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Abstract

The vertex [edge] arboricity a(G) [a1(G)] of a graph G is the minimum
number of subsets into which V (G) [E(G)] can be partitioned so that
each subset induces an acyclic subgraph.

Let G(m, n) be the class of connected simple graphs of order n and
size m and let π ∈ {a, a1}. In this paper we determine

π(m, n) := {π(G) : G ∈ G(m, n)}

for integers m, n such that n − 1 ≤ m ≤ (
n
2

)
.

1 Introduction and Overview

We limit our discussion to graphs that are simple and finite. For the most part, our
notation and terminology follow that of Chartrand and Lesniak [2]. In addition we
use ν(G) and ε(G) for the order and size of a graph G, respectively. For a graph G,
it is always possible to partition V (G) into subsets Vi, 1 ≤ i ≤ k, such that each
induced subgraph 〈Vi〉 contains no cycle. The vertex arboricity, a(G), of a graph
G is the minimum number of subsets into which V (G) can be partitioned so that
each subset induces an acyclic subgraph. The edge arboricity or simply the arboricity
a1(G) of a nonempty graph G is the minimum number of subsets into which E(G) can
be partitioned so that each subset induces an acyclic subgraph of G. If π ∈ {a, a1}
then clearly π(G) = 1 if and only if G is a forest. Furthermore, π(Cn) = 2 and
π(Kn) = �n

2
�. Also a(Kr,s) = 1 if r = 1 or s = 1 and a(Kr,s) = 2 otherwise. It

should be noted that if H is a subgraph of a graph G then π(H) ≤ π(G). Also if
G = G1 ∪ G2 and π(G) = max{π(G1), π(G2)}. Thus it is reasonable to work on the
class of connected graphs.
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Let G(m, n) be the class of connected graphs of order n and size m and let
π ∈ {a, a1}. We consider the problem of determining

π(m, n) := {π(G) : G ∈ G(m, n)}.

2 Interpolation theorems

Let G be a graph with e ∈ E(G) and f ∈ E(G). The edge jump operation σ = σ(e, f)
on G produces the graph Gσ = G + e− f . Thus G and Gσ have the same order and
size. The following theorems are proved in [4].

Theorem 2.1 If G, H ∈ G(m, n), and G 
∼= H, then there exists a finite sequence
of edge jumps σ(e1, f1), σ(e2, f2), . . . , σ(et, ft) such that for all i = 1, 2, . . . , t,
Gσ(e1,f1)σ(e2,f2)...σ(ei,fi) ∈ G(m, n) and H = Gσ(e1,f1)σ(e2,f2)...σ(et,ft).

Theorem 2.2 Let π ∈ {χ, ω, α, α1, β, β1, γ}. If G ∈ G(m, n) and σ is an edge jump
on G, then |π(G) − π(Gσ)| ≤ 1.

Combining the two results we have:

Theorem 2.3 Let π ∈ {χ, ω, α, α1, β, β1, γ}. Then there exist nonnegative integers
a and b such that there exists a G ∈ G(m, n) with π(G) = c if and only if c is an
integer satisfying a ≤ c ≤ b.

As a consequence of Theorem 2.3, if π ∈ {χ, ω, α, α1, β, β1, γ} and π(m, n) :=
{π(G) : G ∈ G(m, n)}, then

π(m, n) = {x ∈ Z : a ≤ x ≤ b}.

The problem of determining χ(m, n) and ω(m, n) in all situations has been completely
resolved in [4].

Let G be a class of graphs, J ⊆ G, and π be a graph parameter. Then π is called
an interpolation graph parameter over J if there exist nonnegative integers a and b
such that

π(J ) = {π(G) : G ∈ J} = {x ∈ Z : a ≤ x ≤ b}.

We will prove in the next theorem that a and a1 are interpolation graph param-
eters over G(m, n).

