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Abstract

In this paper, we give families of self-dual Z4-codes of Type IV-I and
Type IV-II generated by conference matrices and skew-Hadamard matri-
ces. Furthermore, we give a family of self-dual Z4-codes of Type IV-I
generated by bordered skew-Hadamard matrices.

1 Introduction

In 1994, Hammons et al. showed that certain binary nonlinear codes are the binary
image of linear codes over the Galois ring GR(4, m), an extension ring of Z4 = Z/4Z
[7]. Active research on Z4-codes has been undertaken since their paper was published.

The distinct rows of an Hadamard matrix are orthogonal. If we recognize the
entries 1 and −1 of an Hadamard matrix H4n of order 4n as the elements of Z4, then
the Z4-code generated by H4n is self-orthogonal. In 1999, Charnes proved that if H1

and H2 are H-equivalent, then the Z4-codes generated by H1 and H2 are equivalent
[3]. Solé showed that if an Hadamard matrix H4n has order 4n and n is odd, then the
Z4-code generated by H4n is self-dual and equivalent to Klemm’s code [3]. Charnes
and Seberry considered the Z4-code generated by a weighing matrix W (n, 4). They
proved that if n is even, then it is a tetrad code and if it has type 4(n−4)/224, then it
is a self-dual code [4].

Self-dual Z4-codes of lengths up to 20 are classified [2, 5, 6, 8, 9]. A Type II
Z4-code is a self-dual code which has the property that all Euclidean weights are
divisible by 8. A self-dual Z4-code which is not a Type II code is called a Type I
Z4-code. A Type IV Z4-code is a self-dual code with all codewords of even Hamming
weight. A type IV code which is also Type I or Type II, is called a TypeIV-I, or
a Type IV-II code respectively. Two infinite families of Type IV codes are known,
that is, Klemm’s codes and Cm,r codes [1, 5].
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In this paper, we give families of self-dual Z4-codes of Type IV-I and Type IV-II
generated by conference matrices and skew-Hadamard matrices. Furthermore we give
a family of self-dual Z4-codes of Type IV-I generated by bordered skew-Hadamard
matrices.

2 Self-dual Z4-codes

An additive subgroup of Zn
4 is called a Z4-code of length n. We define an inner

product on Zn
4 by a · b =

∑n
i=1 ai · bi for vectors a = (a1, a2, · · · , an) and b =

(b1, b2, · · · , bn). The dual code C⊥ of a Z4-code C is defined as C⊥ = {x ∈ Zn
4 |x·y =

0 for all y ∈ C}. If C ⊆ C⊥, a code C is called self-orthogonal and if C = C⊥, C is
called self-dual.

Two codes are permutation-equivalent if one can be obtained from the other
by permuting coordinates. Any Z4-code is permutation-equivalent to a code with
generator matrix of the form

G =

(
Ik1 A B
O 2Ik2 2D

)

where the entries of A and D are in Z2 = {0, 1} and the entries of B are in Z4. Then
it contains 4k12k2 codewords. We say that the code C has type 4k12k2 . It is known
that if Z4-code C has type 4k12k2 , then the dual code C⊥ has type 4n−k1−k22k2 .

Let ni(a) be the number of components of a vector a that are congruent to i
(mod 4), i = 0, 1, 2, 3. The Hamming weight wtH(a) of a is defined by wtH(a) =
n1(a)+ n2(a)+ n3(a) and the Euclidean weight wtE(a) of a is defined by wtE(a) =
n1(a) + 4n2(a) + n3(a) .

The Hammimg distance dH(a, b) is defined by wtH(a − b) and the Euclidean
distance dE(a, b) is defined by wtE(a − b).

The minimum Hamming distance dH of a Z4-code C is

min{dH(a, b)|a, b ∈ C, a �= b}
and the minimum Euclidean distance dE of C is

min{dE(a, b)|a, b ∈ C, a �= b}.
The highest minimum Hamming weights and the highest minimum Euclidean

weights of Type IV self-dual codes of lengths up to 40, Type IV-I codes of length 56
and Type IV-II codes of lengths 48,56,64 were determined [2].

