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Abstract

For a graph G, we let γ(G) denote the domination number of G. A graph
G is said to be (l, k)-critical if γ(G) = l and γ(G − U) < γ(G) for every
U ⊆ V (G) with |U | = k. In this paper, we characterize (2, k)-critical
graphs for k ≥ 1, and show, for each l ≥ 3 and each k ≥ 1, how to
construct infinitely many connected graphs which are (l, h)-critical for
every 1 ≤ h ≤ k.

1 Introduction

In this paper, all graphs are finite, simple, and undirected. Let G be a graph. We
let V (G) and E(G) denote the vertex set and the edge set of G, respectively. The
cardinality of V (G) is referred to as the order of G. For v ∈ V (G), we denote the open
neighborhood N(v) of v by N(v) = {u ∈ V (G) | uv ∈ E(G)}, the closed neighborhood
N [v] of v by N [v] = N(v) ∪ {v}, and the degree d(v) of v by d(v) = |N(v)|. The
maximum of d(v) as v ranges over V (G) is called the maximum degree of G and
denote by Δ(G). We say that G is r-regular if d(v) = r for all v ∈ V (G). We let Kn

denote the complete graph of order n, i.e., the (n − 1)-regular graph of order n. For
terms and symbols not defined here, we refer the reader to [9].

Again let G be a graph. For two subsets X, Y of V (G), we say that X dominates
Y if Y ⊆ ⋃

v∈X N [v]. A subset of V (G) which dominates V (G) is called a dominating
set of G. The minimum cardinality of a dominating set of G is called the domination
number of G and denoted by γ(G). A dominating set of G having cardinality γ(G)
is called a γ-set of G.

It can be observed that while γ(G− v) > γ(G) + 1 is possible for some graphs G
and vertices v ∈ V (G), it is always the case that γ(G−v) ≥ γ(G)−1, that is, deleting
a vertex can decrease the domination number by at most one. In 1988, Brigham,
Chinn and Dutton [4] began the study of graphs for which γ(G − v) = γ(G) − 1
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for every vertex v ∈ V (G). They defined a vertex v in a graph G to be domination
critical, or critical for short, if γ(G − v) < γ(G), and the graph G to be domination
critical or, more simply, critical, if every vertex v ∈ V (G) is critical.

In 2005, Brigham, Haynes, Henning and Rall [5] gave a generalization of this
concept. For k ≥ 0, they defined a graph G to be (γ, k)-critical if γ(G − U) < γ(G)
for every U ⊆ V (G) with |U | = k. Thus (γ, 1)-critical graphs are nothing but critical
graphs. Note that no graph can be (γ, 0)-critical. Also note that for k ≥ 1, if
|V (G)| ≤ k, then G is (γ, k)-critical.

The main purpose of this paper is to bring to an end research on two basic
problems concerning (γ, k)-critical graphs: the construction of (γ, k)-critical graphs
with given domination number l ≥ 3, and the characterization of (γ, k)-critical graphs
with domination number 2.

For simplicity, we henceforth refer to a (γ, k)-critical graph with domination num-
ber l as an (l, k)-critical graph. We first discuss the case where l ≥ 3. For l = 3,
Mojdeh, Firoozi and Hasni [13] have shown that there are infinitely many connected
(3, k)-critical graphs for each odd k ≥ 3. For k = 2, Brigham, Haynes, Henning and
Rall [5] and Chen, Fujita, Furuya and Young [8] have shown that there are infinitely
many connected (l, 2)-critical graphs for each l ≥ 4. However, for k ≥ 3 and l ≥ 4,
no result concerning the construction of an infinite family of connected (l, k)-critical
graphs has been published (even though, as we shall mention again in Section 6, the
existence of such a family seems to be known when k is odd and l is even). In Sec-
tion 2, we show that there exists such a family of graphs. Before stating the result,
we need another definition. The maximum distance between two vertices in a graph
G is called the diameter of G and denoted by diam(G). Our result is as follows.

Theorem 1.1 Let k ≥ 1 and l ≥ 3 be integers. Then there exist infinitely many
connected graphs G such that G is (l, h)-critical for every h with 1 ≤ h ≤ k and such
that diam(G) = 3(l − 1)/2 or 3(l − 2)/2 according as l is odd or even.

In [5], Brigham, Haynes, Henning and Rall constructed, for each l ≥ 3, a con-
nected (l, 2)-critical graph with diam(G) = l−1, and asked whether every connected
(l, 2)-critical graph G must satisfy diam(G) ≤ l − 1. Note that Theorem 1.1 shows
that the answer is no when l = 3 or l ≥ 5.

