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Abstract

In this paper we consider the problem of determining all values of v for
which there exists a decomposition of the complete 3-uniform hypergraph
on v vertices into edge-disjoint copies of a given 3-uniform hypergraph.
We solve the problem for each 3-uniform hypergraph having at most three
edges and at most six vertices, and for the 3-uniform hypergraph of order
6 whose edges form the lines of the Pasch configuration.
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1 Introduction

Problems concerning the decompositions of graphs into edge-disjoint subgraphs have
been well-studied, see for example the surveys [4] and [7]. Formally, a decomposition
of a graph K is a set {G1, G2, . . . , Gs} of subgraphs of K such that E(G1)∪E(G2)∪
· · · ∪E(Gs) = E(K) and E(Gi)∩E(Gj) = ∅ for 1 ≤ i < j ≤ s. If G is a fixed graph
and D = {G1, G2, . . . , Gs} is a decomposition such that G1

∼= G2
∼= · · · ∼= Gs

∼= G,
then D is called a G-decomposition.

Of special interest is the problem of determining all values of v for which there
is a G-decomposition of the complete graph Kv of order v, see the survey [1]. A
G-decomposition of Kv is called a G-design of order v. If G is a complete graph
of order k, then a G-design of order v is an S(2, k, v)-design or Steiner system. An
S(2, k, v)-design is also known as a balanced incomplete block design of index λ = 1,
or (v, k, 1)-BIBD. Thus, G-designs generalise S(2, k, v)-designs.

The notion of G-decompositions of graphs extends naturally to H-decompositions
of t-uniform hypergraphs with t > 2, and generalises S(t, k, v)-designs (a hypergraph
is t-uniform if each edge is incident with exactly t vertices). A decomposition of a
hypergraph K is a set {H1, H2, . . . , Hs} of subhypergraphs of K such that E(H1) ∪
E(H2) ∪ · · · ∪ E(Hs) = E(K) and E(Hi) ∩ E(Hj) = ∅ for 1 ≤ i < j ≤ s. If a
hypergraph Hi in a decomposition is isomorphic to a particular hypergraph H , then
Hi is called an H-block. If D is a decomposition of K into H-blocks, then D is
called an H-decomposition of K, and an H-decomposition of the complete t-uniform
hypergraph of order v is called an H-design of order v. The problem of determining
all v for which there exists an H-design of order v is called the existence problem for
H-designs.

Clearly, if H is the complete t-uniform hypergraph of order k, then an H-design
of order v is equivalent to an S(t, k, v)-design. A summary of results on S(t, k, v)-
designs appears in [10]. Keevash [20] has recently proved the existence conjecture for
S(t, k, v)-designs, establishing that for given t and k, the obvious necessary conditions
are sufficient for the existence of an S(t, k, v)-design for all sufficiently large v.

In this paper we are interested in the existence problem for H-designs in cases
where H is a small 3-uniform hypergraph. We solve this problem completely for
each of the simple 3-uniform hypergraphs having at most three edges and at most
six vertices (and no isolated vertices), see Theorems 4.1 and 4.3. Similar results exist
in the case of 2-uniform hypergraphs (graphs). The existence of G-designs for each
graph G that has at most four vertices was solved in [6]. The existence problem for
G-designs where G has five vertices was subsequently studied in [5], and eventually
completely solved in [13]. We also solve the existence problem for the 3-uniform
hypergraph of order 6 whose four edges form the lines of the Pasch configuration,
see Theorem 3.2

Since we shall be concerned only with simple hypergraphs, there will be no con-
fusion if we identify any edge with the set containing its endpoints. Further, we will
often describe our hypergraphs by giving their edge set only. Since the hypergraphs
we consider will never contain isolated vertices, this is enough to uniquely define
them. The complete t-uniform hypergraph with vertex set V has the set of all t-
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element subsets of V as its edge set and is denoted by Kt
V . If v = |V |, then Kt

v is
used to denote any hypergraph isomorphic to Kt

V .
We now give a brief overview of what is already known about the existence prob-

lem for H-designs where H is a t-uniform hypergraph (t ≥ 3), focusing particularly
on the case t = 3. An S(3, 4, v)-design, also known as a Steiner quadruple system
of order v, is a K3

4 -design of order v. Such designs are known to exist if and only if
v ≡ 2, 4 (mod 6) or v = 1. This was first proved by Hanani in [18] and several alter-
native proofs have been given since, see for example [17] and [32]. See [10] for results
on the existence of S(3, k, v)-designs for k ≥ 5, which correspond to K3

k-designs of
order v.