Theorem 2.4 Let π ∈ {a, a1}. If G ∈ G(m, n) and σ = σ(e, f) is an edge jump on
G, then |π(G) − π(Gσ)| ≤ 1.
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Proof. Clearly π(G) ≤ π(G+e) ≤ π(G)+1 and π(G+e)−1 ≤ π(G+e−f) ≤ π(G+e).
Therefore π(G) − 1 ≤ π(G + e − f) ≤ π(G) + 1 and hence |π(G) − π(Gσ)| ≤ 1, as
required.

By Theorem 2.4 we have that if π ∈ {a, a1}, then π is an interpolation graph
parameter over G(m, n). Therefore the bounds of π(G) are uniquely determined by
min(π; m, n) := min{π(G) : G ∈ G(m, n)} and max(π; m, n) := max{π(G) : G ∈
G(m, n)}.

Thus it follows that the bounds for π(G) are uniquely determined. For G ∈
G(m, n), we denote the upper and lower bounds for π(G) by max(π; m, n) and
min(π; m, n) respectively.

3 Extremal results

Let m and n be positive integers with n−1 ≤ m ≤ (
n
2

)
and π ∈ {a, a1}. We consider

in this section the problem of determining min(π; m, n) and max(π; m, n).

3.1 Vertex arboricity

N. Achuthan, N.R. Achuthan and L. Caccetta proved in [1] the following theorem.

Theorem 3.1 [1] Let G be a graph of order n and size m. If a(G) = p ≥ 2, then
m ≥ (

2p−1
2

)
. Furthermore, if m =

(
2p−1

2

)
, then G ∼= K2p−1 ∪ Kn−2p+1.

A graph G is said to be critical with respect to vertex-arboricity if a(G−v) < a(G)
for all vertices v of G. It is clear that if a(G) = p and G is a critical graph with
respect to vertex-arboricity then p ≥ 2, a(G− v) = p− 1 for all vertices v of G, and
G is connected. In this subsection, a graph G is p-critical if G is a critical graph
with respect to vertex-arboricity and a(G) = p. Thus the graph K2p−1, where p ≥ 2,
is p-critical while each cycle is 2-critical.

Let G ∈ G(m, n) and a(G) = p ≥ 2. Then either G is p-critical or there is a
vertex v of G such that a(G − v) = p. Therefore every graph G with a(G) = p ≥ 2
contains an induced p-critical subgraph.

The following theorem is cited from [2].

Theorem 3.2 Let G ∈ G(m, n). If G is p-critical, then m ≥ (p − 1)n.

Theorem 3.3 If G ∈ G(m, n) with a(G) = p ≥ 2, then m ≥ (
2p−1

2

)
+ n − 2p + 1.

Furthermore, the bound is sharp.

Proof. Let G be a connected graph of order n and size m. Let H be a p-critical
subgraph of G. If H is of order h and size �, then, by Theorem 3.2, � ≥ (p − 1)h.
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Since a(H) = p, it follows that h ≥ 2p − 1 and � ≥ (p − 1)h. Therefore

m ≥ � + (n − h) ≥ (p − 1)h + n − h

= (p − 1)(2p − 1) + (p − 1)(h − 2p + 1) + n − h

≥
(

2p − 1

2

)
+ (h − 2p + 1) + n − h

=

(
2p − 1

2

)
+ n − 2p + 1.

Let G be a graph of order n obtained from K2p−1 and Kn−2p+1 by joining a fixed
vertex v of K2p−1 to every vertex of Kn−2p+1. Then G is connected graph of order n
and size m =

(
2p−1

2

)
+ n − 2p + 1 with a(G) = p, as required.

It is clear that max(a; m, n) = 1 if and only if m = n−1. Let p ≥ 2 be an integer.
Then we have the following elementary facts:

1. Let e be an edge of K2p+1. Then a(K2p+1 − e) = p.

2. Let G be a proper subgraph of K2p+1 containing K2p−1 as its subgraph. Then
a(G) = p.

We have the following result.

Theorem 3.4 Let � ≥ 2 be an integer and f(n, �) =
(
2�−1

2

)
+ n− 2� + 1. If p ≥ 2

is an integer, then max(a; m, n) = p if and only if f(n, p) ≤ m < f(n, p + 1).

We now turn to the problem of determining the maximum number of edges that
a graph G of order n and a(G) = p can have. Let n and p be positive integers with
n ≥ 2p + 1.