Klemm’s code Kn is given as

Kn = Rn + 2Pn = 2Pn ∪ (e + 2Pn)

where Rn is a repetition code, Pn is its dual code, and e is the all-one vector. For
3r ≤ m − 1, Cm,r code is given as

Cm,r = RM(r, m) + 2RM(m − r − 1, m)

where RM(r, m) is a Reed-Muller code.
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3 Self-dual Z4-codes of Type IV generated by conference

matrices

If a square matrix H of order n with entries ±1 satisfies HH t = nI, then it is called
an Hadamard matrix. An Hadamard matrix H = H0 + I such that H t

0 = −H0

is called a skew-Hadamard matrix. The distinct rows of an Hadamard matrix are
orthogonal. If we recognize the entries 1 and −1 of an Hadamard matrix H4m of
order 4m as the elements of Z4, then the Z4-code generated by rows of H4m is
self-orthogonal.

In this section, we give families of self-dual Z4-codes of Type IV-I and Type IV-II
generated by conference matrices and skew-Hadamard matrices.

Let q be an odd prime power and GF(q) be a finite field with q elements. Let χ
be a quadratic character of GF(q). We let χ(0) = 0. A Paley matrix P = (pij) of
order q is the matrix whose entry pij is defined by

pij = χ(ai − aj)

where ai and aj (0 ≤ i, j ≤ q−1) are elements of GF(q). Denote a conference matrix
of order q + 1 by Q, that is

Q =

(
0 e

χ(−1)et P

)

where e is the all-one vector.

The followings relations are well-known.

QQt = qI, Qt = χ(−1)Q (1)

where I is the unit matrix.

In what follows, we recognize the entries 1,−1 and 0 of a matrix as the elements
of Z4. We construct families of self-dual Z4-codes of Type IV-I and of Type IV-II.

Theorem 1. Put N = Q + 2I. Define the matrix GQ as follows:

GQ =

⎛
⎝I N N I

O 2I 2(J − I) 2J
O O 2I 2(J − I)

⎞
⎠

where J is the all-one matrix and O is the zero matrix. Then CQ with generator
matrix GQ is a self-dual Z4-code of Type IV.

Proof. From the relations (1), we have NN t = (Q+2I)(Qt+2I) = QQt+2(Q+Qt) =
qI, 2NN t +2I = O, 2N = 2(J−I), 2N +2(J−I) = O and 2N +2n(J−I)+2J = O.



180 MIEKO YAMADA

Hence we have,

GQGt
Q =

⎛
⎝I N N I

O 2I 2(J − I) 2J
O O 2I 2(J − I)

⎞
⎠

⎛
⎜⎜⎝

I O O
N t 2I O
N t 2(J − I) 2I
I 2J 2(J − I)

⎞
⎟⎟⎠

=

⎛
⎝ 2I + 2NN t 2N + 2N(J − I) + 2J 2N + 2(J − I)

2N t + 2(J − I)N t + 2J O O
2N t + 2(J − I) O O

⎞
⎠

= O.

Since the number of codewords of CQ is 4q+122(q+1), the number of codewords of
the dual code C⊥

Q is 44(q+1)−(q+1)−2(q+1)22(q+1) = 4q+122(q+1). Hence CQ is a self-dual
Z4-code.

Next we shall prove CQ is a Type IV code. Put n = q + 1. Let GQ =

⎛
⎝G1

G2

G3

⎞
⎠

where G1 = (I, N, N, I), G2 = (O, 2I, 2(J − I), 2J) and

G3 = (O, O, 2I, 2(J − I)). Put G1 =

⎛
⎜⎜⎜⎝

u1

u2
...

un

⎞
⎟⎟⎟⎠, G2 =

⎛
⎜⎜⎜⎝

v1

v2
...

vn

⎞
⎟⎟⎟⎠ and G3 =

⎛
⎜⎜⎜⎝

w1

w2
...

wn

⎞
⎟⎟⎟⎠. Then

the codeword c of CQ is written as

c =
n∑

k=1

αkuk +
n∑

k=1

βkvk +
n∑

k=1

γkwk

where αk ∈ Z4 and βk, γk ∈ Z2 (1 ≤ k ≤ n).

Let s = |{αk : αk = ±1}| and t = |{αk : αk = 2}|. We may assume the first
s coefficients α1, · · · , αs are odd, and the next t coefficients αs+1, · · · , αs+t are all
2, and other coefficients are all zero by permuting rows and columns of G1. The
matrices G2 and G3 do not change by further suitable permuting rows and columns
of G2 and G3.