We introduce here the following operation of concatenating vertex-disjoint graphs,
which is used in [5]. Let H1 and H2 be two vertex-disjoint graphs, and let x1 ∈ V (H1)
and x2 ∈ V (H2). Under this notation, we let (H1 • H2)(x1, x2) denote the graph
obtained from H1 and H2 by identifying vertices x1 and x2. We call (H1 •H2)(x1, x2)
the coalescence of H1 and H2 via x1 and x2. We write H1 • H2 for (H1 •H2)(x1, x2)
when there is no need to refer to x1 or x2. In proving Theorem 1.1, we make use of
the following theorem proved by Mojdeh, Firoozi and Hasni in [13].

Theorem A ([13]) Let k ≥ 1 be an integer. Let H1 and H2 be vertex-disjoint
graphs and let xi be a non-isolated vertex of Hi for each i = 1, 2, and let G =
(H1 •H2)(x1, x2). Then G is (γ, j)-critical for every 1 ≤ j ≤ k if and only if both H1
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and H2 are (γ, j)-critical for every 1 ≤ j ≤ k. Furthermore, if G is (γ, j)-critical for
every 1 ≤ j ≤ k, then γ(G) = γ(H1) + γ(H2) − 1.

In Section 3, we prove a refinement of Theorem A.

We now consider (l, k)-critical graphs with 1 ≤ l ≤ 2. By definition, a graph G is
(1, k)-critical if and only if G satisfies |V (G)| ≤ k and Δ(G) = |V (G)|−1. Note that
if a graph G with γ(G) = 2 satisfies |V (G)| ≤ k + 1, then G is clearly (2, k)-critical.
Thus we focus on (2, k)-critical graphs G with |V (G)| ≥ k + 2. An independent set
M of edges of a graph G such that every vertex is incident with an edge in M is
called a perfect matching of G. For k ∈ {1, 2, 3}, the following characterization of
(2, k)-critical graphs is known.

Proposition B ([4, 5, 12]) Let k ∈ {1, 2, 3}, and let G be a graph having order
n ≥ k + 2. Then G is (2, k)-critical if and only if k ∈ {1, 3}, n is even, and G �
Kn − M , where M is a perfect matching of Kn.

In Section 4, we extend Proposition B to (2, k)-critical graphs with k ≥ 1, and
prove the following proposition.

Proposition 1.2 Let k ≥ 1 be an integer, and let G be a graph having order
n ≥ k+2. Then G is (2, k)-critical if and only if k is odd, n is even, and G � Kn−M ,
where M is a perfect matching of Kn.

We add that it was proved in [5] that every r-regular (γ, 2)-critical graph with
γ(G) ≥ 2 satisfies |V (G)| ≤ (r + 1)(γ(G) − 1) + 1 and, for k ≥ 3, it was asked in
[13] whether the statement that every connected r-regular (γ, k)-critical graph with
γ(G) ≥ 2 satisfies |V (G)| ≤ (r + 1)(γ(G) − 1) + k − 1 is true. In Section 5, we show
that the statement is true even if we drop the condition that G is connected.

In passing, we mention that (γ, k)-critical graphs have been studied from other
points of view as well (see, for example, [2, 3, 8]). Further, various other types of
criticality for the domination number of a graph have been studied ([1, 6, 14, 16]),
and variants of the notion of domination have also been studied ([11, 15]).

2 A family of (γ, k)-critical graphs

In this section, we prove Theorem 1.1

We first construct (3, k)-critical graphs. For i = 1, 2, let mi ≥ 1 be an integer,

and let C(i) = x
(i)
1 x

(i)
2 . . . x

(i)
5mi

x
(i)
1 be a cycle of order 5mi. For each 1 ≤ j ≤ 5, let

X
(1)
j = {x(1)

l | l ≡ j (mod 5)} and X
(2)
j = {x(2)

l | l ≡ 2j − 1 (mod 5)}. Note that

X
(2)
1 = {x(2)

l | l ≡ 1 (mod 5)}, X
(2)
2 = {x(2)

l | l ≡ 3 (mod 5)}, X
(2)
3 = {x(2)

l | l ≡
5 (mod 5)}, X

(2)
4 = {x(2)

l | l ≡ 2 (mod 5)} and X
(2)
5 = {x(2)

l | l ≡ 4 (mod 5)}. Let

Y = {y1, . . . , y5} and Z = {z1, z2}. Let E1 = {xx′ | x ∈ X
(1)
j , x′ ∈ X

(2)
j′ , j 	= j′},
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Figure 1: Graph Gm1,m2

E2 =
⋃

1≤j≤5{yjx | x ∈ (V (C(1)) ∪ V (C(2))) − (X
(1)
j ∪ X

(2)
j )}, E3 =

⋃
i=1,2{zix | x ∈

V (C(i))}. Let Gm1,m2 be the graph defined by

V (Gm1,m2) = V (C(1)) ∪ V (C(2)) ∪ Y ∪ Z

and
E(Gm1,m2) = E(C(1)) ∪ E(C(2)) ∪

( ⋃
1≤j≤3

Ej

)
.