Let G be a graph of order n, a(G) = p ≥ 2 and there is a partition V1, V2, . . . , Vp of
V (G) such that the induced subgraph 〈Vi〉 is acyclic. If |Vi| = ni for all i = 1, 2, . . . , p
and 1 ≤ n1 ≤ n2 ≤ · · · ≤ np, then

1. ni ≥ 2 for all i = 2, 3, . . . , p, and

2. ε(G) ≤ ε(Kn1,n2,...,np) + n − p.

3. Let Tn,p be the Turán graph of order n containing no (p + 1)-clique and tn,p =
ε(Tn,p) be the size of Tn,p. Then ε(G) ≤ tn,p + n − p.

4. Put n = pq + t, 0 ≤ t < p and a = �n
p
�. Then the Turán graph, Tn,p, is the

complete p-partite graph of order n with t partite sets of cardinality a + 1 and
p− t partite sets of cardinality a. We can construct a graph H of order n with
a(H) = p from Tn,p by adding a − 1 edges to each partite set of cardinality a
and a edges to each of cardinality a + 1. Therefore ε(H) = tn,p + n − p.
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We have the following theorems.

Theorem 3.5 Let G ∈ G(m, n). If a(G) = p ≥ 2, then m ≤ tn,p + n − p.
Furthermore, the bound is sharp.

Theorem 3.6 Let � ≥ 2 be an integer. Put g(n, 1) = n−1 and g(n, �) = tn,�+n−�.
If p ≥ 2 is an integer, then min(a; m, n) = p if and only if g(n, p− 1) < m ≤ g(n, p).

3.2 Edge arboricity

Unlike vertex-arboricity there is a formula for the arboricity of a graph, which was
discovered by Nash-Williams [3], as we state in the following theorems.

Theorem 3.7 A graph G has a1(G) = p if and only if every non-trivial subgraph
H has at most p(ν(H) − 1) edges.

Theorem 3.8 For every nonempty graph G,

a1(G) = max

⌈
ε(H)

ν(H) − 1

⌉
,

where the maximum is taken over all nontrivial induced subgraphs H of G.

It follows as a consequence of Theorem 3.7 that a1(Kn) = �n
2
� and a1(Kr,s) =

� rs
r+s+1

�.
In order to obtain the values of min(a1; m, n) and max(a1; m, n), we first note

that min(a1; m, n) = 1 if and only if m = n− 1, also max(a1; m, n) = 1 if and only if
m = n − 1. Thus we assume from now on that m ≥ n and therefore a1(G) = p ≥ 2
for G ∈ G(m, n) .

Any spanning subgraph of a graph G is referred to as a factor of G. A k-regular
factor is called a k-factor. If the order of G is odd, then G can not have a 1-factor. A
near 1-factor of G of order 2n+1 is a factor of G having n independent edges and an
isolated vertex. A graph G is said to be factorable into the factors G1, G2, . . . , Gt if
these factors are pairwise edge-disjoint and

⋃t
i=1 E(Gi) = E(G). If G is factored into

G1, G2, . . . , Gt, then we write G = G1⊕G2⊕· · ·⊕Gt, which is called a factorization of
G. If there exists a factorization of a graph G such that each factor is a k-factor of G,
for a fixed k, then G is k-factorable. If a graph G is factorable into G1, G2, . . . , Gt,
where each Gi

∼= H for some graph H, then we say that G is H-factorable. A
Hamiltonian factorization of a graph G is a factorization of a graph G such that
every factor is a Hamiltonian cycle of G. The following facts are well known (see [2],
for example).

Theorem 3.9 Let k be a positive integer. Then

1. the complete graph K2k+1 is Hamiltonian factorable,



214 ARAYA CHAEMCHAN

2. the complete graph K2k can be factored into k Hamiltonian paths,

3. the complete graph K2k can be factored into k − 1 Hamiltonian cycles and a
1-factor, and

4. the complete graph K2k−1 can be factored into k − 1 Hamiltonian paths and a
near 1-factor.