Then the codeword is written as

c =

s∑
k=1

αkuk +

t∑
k=1

α′
kuk+s +

n∑
k=1

βkvk +

n∑
k=1

γkwk

where αk = ±1, (1 ≤ k ≤ s) and α′
k = 2(1 ≤ k ≤ t). Denote the (k, l) entry of the

matrix N by N(k, l). Let the vector g1 =
∑s

k=1 αkuk+
∑t

k=1 α′
kuk = (g1, g2, · · · , g4n).

Then we have

• gi = αi, (1 ≤ i ≤ s),
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• gi+s = α′
i, (1 ≤ i ≤ t),

• gi+s+t = 0, (1 ≤ i ≤ n − (s + t)),

• gi+n = gi+2n =
∑s

k=1 αkN(k, i) +
∑t

k=1 α′
kN(s + k, i), (1 ≤ i ≤ n),

• gi+3n = αi, (1 ≤ i ≤ s),

• gi+3n+s = α′
i, (1 ≤ i ≤ t),

• gi+3n+s+t = 0, (1 ≤ i ≤ n − (s + t)).

Thus the codeword c = (c1, c2, · · · , c4n) is given as

• ci = αi, (1 ≤ i ≤ s),

• ci+s = α′
i, (1 ≤ i ≤ t),

• ci+s+t = 0, (1 ≤ i ≤ n − (s + t)),

• ci+n =
∑s

k=1 αkN(k, i) +
∑t

k=1 α′
kN(s + k, i) + 2βi, (1 ≤ i ≤ n),

• ci+2n =
∑s

k=1 αkN(k, i) +
∑t

k=1 α′
kN(s + k, i) + 2β + 2βi + 2γi, (1 ≤ i ≤ n),

• ci+3n = αi + 2β + 2βi + 2γi, (1 ≤ i ≤ s),

• ci+s+3n = α′
i + 2β + 2γ + 2γi+s, (1 ≤ i ≤ t),

• ci+s+t+3n = 2β + 2γ + 2γi+s+t, (1 ≤ i ≤ n − (s + t))

where β =
∑n

k=1 βk and γ =
∑n

k=1 γk.

We may prove the Hamming weight of the codeword c is even. Assume that
s �= t �= 0. We distinguish two cases.

(1) Assume that s ≡ 0 (mod 2).
Let

xi =
s∑

k=1

αkN(k, i) +
t∑

k=1

α′
kN(s + k, i) + 2βi

for 1 ≤ i ≤ s. Then

ci+n = xi and ci+2n = xi + 2β + 2γi

for 1 ≤ i ≤ s. Notice that the number of even elements in the set {N(k, i) : 1 ≤ k ≤
s} is just one and the other elements are all odd. It implies that

ci+n = xi ≡ s − 1 ≡ 1 (mod 2) and ci+2n = xi + 2β + 2γi ≡ 1 (mod 2)
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for 1 ≤ i ≤ s. Let

yi =
s∑

k=1

αkN(k, i) +
t∑

k=1

α′
kN(s + k, i) + 2βi

for s + 1 ≤ i ≤ n. Then

ci+n = yi and ci+2n = yi + 2β + 2γi

for s + 1 ≤ i ≤ n. Since the elements of the set {N(k, i) : 1 ≤ k ≤ s} are all odd for
s + 1 ≤ i ≤ n,

ci+n = yi ≡ s ≡ 0 (mod 2) and ci+2n = yi + 2β + 2γi ≡ 0 (mod 2)

for s + 1 ≤ i ≤ n. It is obvious that α′
k + 2β + 2γ + 2γk+s for 1 ≤ k ≤ t and

2β + 2γ + 2γk+s+t for 1 ≤ k ≤ n − (s + t) are all even. Let

N1 = |{i : yi = 2, s + 1 ≤ i ≤ s + t}| + |{i : yi + 2β + 2γ = 2, s + 1 ≤ i ≤ s + t}|
+ |{i : 2 + 2β + 2γ + 2γi = 2, s + 1 ≤ i ≤ s + t}|

and

N2 = |{i : yi = 2, s + t + 1 ≤ i ≤ n}| + |{i : yi + 2β + 2γ = 2, s + t + 1 ≤ i ≤ n}|
+ |{i : 2β + 2γ + 2γi = 2, s + t + 1 ≤ i ≤ n}|.

