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Abstract

For A ⊆ Zm and n ∈ Zm, let σ1(A, n), σ2(A, n), σ3(A, n) denote the
number of solutions of the equation n = a+a′ with ordered pairs (a, a′) ∈
A2, unordered pairs (a, a′) ∈ A2(a �= a′) and unordered pairs (a, a′) ∈ A2,
respectively. In this paper, for any i ∈ {1, 2, 3}, we determine all subsets
A of Zm such that σi(A, n) = σi(Zm\A, n) holds for all n ∈ Zm.

1 Introduction

Let N be the set of nonnegative integers. For a set A ⊆ N, let R1(A, n), R2(A, n),
R3(A, n) denote the number of solutions of

a + a′ = n, a, a′ ∈ A,
a + a′ = n, a, a′ ∈ A, a < a′,
a + a′ = n, a, a′ ∈ A, a � a′,
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respectively. For i ∈ {1, 2, 3}, Sárközy asked ever whether there are sets A and B
with infinite symmetric difference such that Ri(A, n) = Ri(B, n) for all sufficiently
large integer n. In [4], Dombi proved that the answer is negative for i = 1 and
positive for i = 2. For i = 3, Chen and Wang [3] proved the set of nonnegative
integers can be partitioned into two subsets A and B with R3(A, n) = R3(B, n) for
all n � n0. Lev (see [8]) gave a simple common proof to the results by Dombi [4] and
Chen and Wang [3]. In [9], using generating functions, Sándor established the two
following stronger results. Recently, Tang [10] gave a more natural proof of them.

Theorem A. Let N be a positive integer. Then R2(A, n) = R2(N \ A, n) for all
n � 2N − 1 if and only if |A ∩ [0, 2N − 1]| = N and 2m ∈ A ⇔ m ∈ A, 2m + 1 ∈
A ⇔ m /∈ A for all m � N .

Theorem B. Let N be a positive integer. Then R3(A, n) = R3(N \ A, n) for all
n � 2N − 1 if and only if |A ∩ [0, 2N − 1]| = N and 2m ∈ A ⇔ m /∈ A, 2m + 1 ∈
A ⇔ m ∈ A for all m � N .

For other related results, the reader is referred to [1, 2, 5–7]. In this paper, we
shall consider the analogue of the above two theorems in Zm.

For a positive integer m ≥ 2, let Zm = {0̄, 1̄, . . . , m − 1} be the set of residue
classes mod m, with the ordering defined as 0̄ ≺ 1̄ ≺ · · · ≺ m − 1. Besides, x 
 y if
and only if x ≺ y or x = y. For A ⊆ Zm and n ∈ Zm, let

σ1(A, n) = �{(a, a′) ∈ A2 : a + a′ = n},
σ2(A, n) = �{(a, a′) ∈ A2 : a + a′ = n, a ≺ a′},
σ3(A, n) = �{(a, a′) ∈ A2 : a + a′ = n, a 
 a′}.

It is easy to notice that σ1(A, n) = σ2(A, n) + σ3(A, n) for any A ⊆ Zm and
n ∈ Zm. In this paper, based on the method of Tang, the following results are
proved.

Theorem 1. For i ∈ {2, 3}, the equality σi(A, n) = σi(Zm\A, n) holds for all n ∈ Zm

if and only if m is even and t ∈ A ⇔ t + m/2 /∈ A for t = 0̄, 1̄, . . . , m/2 − 1.

Theorem 2. The equality σ1(A, n) = σ1(Zm\A, n) holds for all n ∈ Zm if and only
if m is even and |A| = m/2.

Currently we have no answers for the following problems.

Problem 1. Given a positive integer k(k � 3). For i ∈ {1, 2, 3}, does there exist a
partition

Zm =

k⋃
t=1

At, Au ∩ Av = ∅, u �= v

such that σi(At, n) = σi(At′, n) (1 � t < t′ � k) for all n ∈ Zm?

Problem 2. For i ∈ {1, 2, 3}, determine all pairs of subsets A, B ⊆ Zm such that
σi(A, n) = σi(B, n) for all n ∈ Zm.
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2 Proofs

Before the proof, we give the following lemma.

Lemma 1. For any i ∈ {1, 2, 3}, if the equality σi(Zm\A, n) = σi(A, n) holds for all
n ∈ Zm, then m is even and |A| = m/2.

Proof. If σ2(Zm\A, n) = σ2(A, n) holds for all n ∈ Zm, then we have(|Zm\A|
2

)
=

∑
n∈Zm

σ2(Zm\A, n) =
∑

n∈Zm

σ2(A, n) =

(|A|
2

)
.

If σ3(Zm\A, n) = σ3(A, n) holds for all n ∈ Zm, then we have(|Zm\A| + 1

2

)
=

∑
n∈Zm

σ3(Zm\A, n) =
∑

n∈Zm

σ3(A, n) =

(|A| + 1

2

)
.

