<ki,ko<m—1 beGF(q)

> > et < (1)t 1va

0<iy <ig<-<iy<m—1 1<ky k2,....ku<m—1 beGF(q)

> S EPFR B < (m = 1) (m = 1)V

1<k k2, km—1<m—1 beGF(q)

Then we have

2 0= 13 (1} )om == Dl

Let Ay = Y0 ,(u—1)(")(m — 1)*, By = 2m™, E, = [L V;\%HBZ]. From the
above we see there will be at least one value of b # 0 satisfying condition C2 if
q— Ay - \/q > B; or equivalently, if (,/q)> — Ay - (y/q) — B2 > 0. Solving for the
bigger root of this quadratic in /g, we see that condition C2 holds if ¢ > E3. Thus
this gives the following result.

Lemma 2.6 Let ¢ = mt + 1 be a prime power. If ¢ > E2, then there is an element
be GF(q)\ {0} satisfying condition C2.

In Lemmas 2.5 and 2.6, F» > FE; for all positive m. Hence from Lemmas 2.3, 2.5
and 2.6 we obtain our first main result.
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Theorem 2.7 Let ¢ = mt + 1 be a prime power. If ¢ > E2, then there exists a
(m, 2)-cycle frame of type 1%, and hence there exists a DNR(q,m,2)-CS.

Corollary 2.8 Let ¢ = mt + 1 be a prime power and A = 0 (mod 2). Then there
exists a DNR(q, m, \)-CS for ¢ > E2.

3 DNR(q,4,2)-CS for prime power ¢ =1 (mod 4)

In this section, we investigate the existence of DNR(q, 4,2)-CSs for prime power
¢ =1 (mod 4). Applying Theorem 2.7 with m = 4, the following result is obtained.

Lemma 3.1 Let g =1 (mod 4) be a prime power and q > 264221. Then there exists
a (4,2)-cycle frame of type 19, and hence there exists a DNR(q, 4,2)-CS.

By Lemma 3.1, we need only to handle with the remaining prime powers ¢ <
264221. We first apply Theorem 2.2 to treat the primes.

Lemma 3.2 Let p =1 (mod 4) be a prime and 13 < p < 264221. Then there exists
a (4,2)-cycle frame of type 17, and hence there is a DNR(p,4,2)-CS.

Proof: With the aid of computer search, we give a list of the information we need
to apply Theorem 2.2 for prime p = 1 (mod 4) and 13 < p < 1009 in Table 1 of
the Appendix. In order to save space, we omit the information for other values of p.
The interested reader may contact the authors to have a copy. O

We still apply Theorem 2.2 to treat the prime power ¢ = p?, where p = 3 (mod 4).

Lemma 3.3 Let prime p = 3 (mod 4) and 7 < p < 503. Then there exists a
(4,2)-cycle frame of type 17°, and hence there exists a DNR(p?, 4,2)-CS.

Proof: We list the information we need to apply Theorem 2.2 for prime p = 3
(mod 4) and 7 < p < 503 in Table 2 of the Appendix. O

To treat the remaining prime power cases, we need the following working lemma.

Lemma 3.4 Let q be a prime power and s,t positive integers. If there exist (m,2)-
cycle frames of type 19° and 17, then there exists a (m, 2)-cycle frame of type 1q(s+t),
and hence there exists a DNR(q®™), m, 2)-CS.

Proof: Without loss of generality, it can be assumed that s < t. Then there exists a
transversal design TD(q®, ¢') (which is equivalent to ¢* — 2 mutually orthogonal latin
square of order ¢')(see, e.g.,[2]). Replacing each block B of the TD by a (m, 2)-cycle
frame of type 19" over B gives a (m,2)-cycle frame of type (¢")?. Further filling in
holes of the resultant frame with a (m, 2)-cycle frame of type 1% gives a (m, 2)-cycle
frame of type 177", This completes the proof. O
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Lemma 3.5 Let s be an even integer > 4. Then there exists a (4,2)-cycle frame of
type 13°, and hence there exists a DNR(3°,4,2)-CS.

Proof: For ¢ = 3* 3% applying Theorem 2.2 gives the desired designs, where the
required information is listed below.

q & satisfies M &
34 €4+€3+2:0 (5076176387535) "SO
36 €6+€5+2:0 (507617627515) 624

For ¢ = 3°,s > 4, we can write s = 4k + 6/, k,1 > 0. By Lemma 3.4 and induction
on k,l, we get (4,2)-cycle frames of type 13" and 13%. Applying Lemma 3.4 again
gives a (4, 2)-cycle frame of type 1%°. O

Lemma 3.6 Let s > 2. then there exists a (4,2)-cycle frame of type 1°°, and hence
there exists a DNR(5°, 4, 2)-CS.