The graph Gm1,m2 is depicted in Figure 1. In the figure, two solid lines indicate that

for each i = 1, 2, all edges between zi and C(i) are present; dotted lines indicate that
no edge between the two sets (or the vertex and the set) joined by a dotted line is

present, and all other edges between C(1) and C(2), Y and C(1), and Y and C(2) are
present; dashed lines indicate that for each i = 1, 2, all edges inside C(i) are present
except for a perfect matching between the two sets joined by a dashed line.

Proposition 2.1 Let k, m1, m2 ≥ 1 be integers such that m1, m2 ≥ k. Then Gm1,m2

is (3, h)-critical for every 1 ≤ h ≤ k.
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Proof. First we prove that γ(Gm1,m2) = 3. Since {x(1)
1 , x

(2)
1 , y1} is a dominating set

of Gm1,m2, it follows that γ(Gm1,m2) ≤ 3. Suppose that γ(Gm1,m2) ≤ 2, and let S be
a γ-set of Gm1,m2. Note that for each x ∈ V (C(1))∪ V (C(2)), there exist two vertices
in Y ∪Z which are not dominated by x. Since Y ∪ Z is independent, it follows that
S ∩ Z = ∅. Since S dominates Z, this implies |S ∩ V (C(1))| = |S ∩ V (C(2))| = 1.

Write S ∩ V (C(1)) = {x(1)
j1
} and S ∩ V (C(2)) = {x(2)

j2
}. If j2 ≡ j1 − 1 (mod 5) or

j2 ≡ j1 + 1 (mod 5), then one of the vertices in NC(1)(x
(1)
j1

) is not dominated by S; if

j2 ≡ j1 − 2 (mod 5) or j2 ≡ j1 + 2 (mod 5), then one of the vertices in NC(2)(x
(2)
j2

) is
not dominated by S; if j2 ≡ j1 (mod 5), then yj is not dominated by S, where j is
the unique integer such that j ≡ j1 (mod 5) and 1 ≤ j ≤ 5. Consequently S is not a
dominating set of Gm1,m2 , which is a contradiction. Thus γ(Gm1,m2) = 3.

Next we prove that γ(Gm1,m2 −U) ≤ 2 for any U ⊆ V (Gm1,m2) with 1 ≤ |U | ≤ k.
Let U be a subset of V (Gm1,m2) with 1 ≤ |U | ≤ k.

Case 1: U ∩ Z 	= ∅.
Let i ∈ {1, 2} be an integer such that zi ∈ U . Since |V (C(3−i))|/2 > |U ∩

V (C(3−i))|, there exist two vertices x, x′ ∈ V (C(3−i)) − U such that xx′ ∈ E(C(3−i)).
Since {x, x′} dominates V (Gm1,m2)−{zi}, {x, x′} is a dominating set of Gm1,m2 −U .
Hence γ(Gm1,m2 − U) ≤ 2.

Case 2: U ∩ Z = ∅ and U ∩ (V (C(1)) ∪ V (C(2))) 	= ∅.
Let i ∈ {1, 2} be an integer such that U ∩ V (C(i)) 	= ∅. Since |V (C(i))| >

|U ∩ V (C(i))|, there exist two vertices x, x′ ∈ V (C(i)) such that xx′ ∈ E(C(i)),

x ∈ U and x′ 	∈ U . Let j(1 ≤ j ≤ 5) be the integer such that x ∈ X
(i)
j . Since

|X(3−i)
j | ≥ k > |U ∩ V (C(3−i))|, we have X

(3−i)
j − U 	= ∅. Let x′′ ∈ X

(3−i)
j − U . Since

{x′, x′′} dominates V (Gm1,m2) − {x}, {x′, x′′} is a dominating set of Gm1,m2 − U .
Hence γ(Gm1,m2 − U) ≤ 2.

Case 3: U ∩ (Z ∪ V (C(1)) ∪ V (C(2))) = ∅.
Let j(1 ≤ j ≤ 5) be an integer such that yj ∈ U . Note that U ∩ (X

(1)
j ∪X

(2)
j ) = ∅.

Take x ∈ X
(1)
j and x′ ∈ X

(2)
j . Since {x, x′} dominates V (Gm1,m2) − {yj}, {x, x′} is a

dominating set of Gm1,m2 − U . Hence γ(Gm1,m2 − U) ≤ 2.