If σ1(Zm\A, n) = σ1(A, n) holds for all n ∈ Zm, then we have(|Zm\A|
2

)
+

(|Zm\A| + 1

2

)
=

∑
n∈Zm

σ1(Zm\A, n)

=
∑

n∈Zm

σ1(A, n)

=

(|A|
2

)
+

(|A| + 1

2

)
.

Hence we get |A| = |Zm\A|. This completes the proof of Lemma 1. �

Proof of Theorem 1. Assume that if n ∈ Zm, then 0 � n � m − 1. Write

χ(n) =

{
1 if n ∈ A,
0 otherwise.

Then for 0 � n � m − 1, we have

σ2(Zm\A, n)

= �{(a, a′) : a, a′ ∈ Zm\A, a < a′, a + a′ = n or a + a′ = n + m}

=
∑

0�i<n/2

(1 − χ(i))(1 − χ(n − i)) +
∑

n+1�i<(n+m)/2

(1 − χ(i))(1 − χ(n + m − i))

=
∑

0�i<n/2

1 − ∑
0�i�n

χ(i) + χ(n
2
) +

∑
0�i<n/2

χ(i)χ(n − i) +
∑

n+1�i<(n+m)/2

1

− ∑
n+1�i�m−1

χ(i) + χ(n+m
2

) +
∑

n+1�i<(n+m)/2

χ(i)χ(n + m − i)

=
∑

0�i<n/2

1 +
∑

n+1�i<(n+m)/2

1 − |A| + χ(n
2
) + χ(n+m

2
) + σ2(A, n).

(1)
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First, we prove the necessary part of Theorem 1. Suppose that σ2(A, n) = σ2(Zm\
A, n) holds for all n ∈ Zm; by Lemma 1, we have m is even and |A| = m/2. Hence,
by (1), we have that

∑
0�i<n/2

1 +
∑

n+1�i<(n+m)/2

1 = m/2 − χ(
n

2
) − χ(

n + m

2
) (2)

holds for all n ∈ Zm. If n is odd, by (2) we have χ(n
2
) + χ(n+m

2
) = 0, which is

obviously true. If n is even, by (2) we get χ(n
2
) + χ(n+m

2
) = 1. Hence

t ∈ A ⇔ t + m/2 /∈ A for t = 0̄, 1̄, . . . , m/2 − 1.

Next, we prove the sufficient part of Theorem 1. Suppose that m is even, |A| = m/2
and

t ∈ A ⇔ t + m/2 /∈ A for t = 0̄, 1̄, . . . , m/2 − 1,

we have ∑
0�i<n/2

1 +
∑

n+1�i<(n+m)/2

1 + χ(
n

2
) + χ(

n + m

2
) = |A|.

By (1), we have
σ2(Zm\A, n) = σ2(A, n)

holds for all n ∈ Zm. Noting that

σ3(Zm\A, n)

= �{(a, a′) : a, a′ ∈ Zm\A, a � a′, a + a′ = n or a + a′ = n + m}

=
∑

0�i�n/2

(1 − χ(i))(1 − χ(n − i)) +
∑

n+1�i�(n+m)/2

(1 − χ(i))(1 − χ(n + m − i))

=
∑

0�i�n/2

1 − ∑
0�i�n

χ(i) − χ(n
2
) +

∑
0�i�n/2

χ(i)χ(n − i) +
∑

n+1�i�(n+m)/2

1

− ∑
n+1�i�m−1

χ(i) − χ(n+m
2

) +
∑

n+1�i�(n+m)/2

χ(i)χ(n + m − i)

=
∑

0�i�n/2

1 +
∑

n+1�i�(n+m)/2

1 − |A| − χ(n
2
) − χ(n+m

2
) + σ3(A, n).

(3)

Similarly, we have σ3(A, n) = σ3(Zm\A, n) holds for all n ∈ Zm if and only if m
is even and ∑

0�i�n/2

1 +
∑

n+1�i�(n+m)/2

1 = |A| + χ(
n

2
) + χ(

n + m

2
)

holds for all n ∈ Zm.

This completes the proof of Theorem 1. �
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Proof of Theorem 2. By Lemma 1, it is sufficient to prove that if m is even and
|A| = m/2, then σ1(A, n) = σ1(Zm\A, n) holds for all n ∈ Zm. By (1) and (3), we
have

σ1(Zm\A, n) = σ2(Zm\A, n) + σ3(Zm\A, n)

=
∑

0�i<n/2

1 +
∑

n+1�i<(n+m)/2

1 − 2|A|

+
∑

0�i�n/2

1 +
∑

n+1�i�(n+m)/2

1 + σ1(A, n).

(4)

Suppose that m is even; we have

∑
0�i<n/2

1 +
∑

n+1�i<(n+m)/2

1 +
∑

0�i�n/2

1 +
∑

n+1�i�(n+m)/2

1 = m,

by (4) and |A| = m/2, so we have that σ1(A, n) = σ1(Zm\A, n) holds for all n ∈ Zm.

This completes the proof of Theorem 2. �
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