Lemma 3.10 Let G be a graph of order n and size m with a1(G) = p ≥ 2. Then
n ≥ 2p−1 and m ≥ 2(p−1)2 +1. If G is connected, then m ≥ 2(p−1)2 −2p+n+2.
Furthermore the bounds are sharp.

Proof. Clearly p = a1(G) ≤ a1(Kn) = �n
2
�. Therefore n ≥ 2(p − 1) + 1 = 2p − 1.

By Theorem 3.7, there is a subgraph H of G such that a1(G) = p = � ε(H)
ν(H)−1

�. Thus

ν(H) ≥ 2p − 1 and hence m ≥ ε(H) ≥ (p − 1)(ν(H) − 1) + 1 ≥ (p − 1)(2p − 2) =
2(p − 1)2 + 1. Next suppose that G is connected. Then there are at least n − ν(H)
edges from H to G − H. Therefore

m ≥ ε(H) + n − ν(H)

≥ (p − 1)(ν(H) − 1) + 1 + n − ν(H)

≥ pν(H) − p − ν(H) + 1 + 1 + n − ν(H)

= (p − 2)ν(H) − p + 2 + n.

By replacing ν(H) by 2p − 1 we get m ≥ 2(p − 1)2 − 2p + n + 2, as required.

To prove the sharpness, we start with a factorization of K2p−1 into p−1 Hamilto-
nian paths H1, H2, . . . , Hp−1 and a near 1-factor F . Put H = H1 ⊕H2 ⊕ · · · ⊕Hp−1.
Then a1(H) = p − 1 and for any e in F we see that a1(H + e) = p. Thus H + e is a
graph of order 2p−1 and size 2(p−1)2 +1 with a1(H + e) = p. By adding n−2p+1
isolated vertices to H + e we obtain a graph G of order n, size 2(p − 1)2 + 1 and
a1(G) = p. Again by adding n − 2p + 1 edges from the isolated vertices to a fixed
vertex of H we obtain a connected graph G′ of order n, size 2(p − 1)2 − 2p + n + 2
and a1(G

′) = p. This shows that the bounds are sharp.

Theorem 3.11 Let � ≥ 2 be an integer and f1(n, �) = 2(� − 1)2 − 2� + n + 2. If
p ≥ 2 is an integer, then max(a1; m, n) = p if and only if f1(n, p) ≤ m < f1(n, p+1).

From Theorem 3.7, it is easy to see that if a graph G ∈ G(m, n) then a1(G) =
p ≥ � m

n−1
�. To show that the bound is sharp, we will show that there exists a graph

H ∈ G(m, n) such that a1(H) = � m
n−1

�.
We now consider the problem of determining the maximum number of edges that

a graph G of order n with a1(G) = p can have for two cases according to the parity
of n as follows.

Case 1. Let n = 2k be an even integer. The complete graph K2k can be fac-
tored into k Hamiltonian paths H1, H2, . . . , Hk. Thus K2k = H1 ⊕ H2 ⊕ · · · ⊕ Hk.
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For p = 1, 2, . . . , k, put Gp = H1 ⊕ H2 ⊕ · · · ⊕ Hp. Then Gp is a graph of order n,
size p(n− 1) and a1(Gp) ≤ p. Since a forest of order n contains at most n− 1 edges,
it follows that a1(Gp) = p.

Case 2. If n = 2k − 1 is an odd integer, then K2k−1 can be factored into k − 1
Hamiltonian paths H1, H2, . . . , Hk−1 and a near 1-factor F . Thus K2k−1 = H1 ⊕
H2 ⊕ · · · ⊕ Hk−1 ⊕ F . For p = 1, 2, . . . , k − 1, put Gp = H1 ⊕ H2 ⊕ · · · ⊕ Hp. Then
Gp is a graph of order n, size p(n − 1) and therefore a1(Gp) = p.

This means that the graph Gp of order n with a1(Gp) = p has size m = p(n− 1).
Equivalently, p = � m

n−1
�.

Then we have the following theorem.

Theorem 3.12 min(a1; m, n) =

⌈
m

n − 1

⌉
.
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