Therefore Gm1,m2 is (3, h)-critical for every 1 ≤ h ≤ k. �

Let m1, m2 ≥ 2 be integers, and let X
(i)
j , Y , Z and Gm1,m2 be as above. We

construct a new graph G∗
m1,m2

, which is (4, k)-critical, by adding some vertices and

edges to Gm1,m2 − Y . For a dominating set P of Gm1,m2 − Y with P ⊆ V (C(1)) ∪
V (C(2)) and |P | = 3, we prepare a new vertex vP and join vP to all vertices in
(V (C(1))∪V (C(2)))−P with edges. Apply this operation to every dominating set P
of Gm1,m2 − Y such that P ⊆ V (C(1)) ∪ V (C(2)) and |P | = 3, and let G∗

m1,m2
denote

the resulting graph. Let Y ∗ be the set of new vertices (i.e., Y ∗ = V (G∗
m1,m2

) −
V (Gm1,m2 − Y )).
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Lemma 2.2 Let Q be a subset of V (C(1))∪ V (C(2)) with |Q| ≤ 2. Then there exist
at least four vertices of Y ∗ which are not dominated by Q in G∗

m1,m2
.

Proof. We may assume |Q| = 2. Set A = {a ∈ (V (C(1)) ∪ V (C(2))) − Q | Q ∪
{a} dominates V (C(1))∪V (C(2))∪Z}. For each a ∈ A, it follows from the definition
of G∗

m1,m2
that vQ∪{a} is not dominated by Q. Thus it suffices to show that |A| ≥ 4.

Write Q = {x, x′}, and let x ∈ X
(i)
j and x′ ∈ X

(i′)
j′ . If i 	= i′ and j = j′, then Q

dominates V (C(1))∪V (C(2))∪Z, and hence |A| = |(V (C(1))∪V (C(2)))−{x, x′}| ≥ 4.

If j 	= j′, then |A| ≥ |X(3−i)
j ∪X

(3−i′)
j′ | = m3−i+m3−i′ ≥ 4. Thus we may assume i = i′

and j = j′. Let j1, j2(1 ≤ j1, j2 ≤ 5) be the integers which satisfy j1 ≡ j + i (mod 5)

and j2 ≡ j − i (mod 5). Then we get |A| ≥ |X(3−i)
j1

∪ X
(3−i)
j2

| ≥ 4, as desired. �

Proposition 2.3 Let k, m1, m2 ≥ 1 be integers such that m1, m2 ≥ k + 1. Then
G∗

m1,m2
is (4, h)-critical for every 1 ≤ h ≤ k.

Proof. First we prove that γ(G∗
m1,m2

) = 4. Since {x(1)
1 , x

(1)
2 , x

(2)
1 , x

(2)
2 } is a dominat-

ing set of G∗
m1,m2

, γ(G∗
m1,m2

) ≤ 4. We let S be a γ-set of G∗
m1,m2

, and show that

|S| ≥ 4. We may assume that |S∩(V (C(1))∪V (C(2)))| ≤ 3. Since Y ∗∪Z is indepen-
dent, all vertices in Y ∗ which are not dominated by S ∩ (V (C(1)) ∪ V (C(2))) belong
to S. Hence if |S ∩ (V (C(1)) ∪ V (C(2)))| ≤ 2, then it follows from Lemma 2.2 that
|S| ≥ |S∩Y ∗| ≥ 4. Consequently we may assume |S∩(V (C(1))∪V (C(2)))| = 3. Also
we may assume that S ∩ (V (C(1))∪V (C(2))) dominates V (C(1))∪V (C(2))∪Z. Then
|S| ≥ |(S ∩ (V (C(1)) ∪ V (C(2)))) ∪ {vS∩(V (C(1))∪V (C(2)))}| = 4. Thus γ(G∗

m1,m2
) = 4.

Next we prove that γ(G∗
m1,m2

−U) ≤ 3 for any U ⊆ V (G∗
m1,m2

) with 1 ≤ |U | ≤ k.
Let U be a subset of V (G∗

m1,m2
) with 1 ≤ |U | ≤ k.

Case 1: U ∩ Z 	= ∅.
Let i ∈ {1, 2} be an integer such that zi ∈ U . Since |V (C(3−i))|/3 > |U ∩

V (C(3−i))|, there exist three vertices x, x′, x′′ ∈ V (C(3−i)) − U such that xx′, x′x′′ ∈
E(C(3−i)). Then {x, x′, x′′} dominates V (C(1))∪V (C(2))∪(Z−{zi}). Since {x, x′, x′′}
does not dominate zi, it follows from the definition of G∗

m1,m2
that {x, x′, x′′} also

dominates Y ∗. Hence {x, x′, x′′} is a dominating set of G∗
m1,m2

− U . Consequently
γ(G∗

m1,m2
− U) ≤ 3.