Proof: For ¢ = 52,53, applying Theorem 2.2 gives the desired designs, where the
required information is listed below.

q & satisfies M &
52 €2+€+2:0 (5076176107523) 612
53 53 + 52 +92=0 (€0’ 5177‘527&-63) 50

For ¢ = 5°, 5 > 2, we can write s = 2k + 3[,k,1 > 0. By Lemma 3.4 and induction
on k,l, we get (4,2)-cycle frames of type 15 and 15", Applying Lemma 3.4 again
gives a (4, 2)-cycle frame of type 1°°. O

Lemma 3.7 Let ¢ =1 (mod 4) be a prime power and 13 < q < 264221. Then there
exists a (4,2)-cycle frame of type 19, and hence there exists a DNR(q,4,2)-CS.

Proof: For ¢ = p°, p = 1 (mod 4) and s > 1, the desired designs follow from
Lemmas 3.6, 3.2 and 3.4. For ¢ = p*, p =3 (mod 4) and s > 2, the desired designs
follow from Lemmas 3.5, 3.3 and 3.4. O

Combing Lemmas 3.1 and 3.7, we obtain our second main result.

Theorem 3.8 Let ¢ = 1 (mod 4) be a prime power and ¢ > 13. Then there exists
a (4,2)-cycle frame of type 19, and hence there exists a DNR(q,4,2)-CS.

Corollary 3.9 Let ¢ =1 (mod 4) be a prime power and q > 13. Then there exists
a DNR(q,4,\)-CS for any positive even A.
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Appendix
Table 1

P € M & P € M &
13 2 (1,2,4,8) 10 17 3 (1,3,15,11) 5
29 2 (1,2,4,27) 12 37 2 (1,2,4,17) 17
41 6 (1,6,29, 36) 25 53 2 (1,2,4,12) 8
61 2 (1,2,4,8) 10 73 5 (1,5,25,52) 1
89 3 (1,3,9,27) 81 97 5 (1,5,25,71) 53
101 2 (1,2,4,8) 8 109 6 (1,6,36,24) 4
113 3 (1,3,9,40) 9 137 3 (1,3,9,75) 2
149 2 (1,2,4,137) 146 157 5 (1,5,25,96) 45
173 2 (1,2,4,8) 9 181 2 (1,2,4,8) 4
193 5 (1,5,25,153) 90 197 2 (1,2,4,128) 4
229 6 (1,6,36,145) 1 233 3 (1,3,9,180) 68
241 7 (1,7,49,102) 199 257 3 (1,3,9,179) 23
269 2 (1,2,4,8) 8 277 5 (1,5,25,125) 4
281 3 (1,3,9,216) 98 293 2 (1,2,4,8) 145
313 10 (1,10,100,61) 10 317 2 (1,2,4,128) 64
337 10 (1,10,100, 195) 199 349 2 (1,2,4,8) 176
353 3 (1,3,9,206) 81 373 2 (1,2,4,128) 16
389 2 (1,2,4,128) 2 397 5 (1,5,25,313) 30
401 3 (1,3,9,27) 119 409 21 (1,21,32,195) 223
421 2 (1,2,4,128) 8 433 5 (1,5,25,238) 17
449 3 (1,3,9,27) 27 457 13 (1,13,169, 369) 209
461 2 (1,2,4,8) 1 509 2 (1,2,4,8) 64
521 3 (1,3,9,147) 9 541 2 (1,2,4,128) 16
557 2 (1,2,4,128) 4 569 3 (1,3,9,198) 81
577 5 (1,5,25,78) 378 593 3 (1,3,9,27) 136
601 7 (1,7,49,280) 441 613 2 (1,2,4,316) 128
617 3 (1,3,9,75) 243 641 3 (1,3,9,122) 3
653 2 (1,2,4,89) 178 661 2 (1,2,4,8) 260
673 5 (1,5,25,125) 357 677 2 (1,2,4,8) 544
701 2 (1,2,4,128) 64 709 2 (1,2,4,128) 4
733 6 (1,6,36,216) 80 757 2 (1,2,4,128) 407
761 6 (1,6,36,216) 166 769 11 (1,11,121,562) 1
773 2 (1,2,4,8) 32 797 2 (1,2,4,8) 364
809 3 (1,3,9,291) 729 821 2 (1,2, 4,490) 258
829 2 (1,2,4,8) 4 853 2 (1,2,4,8) 1
857 3 (1,3,9,764) 9 877 2 (1,2,4,294) 64
881 3 (1,3,9,425) 729 929 3 (1,3,9,329) 3
937 5 (1,5,25,664) 470 941 2 (1,2,4,8) 1
953 3 (1,3,9,873) 729 977 3 (1,3,9,27) 9
997 7 (1,7,49,189) 224 1009 11 (1,11,121,902) 121
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Table 2