In [16], Hanani considered H-designs where H is a 3-uniform hypergraph whose
edge set is defined by the faces of a regular polyhedron, namely a tetrahedron, an
octahedron or an icosahedron. Denote these hypergraphs by T , O and I respectively.
The hypergraph T is K3

4 , so T -designs are Steiner quadruple systems and have been
discussed above. Hanani [16] completely settled the existence problem for O-designs,
and gave necessary conditions for the existence of an I-design. Oriented octahedron
designs are considered in [22].

In [11] and [12] the existence problems for (K3
4 − e)-designs and (K3

4 + e)-designs
are solved. Here K3

4 − e denotes the 3-uniform hypergraph obtained by deleting
an edge from K3

4 , and K3
4 + e denotes the hypergraph obtained by adding the edge

{3, 4, 5} to K3
{1,2,3,4}. Decompositions of hypergraphs into Hamilton cycles [2, 26] and

into hypertrees [31] have also been studied. Baranyai’s Theorem [3] yields results
on decompositions into hypergraphs, each of which consists of a set of independent
edges (see Theorem 2.3).

A large set of S(t, k, v)-designs is a collection of S(t, k, v)-designs that partitions
the set of all k-element subsets of the underlying point set of cardinality v. Large
sets of S(t, k, v)-designs are thus decompositions of Kk

v into hypergraphs, where each
hypergraph in the decomposition has the blocks of an S(t, k, v)-design as its edge set
(however there is, in general, no requirement that these hypergraphs be isomorphic).
Large sets of designs have been widely studied, especially for the case k = 3. For
example, it is known that there is a large set of Steiner triple systems (S(2, 3, v)-
designs) if and only if v ≡ 1, 3 (mod 6) and v 	= 7, see [23, 24, 25, 30]. For other
results on large sets of designs see Section 4.4 of [21]. Also see [8], for example, and
the references therein.

2 Notation and Preliminaries

Our methods for constructing H-designs involve 3-uniform hypergraph analogues of
group divisible designs. To this end we need to define some notation for certain
types of “multipartite” hypergraphs. Let U1, U2, . . . , Um be pairwise disjoint sets.
The hypergraph with vertex set V = U1 ∪U2 ∪ · · ·∪Um and edge set consisting of all
t-element subsets of V having at most one vertex in each of U1, U2, . . . , Um is denoted
by Kt

U1,U2,...,Um
. If ui = |Ui| for i = 1, 2, . . . , m, then the notation Kt

u1,u2,...,um
denotes

any hypergraph that is isomorphic to Kt
U1,U2,...,Um

, and if u1 = u2 = · · · = um = u,
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then the notation Kt
m[u] may be used instead of Kt

u1,u2,...,um
.

For pairwise disjoint sets U1, U2, . . . , Um, the hypergraph with vertex set V =
U1 ∪ U2 ∪ · · · ∪ Um and edge set consisting of all t-element subsets of V having at
most t − 1 vertices in each of U1, U2, . . . , Um is denoted by Lt

U1,U2,...,Um
. If ui = |Ui|

for i = 1, 2, . . . , m, then the notation Lt
u1,u2,...,um

denotes any hypergraph that is
isomorphic to Lt

U1,U2,...,Um
, and if u1 = u2 = · · · = um = u, then the notation Lt

m[u]

may be used instead of Lt
u1,u2,...,um

.
Decompositions of Kt

m[u] into Kt
k have been called transverse systems and H

designs, see for example [19, 27, 28], and decompositions of Lt
m[u] into Kt

k have

been called group divisible systems and G designs, see for example [17, 27]. In this
paper, when we use the notation H-design (or G-design) we will mean as defined
in the introduction. Decompositions of Lt

u1,u2,...,um
are candelabra systems having no

stem. Candelabra systems have been used to construct S(3, k, v)-designs and other
hypergraph decompositions, see for example [12, 19, 29].