Case 2: U ∩ Z = ∅ and U ∩ (V (C(1)) ∪ V (C(2))) 	= ∅.
Let i ∈ {1, 2} be an integer such that U ∩ V (C(i)) 	= ∅. Since |V (C(i))| >

|U ∩ V (C(i))|, there exist two vertices x, x′ ∈ V (C(i)) such that xx′ ∈ E(C(i)), x ∈ U

and x′ 	∈ U . Let j(1 ≤ j ≤ 5) be the integer such that x ∈ X
(i)
j . Since |X(3−i)

j | − 2 ≥
k − 1 ≥ |U ∩ V (C(3−i))|, we have |X(3−i)

j − U | ≥ 2. Let u, u′ ∈ X
(3−i)
j − U . Then

{x′, u, u′} dominates ((V (C(1))∪V (C(2)))−{x})∪Z, and {x′, u, u′} also dominates Y ∗

because it does not dominate x. Hence {x′, u, u′} is a dominating set of G∗
m1,m2

−U .
Consequently γ(G∗

m1,m2
− U) ≤ 3.

Case 3: U ∩ (Z ∪ V (C(1)) ∪ V (C(2))) = ∅.
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In this case, we have U ⊆ Y ∗. Take v ∈ U , and write v = vP , where P is a subset
of V (C(1)) ∪ V (C(2)) with |P | = 3 such that P dominates V (C(1)) ∪ V (C(2)) ∪ Z.
Then P dominates Y ∗ − {vP}, and hence P is a dominating set of G∗

m1,m2
− U .

Consequently γ(G∗
m1,m2

− U) ≤ 3.

Therefore G∗
m1,m2

is (4, h)-critical for every 1 ≤ h ≤ k. �
Note that for each m1 ≥ 2 and each m2 ≥ 2, we have

diam(Gm1,m2) = diam(G∗
m1,m2

) = 3.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let k, l be as in Theorem 1.1. If k is odd, then let G1 be a
graph with diameter 3 which is (3, h)-critical for every 1 ≤ h ≤ k; if k is even, then
let G1 be a graph with diameter 3 which is (4, h)-critical for every 1 ≤ h ≤ k. Also
let d = 3(l − 1)/2 and m = (l − 1)/2 or d = 3(l − 2)/2 and m = (l − 2)/2 according
as l is odd or even. For each 2 ≤ i ≤ m, let Gi be a graph with diameter 3 which
is (3, h)-critical for every 1 ≤ h ≤ k. For each 1 ≤ i ≤ m, let zi, zi′ be vertices of
Gi which are at dstance three apart. Let G be the graph obtained by concatenating
G1, . . . , Gm by letting Gi−1 and Gi coalesce via z′

i−1 and zi for each 2 ≤ i ≤ m. Then
diam(G) =

∑
1≤i≤m diam(Gi) = d. Further by Theorem A, G is (γ, h)-critical for

every 1 ≤ h ≤ k, and γ(G) = γ(G1)+
∑

2≤i≤m(γ(Gi)−1) = l. Since Propositions 2.1
and 2.3 show that there are infinitely many candidates for Gi for each i, this yields
the desired conclusion. �

3 Coalescence of two graphs

In this section, we prove a theorem about coalescence. We start with the following
corollary of Theorem A.

Proposition 3.1 ([5]) Let H1 and H2 be vertex-disjoint graphs, and let xi be a
non-isolated vertex of Hi for each i = 1, 2. Then (H1 • H2)(x1, x2) is (γ, 1)-critical
and (γ, 2)-critical if and only if both H1 and H2 are (γ, 1)-critical and (γ, 2)-critical.

Note that Proposition 3.1 does not give a necessary and sufficient condition for
H1 •H2 to be (γ, 2)-critical. We prove the following modification of Proposition 3.1.

Proposition 3.2 Let Hi, xi be as in Proposition 3.1. Then (H1 • H2)(x1, x2) is
(γ, 2)-critical if and only if

(i) both H1 and H2 are (γ, 2)-critical, and

(ii) for some i ∈ {1, 2}, Hi is critical and γ(H3−i − x3−i) < γ(H3−i).

Actually we prove the following more general result.
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Theorem 3.3 Let k ≥ 1 be an integer. Let H1 and H2 be vertex-disjoint graphs
and let xi be a vertex of Hi with dHi

(xi) ≥ k − 1 for each i = 1, 2, and let G =
(H1 • H2)(x1, x2). Then G is (γ, k)-critical if and only if

(i) for any nonnegative integers k1, k2 with k1 + k2 = k, H1 is (γ, k1)-critical or H2

is (γ, k2)-critical, and

(ii) for each i = 1, 2, γ(Hi − (U ∪ {xi})) < γ(Hi) for every U ⊆ V (Hi − xi) with
|U | ≤ k − 1.

Further if G is (γ, k)-critical, then γ(G) = γ(H1) + γ(H2) − 1.