Notice N1+N2+t is the number of the components 2 of the codeword c. Furthermore,
for j = 0, 2 and k = 0, 1, we define

nj,k = |{(yi, γi) : (yi, γi) = (j, k), s + 1 ≤ i ≤ s + t}|,

and

n′
j,k = |{(yi, γi) : (yi, γi) = (j, k), s + t + 1 ≤ i ≤ n}|.

Then

N1 =

⎧⎪⎪⎨
⎪⎪⎩

n0,0 + n0,1 + 3n2,0 + n2,1, if 2β = 2γ = 0,
2n0,1 + 2n2,0 + 2n2,1, if 2β = 0, 2γ = 2,
n0,0 + n0,1 + 3n2,0 + n2,1, if 2β = 2, 2γ = 0,
2n0,0 + 2n2,0 + 2n2,1, if 2β = 2γ = 2,

and

N2 =

⎧⎪⎪⎨
⎪⎪⎩

2n′
0,1 + 2n′

2,0 + 2n′
2,1, if 2β = 2γ = 0,

n′
0,0 + n′

0,1 + 3n′
2,0 + n′

2,1, if 2β = 0, 2γ = 2,
2n′

0,0 + 2n′
2,0 + 2n′

2,1, if 2β = 2, 2γ = 0,
n′

0,0 + n′
0,1 + n′

2,0 + 3n′
2,1, if 2β = 2γ = 2.

We obtain

N1 + N2 ≡ t (mod 2),
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from n0,0 + n0,1 + n2,0 + n2,1 = t and n′
0,0 + n′

0,1 + n′
2,0 + n′

2,1 = n− (s + t) ≡ s + t ≡ t
(mod 2). Hence the number Nc of non-zero components of the codeword c is given
as

Nc ≡ 4s + t + t ≡ 0 (mod 2)

since the number of odd components is s + s + s + s = 4s.

(2) Assume that s ≡ 1 (mod 2).
Similarly to the argument in (1),

ci+n = xi ≡ s − 1 ≡ 0 (mod 2) and ci+2n = xi + 2β + 2γi ≡ 0 (mod 2)

for 1 ≤ i ≤ s and

ci+n = yi ≡ s ≡ 1 (mod 2) and ci+2n = yi + 2β + 2γi ≡ 1 (mod 2)

for s + 1 ≤ i ≤ n. Let

M1 = |{i : xi = 2, 1 ≤ i ≤ s}| + |{i : xi + 2β + 2γi = 2, 1 ≤ i ≤ s}|
and

M2 = |{i : 2 + 2β + 2γ + 2γi = 2, s + 1 ≤ i ≤ s + t}|
+ |{i : 2β + 2γ + 2γi = 2, s + t + 1 ≤ i ≤ n}|.

Notice that M1 + M2 + t is the number of the components 2 of the codeword c. For
j = 0, 2 and k = 0, 1, we let

mj,k = |{(xi, γi) : (xi, γi) = (j, k), 1 ≤ i ≤ s}|
and

u1 = |{i : γi = 1, s + 1 ≤ i ≤ s + t}| and u2 = |{i : γi = 1, s + t + 1 ≤ i ≤ n}|.
It is clear that γ = m0,1 + m2,1 + u1 + u2 and s = m0,0 + m0,1 + m2,0 + m2,1. Then
we have

M1 + M2 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2m2,0 + m2,1 + m0,1 + t − u1 + u2 ≡ γ + t ≡ t (mod 2),
if 2β = 2γ = 0,

2m2,0 + m2,1 + m0,1 + u1 + n − (s + t) − u2 ≡ t (mod 2),
if 2β = 0, 2γ = 2,

m2,0 + 2m2,1 + m0,0 + u1 + n − (s + t) − u2 ≡ t (mod 2),
if 2β = 2, 2γ = 0,

m2,0 + 2m2,1 + m0,0 + t − u1 + u2 ≡ t (mod 2),
if 2β = 2γ = 2.

Hence the number Nc of non-zero components of the codeword c is given as

Nc = 2n + t + t ≡ 0 (mod 2)
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since the number of odd components is s + (n − s) + (n − s) + s = 2n.

For the case s = 0 and t > 0, we put

N1 = |{i : yi = 2, 1 ≤ i ≤ n}| + |{i : yi + 2β + 2γi = 2, 1 ≤ i ≤ n}|
and

N2 = |{i : 2 + 2β + 2γ + 2γi = 2, 1 ≤ i ≤ t}|
+ |{i : 2β + 2γ + 2γi+t = 2, 1 ≤ i ≤ n − t}|.