q:p? ¢ satisfies M &
7 £€+E6+3=0 (€0,¢1,6%,¢N) 3
112 52_'_5_'_7:0 (50 51 52 91) 53
192 52_'_5_'_2:0 (50 51 2 59) 52
232 52_'_5_'_7:0 (50 51 52 571) 51
312 €2+£+12:0 (50 §1 52 683) é—lO
43? £4+E+3=0 (€2,¢4,62,6%) &
47° E+E+13=0 (€&t ¢%,¢M) 3¢
592 E+6+2=0 (€0,¢",¢2,.¢) 3
672 E+Ee+12=0 (€961, €2,¢%) &
712 52_'_5_'_11 =0 (607515627571) 518
79? £4+E+3=0 (€2,¢4,6%,¢%) 3¢
832 €2+£+2:0 (501617521691) 614
103 E+E+5=0 (€&t ¢%,¢) 3
1072 E+E+5=0 (€°,¢",€%,€7) €0
1272 E+e+3=0 (€961, 62,6%) &
131 E+e+14=0 (€061, €2,¢7) ¢
139° E+e+2=0 (€0,¢", €26 &
1517 £4+6+12=0 (€,¢',¢%,¢') &
163 E+E+11=0 (€0,¢4,¢2,¢T) 3
1672 E+E+5=0 (€&t ¢%,¢M) &
1792 52_'_5_'_7:0 (50 l 2 59) 51
1912 52_'_5_'_19:0 (50 1 2 67) 54
1992 €2+€+6 =0 (50 51 52 527) 517
211 £4+E+3=0 (€0,¢',¢%,¢N) &
223° E+E+5=0 (€&t ¢%,¢) &0
227° E+E+5=0 (€0,¢h,6%,¢%) &
2392 €2 + 5 +13=0 (€07£la€27511) 514
2517 E+E+19=0 (€0,¢",¢2.¢M) &
263> E+er7=0 (€0,¢",€2,¢%) &
271 £4+E+21=0 (€,¢',¢%,¢%) ¢!
283° £€+E6+3=0 (€0,¢h,6%,¢M) &
3072 €2+£+5:0 (50_‘51752_‘543) 622
311° E+E+17T=0 (€°,¢",€%,6') &
3312 52_'_5_'_11 =0 (50 51 2 51) 53
3472 52_'_5_'_7:0 (50 1 52 123) 51
3592 E4+E+7=0 (&, 51 S, ¢!
367° E+E+6=0 (€0,¢4,6%,6%) 3
379° E+E+10=0 (€°,¢h,¢%,¢") ¢
3832 52_'_5_'_5:0 (50 51 2 79) 524
4192 E+e+2=0 (€., 52 30 ¢
4312 E+E+7=0 (€0,¢1,6%,¢T) £
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Table 2 (continued)
q:p® ¢ satisfies M &
4392 E+E+23=0 (€0,¢1,¢2,¢7) [
4432 52_'_5_'_7:0 (607515627 7 522
4632 52_'_5_'_11 =0 (607515627 35 51
4672 €2 + 5 +6=0 (607515627 47) 534
479 E+E+34=0 (€%, €%,¢™) 3¢
487 E+E+10=0 (€2, €%,6") 3¢
491° E+E+8=0 (€2,¢',€%,¢7) 38
4992 E+E+10=0 (€961, 62,6%) &
5032 €2 + 5 +19=0 (6075156275143) 518
3832 €2 + 5 +5=0 (607515627579) 524
419 E+e+2=0 (€%, €%,6") ¢!
4317 E+E+T=0 (€2, €%,¢") 3
4392 E+E+23=0 (€2,¢",€%,6™) &
4432 52_'_5_'_7:0 (607515627 7) 522
4632 €2 _'_5_'_ 11=0 (50 515627 35 51
4672 €2 + 5 +6=0 (50 515627 47 534
4792 52_'_5_'_34:0 (50 515627 71 58
487 E+E+10=0 (€2, €%,¢") 3¢
491° E+E+8=0 (€2,¢,€%,¢7) 3
4992 E4+£6+10=0 (€0,€1,62,¢%) £
5032 52_'_5_'_ 19=0 (50 51 52 5143) 518

(Received 16 July 2007; revised 16 Dec 2007)
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