We observe that from condition (i) in Theorem 3.3, it follows that H1 and H2

are (γ, k)-critical (because no graph is (γ, 0)-critical). Thus Theorem 3.3 implies
Theorem A (to deduce the “only if” part of Theorem A, note that under the notation
of Theorem A, if G is (γ, j)-critical for every 1 ≤ j ≤ k, then by induction on j,
we see from Theorem 3.3 that each Hi is (γ, j)-critical and satisfies dHi

(xi) ≥ j + 1,
because in general, a (γ, j)-critical graph cannot have a vertex with degree precisely
equal to j).

We prove Theorem 3.3 using the following two lemmas (it is likely that the second
lemma is also already known, but we include its proof for the convenience of the
reader).

Lemma 3.4 ([5]) For any vertex-disjoint graphs H1 and H2, we have γ(H1) +
γ(H2) − 1 ≤ γ(H1 • H2) ≤ γ(H1) + γ(H2).

Lemma 3.5 Let H1 and H2 be graphs. Let xi ∈ V (Hi) for each i = 1, 2, and
suppose that x1 is a critical vertex of H1 or x2 is a critical vertex of H2. Then
γ((H1 • H2)(x1, x2)) = γ(H1) + γ(H2) − 1.

Proof. Let G = (H1 • H2)(x1, x2). In view of Lemma 3.4, it suffices to show that
γ(G) ≤ γ(H1) + γ(H2) − 1. Without loss of generality, we may assume that x1 is
a critical vertex of H1. Let S1 and S2 be γ-sets of H1 − x and H2, respectively.
Then |S1| ≤ γ(H1) − 1 and |S2| = γ(H2). If x2 	∈ S2, then let S = S1 ∪ S2; if
x2 ∈ S2, then let S = S1 ∪ (S2 − {x2}) ∪ {x}. Then S is a dominating set of G, and
|S| ≤ (γ(H1) − 1) + γ(H2). Hence γ(G) ≤ γ(H1) + γ(H2) − 1. �

Proof of Theorem 3.3. Let k, Hi, xi, G be as in Theorem 3.3, and x be denote the
vertex in G arising from the identification of x1 and x2. First we assume that G is
(γ, k)-critical, and show that γ(G) = γ(H1) + γ(H2) − 1, and (i) and (ii) hold.

Claim 3.1 The vertex x is critical in G.

Proof. For each i = 1, 2, we can choose a subset Ui of NHi
(xi) with |Ui| = k − 1

because dHi
(xi) ≥ k − 1. Since G is (γ, k)-critical, we have

γ(Hi − (Ui ∪ {xi})) + γ(H3−i − x3−i) = γ(G − (Ui ∪ {x})) ≤ γ(G) − 1 (3.1)
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for each i. Let S be a γ-set of G − (U1 ∪ U2 ∪ {x}). Then it follows from (3.1) that

|S| = γ(G − (U1 ∪ U2 ∪ {x}))
=

∑
i=1,2

γ(Hi − (Ui ∪ {xi}))

≤
∑
i=1,2

((γ(G) − 1) − γ(H3−i − x3−i))

= 2γ(G) − (γ(H1 − x1) + γ(H2 − x2)) − 2

= 2γ(G) − γ(G − x) − 2.

On the other hand, S ∪ {x} is a dominating set of G, and hence |S| ≥ γ(G) − 1.
Consequently 2γ(G)−γ(G−x)−2 ≥ γ(G)−1, which means that γ(G)−γ(G−x)−1 ≥
0. Hence x is a critical vertex of G. �

Claim 3.2 For each i = 1, 2, xi is a critical vertex of Hi.

Proof. Recall that removing a vertex can decrease the domination number at most
by one. Let S be a γ-set of G − x. By Claim 3.1,

|S| = γ(G) − 1. (3.2)

Hence |S| ≤ γ(H1)+γ(H2)−1 by Lemma 3.4. Since S∩V (Hi) is a dominating set of
Hi − xi for each i = 1, 2, this implies that we have |S ∩ V (Hi)| = γ(Hi)− 1 for i = 1
or i = 2. Without loss of generality, we may assume that |S ∩ V (H1)| = γ(H1) − 1,
which means that x1 is a critical vertex of H1. Then γ(G) = γ(H1) + γ(H2) − 1 by
Lemma 3.5, and hence it follows from (3.2) that |S| ≤ γ(H1) + γ(H2) − 2. Since
|S ∩ V (H1)| = γ(H1) − 1 and S ∩ V (H2) is a dominating set of H2 − x2, this forces
|S ∩ V (H2)| = γ(H2) − 1. Consequently x2 is a critical vertex of H2. �

Note that γ(G) = γ(H1) + γ(H2) − 1 by Claim 3.2 and Lemma 3.5. We now
prove that (ii) holds. By symmetry, it suffices to consider only the case where
i = 1. Let U be a subset of V (H1) − {x1} with |U | ≤ k − 1. We show that
γ(H1 − (U ∪ {x1})) < γ(H1). Let U ′ be a subset of NH2(x2) with |U ′| = k − 1− |U |.
Let S be a γ-set of G − (U ∪ U ′ ∪ {x}). Since G is (γ, k)-critical, we get |S| ≤
γ(G) − 1 = γ(H1) + γ(H2)− 2. Since (S ∩ V (H2)) ∪ {x2} is a dominating set of H2,
|S ∩ V (H2)| ≥ γ(H2) − 1. Consequently |S ∩ V (H1)| ≤ γ(H1) − 1. Since S ∩ V (H1)
is a dominating set of H1 − (U ∪ {x1}), γ(H1 − (U ∪ {x1})) < γ(H1), as desired.