Then non-zero components of the codeword c is N1 + N2 + t. We can prove N1 +
N2 + t ≡ 0 (mod 2) similarly to the proof for the case (2). For the other cases that
s > 0, t = 0, and s = t = 0, we can also prove the Hamming weight of c is even.

Theorem 2. The Z4-code CQ is a Type IV-II code if q ≡ 3 (mod 4) and a Type
IV-I code if q ≡ 1 (mod 4). Furthermore CQ contains the all-one vector.

Proof. The Euclidean weight of every row of G1 is 2(q +1)+2 ·4 = 2q +2. It implies
that 2q + 2 ≡ 0 (mod 8) if q ≡ 3 (mod 4) and 2q + 2 ≡ 4 (mod 8) if q ≡ 1 (mod 4).
The Euclidean weight of every row of G1 and G2 is 8(q +1) and 4(q +1) respectively.
Hence CQ is Type IV-II if q ≡ 3 (mod 4) and a Type IV-I code if q ≡ 1 (mod 4).

Let x =
∑n

i=1 ui +
∑n

i=1 vi, that is the sum of all rows of G1 and of G2. We see
that

∑n
i=1 ui = (e, 3e, 3e, e) and

∑n
i=1 vi = (0, 2e, 2e,0). It yields x = e.

We give the minimum Hamming distance and the minimum Euclidean distance of
CQ.

Corollary 1. The minimum Hamming distance of CQ is 2 and the minimum Eu-
clidean distance is 8.

Proof. Let y = vn +
∑n

i=1 wi, that is the sum of the last row of G2 and all rows of
G3. Then

y = (0, 2, 0, · · · , 0, 0, 2, · · · , 2, 2e) + (0,0, 2e, 2e)

= (0, 2, 0, · · · , 0, 2, 0, · · · , 0,0).

It guarantees there exists a codeword with wtH(y) = 2 and wtE(y) = 8. Hence
the minimum Hamming distance is 2 and the minimum Euclidean distance is 8 if
q ≡ 3 (mod 4). If s ≡ 0 (mod 2) and s > 0, then 4-tuple αi, xi, xi + 2β + 2γi and
αi + 2β + 2γ + 2γi are odd for 1 ≤ i ≤ s. Thus wtE(c) ≥ 8. If s = 0 and t > 0,
2-tuple α′

i and α′
i + 2β + 2γ + 2γi, (1 ≤ i ≤ t) are 2. Then wtE(c) ≥ 2 · 4. If s ≡ 1

(mod 2), the number of the components 2 is even, that is wtE(c) ≥ 2 · 4. It leads to
the case s = 0 and t = 0 if there exists a codeword with wtE(c) = 4. It means the
codeword c has only one component 2. It contradicts CQ is a Type IV. Hence the
minimum Euclidean distance of CQ is 8.

It is well known that Q + I is a skew-Hadamard matrix if q ≡ 3 (mod 4). So we
obtain the following theorem.
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Theorem 3. Let H = H0 + I be a skew-Hadamard matrix of order 4n. Put N =
H + I. We define

GS =

⎛
⎝I N N I

O 2I 2(J − I) 2J
O O 2I 2(J − I)

⎞
⎠ .

Then the Z4-code CS with generator matrix GS is a self-dual code of Type IV-II. The
minimum Hamming distance is 2 and the minimum Euclidean distance is 8. If H is
a regular skew-Hadamard matrix, then CS contains the all-one vector.

Proof. Since H is a skew-Hadamard matrix, then NN t = HH t + H + H t + I =
(4n + 3)I. We prove CS is a self-dual Z4-code of Type IV and the Euclidean weight
of every row of GS is divisible by 8 similarly to the proof of Theorem 1. We establish
that the minimum Hamming distance is 2 and the minimum Euclidean distance is 8
similarly to the proof of Corollary 1. If H is a regular skew-Hadamard matrix, then
the vector x whose component is a column sum of G1 = (I, N, N, I) is (e, e, e, e) or
(e, 3e, 3e, e). Let the vector y = (0, 2e, 2e,0) whose component is a column sum of
G2 = (O, 2I, 2(J − I), 2J). Then we obtain the all-one vector e by adding y and x
if necessary.