In order to prove (i), let k1, k2 be nonnegative integers such that k1 + k2 = k
and, by way of contradiction, suppose that H1 is not (γ, k1)-critical and H2 is not
(γ, k2)-critical. For each i, let Ui be a subset of V (Hi) with |Ui| = ki such that
γ(Hi − Ui) ≥ γ(Hi). In view of (ii), we have xi 	∈ Ui for each i, which means that
G − (U1 ∪ U2) = ((H1 − U1) • (H2 − U2))(x1, x2). Consequently by Lemma 3.4,
γ(G− (U1 ∪U2)) ≥ γ(H1 −U1) + γ(H2 −U2)− 1 ≥ γ(H1) + γ(H2)− 1 = γ(G). This
contradicts the assumption that G is (γ, k)-critical. Therefore (i) holds.
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Next, conversely, we assume that (i) and (ii) hold, and show that G is (γ, k)-
critical. Let U be a subset of V (G) with |U | = k. For each i = 1, 2, let Ui =
U ∩ (V (Hi) − {xi}) and ki = |Ui|.
Case 1: x ∈ U .

For each i = 1, 2, let Si be a γ-set of Hi − (Ui ∪ {xi}). Let S = S1 ∪ S2. Then
S is a dominating set of G − U . By (ii), |Si| ≤ γ(Hi) − 1 for each i = 1, 2, and
hence |S| ≤ γ(H1) + γ(H2) − 2. In view of Lemma 3.4, this implies |S| ≤ γ(G) − 1.
Consequently γ(G − U) < γ(G).

Case 2: x 	∈ U .

By (i), without loss of generality, we may assume that H1 is (γ, k1)-critical. Then
k1 	= 0 and γ(H1 − U1) ≤ γ(H1) − 1. Since |U2| = k − k1 ≤ k − 1, it follows from
(ii) that γ(H2 − (U2 ∪ {x2})) ≤ γ(H2) − 1. Let S1 and S2 be γ-sets of H1 − U1 and
H2 − (U2 ∪ {x2}), respectively. If x1 	∈ S1, then let S = S1 ∪ S2; if x1 ∈ S1, then let
S = (S1 − {x1}) ∪ {x} ∪ S2. Then S is a dominating set of G − U . We also have
|S| = |S1| + |S2| ≤ γ(H1) + γ(H2) − 2, and hence |S| ≤ γ(G) − 1 by Lemma 3.4.
Consequently γ(G − U) < γ(G).

Therefore G is a (γ, k)-critical graph. This completes the proof of Theorem 3.3.
�

4 Characterization of (2, k)-critical graphs

In this section, we focus on (2, k)-critical graphs, and prove Proposition 1.2. We
make use of the following results in our proof.

Lemma 4.1 ([13]) Let k ≥ 1 be an odd integer and n ≥ 2 be an even integer. Then
Kn − M is (2, k)-critical, where M is a perfect matching of Kn.

Lemma 4.2 ([7]) If a graph G is not critical, then G has a vertex x such that
γ(G − x) = γ(G).

Proof of Proposition 1.2. Let k, n, G be as in Proposition 1.2. We proceed by
induction on k. In view of Proposition B, we may assume that k ≥ 4 and the
proposition holds for smaller values of k. The “if” part of the proposition follows
from Lemma 4.1. Thus it suffices to show, under the assumption that G is (2, k)-
critical, that k is odd, n is even, and G � Kn − M , where M is a perfect matching
of Kn.

Suppose that G is not critical. Then by Lemma 4.2, there exists x ∈ V (G) such
that γ(G − x) = 2. Since G is (2, k)-critical, we have γ((G − x) − U) < 2 for every
U ⊆ V (G−x) with |U | = k−1. Hence G−x is 2-(γ, k−1)-critical. By the induction
assumption, this implies that k−1 is odd, n−1 is even, and G−x � Kn−1−M , where
M is a perfect matching of Kn−1. Write V (G−x) = {x1, . . . , x(n−1)/2, y1, . . . , y(n−1)/2}
so that xiyi 	∈ E(G) for each i. Since γ(G) = 2, there exists y ∈ V (G− x) such that
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xy 	∈ E(G). We may assume y = y(n−1)/2. Then γ(G−{x1, . . . , xk/2, y1, . . . , yk/2}) ≥
2, which contradicts the assumption that G is (2, k)-critical.

Thus G is critical. By the induction assumption, this implies that n is even, and
G � Kn −M , where M is a perfect matching of Kn. Write V (G) = {x1, . . . , xn/2, y1,
. . . , yn/2} so that xiyi 	∈ E(G) for each i. If k is even, then γ(G−{x1, . . . , xk/2, y1, . . . ,
yk/2}) = 2, which contradicts the assumption that G is (2, k)-critical. Consequently
k is odd, which completes the proof of Proposition 1.2. �

5 Regular (γ, k)-critical graphs

In this section, we consider regular (γ, k)-critical graphs. We first state a lemma.

Lemma 5.1 ((i)[10], (ii)[13])

(i) If G is a critical graph having order (Δ(G)+1)(γ(G)−1)+1, then G is regular.

(ii) Let k ≥ 1 be an integer, and let G be a (γ, k)-critical graph. Then |V (G)| ≤
(Δ(G) + 1)(γ(G) − 1) + k.

The following proposition shows that the answer to the question in [13] mentioned
toward at the end of Section 1 is affirmative.

Proposition 5.2 Let k ≥ 2 be an integer, and let G be an r-regular (γ, k)-critical
graph with γ(G) ≥ 2. Then |V (G)| ≤ (r + 1)(γ(G) − 1) + k − 1.

Proof. Let n = |V (G)|. Suppose that n ≥ (r + 1)(γ(G) − 1) + k. Then, applying
Lemma 5.1(ii) with k replaced by k−1, we see that G is not (γ, k−1)-critical. Hence
there exists U ⊆ V (G) with |U | = k−1 such that γ(G−U) ≥ γ(G). Let H = G−U .
Take x ∈ V (H). Since G is (γ, k)-critical, γ(H − x) = γ(G − (U ∪ {x})) < γ(G) ≤
γ(H). Since γ(H − x) ≥ γ(H)− 1, this forces γ(H) = γ(G). Since x is arbitrary, we
also see that H is critical. By Lemma 5.1(ii), this implies that

n − (k − 1) = |V (H)| ≤ (Δ(H) + 1)(γ(H) − 1) + 1 ≤ (r + 1)(γ(G) − 1) + 1.

Since γ(H) = γ(G) ≥ 2, this, together with the assumption that n ≥ (r + 1)(γ(G)−
1) + k, implies that |V (H)| = (Δ(H) + 1)(γ(H) − 1) + 1 and Δ(H) = r. Since H is
critical, it follows from Lemma 5.1(i) that H is r-regular. Since G is r-regular, this
means that H is the union of some components of G. But then γ(H) < γ(G), which
contradicts the earlier assertion that γ(H) = γ(G). Thus n ≤ (r+1)(γ(G)−1)+k−1.

�

6 Conclusion

In Theorem 1.1, we have shown that there exist infinitely many (l, k)-critical graphs
for each k ≥ 1 and each l ≥ 3 and, in Proposition 1.2, we have given a characterization
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of (2, k)-critical graphs for all k ≥ 3. Our proof of Theorem 1.1 is based on an
operation called coalescence and, in Theorem 3.3, we have proved a result concerning
coalescence, which we believe will be useful for further research.

We conclude this paper by presenting two open problems related to Theorem 1.1.
Theorem 1.1 does not yield a graph which is (γ, k)-critical but not (γ, h)-critical for
some h with 1 ≤ h ≤ k − 1. On the other hand, we see from Lemma 4.1 that when
k ≥ 3 is odd, there exist infinitely many graphs G with γ(G) = 2 such that G is
(γ, h)-critical for every odd h with 1 ≤ h ≤ k but not (γ, k)-critical for any even h
with 2 ≤ h ≤ k− 1 and, as we touched on in the paragraph preceding the statement
of Theorem 1.1, a modification of Lemma 4.1 shows that when k ≥ 3 is odd and
l ≥ 2 is even, there exist infinitely many graphs G with γ(G) = l such that G is
(γ, h)-critical for every odd h with 1 ≤ h ≤ k but not (γ, h)-critical for any even h
with 2 ≤ h ≤ k − 1. We pose the following question.

Problem 1 Let k, l be integers with k ≥ 2 and l ≥ 3. For which I ⊆ {1, . . . , k},
do there exist infinitely many connected graphs G with γ(G) = l such that G is
(γ, h)-critical for every h ∈ I but not (γ, h)-critical for any h ∈ {1, . . . , k} − I?

In view of the question in [5] mentioned in the paragraph following the statement
of Theorem 1.1, the following question also naturally arises.

Problem 2 For l ≥ 3, what is the best upper bound for the diameter of a connected
(l, 2)-critical graph?
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