4 Self-dual Z4-codes of Type IV generated by bordered
skew-Hadamard matrices

In this section, we give an another family of self-dual Z4-codes of Type IV-I. By using
matrices of order 4n + 1 with borders, we construct Z4-codes of length 4(4n + 1).
Denote a skew-Hadamard matrix of order 4n by H. We define the matrices N, X, Y
and Z of order 4n + 1 as follows.

N =

(
1 2e

2et H + I

)
, X =

(
0 0
0 2(J − I)

)
,

Y =

(
2 0
0t 2(J − I)

)
, Z =

(
2 0
0t 2J

)
.

Theorem 4. We define

GH =

⎛
⎝I N N I

O 2I X Z
O O 2I Y

⎞
⎠ .

Then the Z4-code CH with generator matrix GH is a Type IV-I self-dual code.

Proof. We verify that GHGt
H = O. It is easy to see that 2e(H + I) = 2e, (H +

I)(H t + I) = (4n + 3)I and 2(H + I)(J − I) = 2(J − I)2 = 2J . Then we have

NN t =

(
1 0
0t (4n + 3)I

)
, NX t =

(
0 0
0t 2I

)
.
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It follows that

2I + 2NN t = 2N + NX t + Zt = 2N + Y t = O.

Thus we obtain

GHGt
H = O.

Since the number of codewords of CH is 4(4n+1)22(4n+1), the number of codewords
of the dual code C⊥

H is also 4(4n+1)22(4n+1). Hence CH is a self-dual Z4-code. The
matrix GH is written as

GH =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 1 2e 1 2e 1 0
0t I 2et H + I 2et H + I 0t I
0 0 2 0 0 0 2 0
0t O 0t 2I 0t 2(J − I) 0t 2J
0 0 0 0 2 0 2 0
0t O 0t O 0t 2I 0t 2(J − I)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The generator matrix GH is permutation-equivalent to the following matrix

GH =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 0 2e 2e 0
0 2 0 2 0 0 0 0
0 0 2 2 0 0 0 0
0t 2et 2et 0t I H + I H + I I
0t 0t 0t 0t O 2I 2(J − I) 2J
0t 0t 0t 0t O O 2I 2(J − I)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Since GH contains the matrix GS in Theorem 3 as a submatrix, the Hamming weight
of the codeword is even, which is a linear combination of the rows of lower block
of GH . It is clear that the Hamming weight of the codeword which is a linear
combination of upper 3 rows of GH is even. It holds that the Hamming weight of
the linear combination of GH is even.

The length of CH is 4(4n + 1) + 4 ≡ 4 (mod 8). Hence CH is a Type IV-I code.

Corollary 2. The minimum Hamming distance of CH is 2 and the minimum Eu-
clidean distance is 8.

Proof. Let y be as in Corollary 1 such that wtH(y) = 2 and wtE(y) = 8. Thus the
sum of the last row (0, 0, 0, 0,0, 2, 0, . . . , 0, 0, 2, . . . , 2, 2e) of 5th block (0t,0t,0t,0t,
2I, 2(J − I), 2J) and all rows of 6th block (0t,0t,0t,0t, O, O, 2I, 2(J − I)) gives the
codeword of CH such that the Hamming weight is 2 and the Euclidean weight is 8.
Similarly to the proof of Corollary 1, we obtain that the minimum Hamming weight
of CH is 2 and the minimum Euclidean weight of CH is 8.
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5 Numerical results

We list the Hamming weight distributions of Klemm’s code K24 , C4,1 code and CQ

code of length 24.

Hamming weight Klemm’s code C4,1 code CQ code
0 1 1 1
2 120 8
4 1820 140 252
6 8008 448 952
8 12870 1350 2118
10 8008 13888 13496
12 1820 33740 31612
14 120 13440 12552
16 32769 2529 4545

The highest minimum Hamming weights and the highest minimum Euclidean
weights of Type IV self-dual codes of lengths up to 40, Type IV-I codes of length
56 and Type IV-II codes of lengths 48,56,64 were determined [2]. The self-dual code
CH of lengths 20 and 36 in Theorem 4 have the highest minimum Hamming and
Euclidean weights. Furthermore, the self-dual code CQ of length 24 in Theorem 1
has the highest minimum Hamming and Euclidean weight.
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