If H ′ is a subhypergraph of H , then H \ H ′ denotes the hypergraph obtained
from H by deleting the edges of H ′. If H is a hypergraph with vertex set V and
S ⊆ V , then we define the degree of S in H , denoted degH(S), by degH(S) = |{e ∈
E(H) : S ⊆ e}|. Note that if S = {x}, then degH({x}) is the degree of the vertex
x, and the notation degH(x) may be used rather than degH({x}). Note also that
degH(∅) = |E(H)|.
Lemma 2.1 Let H and K be hypergraphs. If there exists an H-decomposition of
K, then for each subset R of V (K), gcd({degH(S) : S ⊆ V (H), |S| = |R|}) divides
degK(R).

Proof: Let D be an H-decomposition of K. For each R ⊆ V (K), the H-blocks
in D partition the edges of K that contain R. Thus, degK(R) =

∑
G∈D degG(R).

Since degG(R) ∈ {degH(S) : S ⊆ V (H), |S| = |R|} for each G ∈ D, it follows that
gcd({degH(S) : S ⊆ V (H), |S| = |R|}) divides degK(R). �

We are specifically interested in H-designs where H is 3-uniform. Applying
Lemma 2.1 with K = K3

v we obtain the following necessary conditions for the exis-
tence of an H-design of order v in the case H is 3-uniform. Conditions (1), (2) and
(3) are obtained by taking R = ∅, taking R = {x} for some x ∈ V (K3

v ), and taking
R = {x, y} for distinct x, y ∈ V (K3

v ) respectively.

Lemma 2.2 Let H be a 3-uniform hypergraph. If there exists an H-design of order
v, then

(1) |E(H)| divides
(

v
3

)
;

(2) gcd({degH(x) : x ∈ V (H)}) divides
(

v−1
2

)
; and

(3) gcd({degH({x, y}) : x, y ∈ V (H), x 	= y}) divides v − 2.

The well-known theorem of Baranyai [3] has the following result as an immediate
corollary.
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Theorem 2.3 ([3]) Let H be the t-uniform hypergraph consisting of m independent
edges. There is an H-design of order v if and only if m divides

(
v
t

)
and mt ≤ v.

The constructions outlined in the following sections depend on many small ex-
amples. These examples are given in the Appendix.

3 P-designs

The hypergraph with vertex set {0, 1, 2, 3, 4, 5} and edge set {{0, 1, 2}, {0, 4, 5},
{1, 3, 5}, {2, 3, 4}} is denoted by [0, 1, 2, 3, 4, 5]P and the notation P will be used
for any hypergraph that is isomorphic to [0, 1, 2, 3, 4, 5]P . Thus, the edges of P form
the lines of the Pasch configuration. In this section we settle the existence problem
for P -designs. The existence problem for the 2-uniform hypergraph of order 6 whose
edge set consists of all two element subsets of the edges of P , equivalently the edges
of the octahedron, was settled in [14]. It is well known that there is no large set of
Steiner triple systems of order 7, see Theorem 2.63 in [9], and the following result
shows that this implies there is no P -design of order 6.

Lemma 3.1 There is no P -design of order 6.

Proof: Suppose D is a P -decomposition of K3
V where |V | = 6. It is easy to see

that |D| = 5. We say that a pair {x, y} of vertices is covered by a P -block H ∈ D
when {x, y} ⊆ e for some e ∈ E(H). Since |D| = 5, since no block covers any pair
more than once, and since each pair {x, y} is covered by four P -blocks (one for each
vertex other than x and y), there is exactly one P -block in D which does not cover
{x, y}.

The three uncovered pairs from each P -block of D form a 1-factor of K2
6 , and

it follows from the preceding paragraph that the five 1-factors formed from the five
P -blocks of D constitute a 1-factorisation of K2

6 . This means that if we add a new
vertex ∞, and add three new edges to each P -block H ∈ D, namely {∞, x, y} for
each uncovered pair {x, y} from H , then the result is a large set of Steiner triple
systems of order 7. Since no such set exists (see Theorem 2.63 in [9]), we conclude
that there is no P -design of order 6. �

Theorem 3.2 There is a P -design of order v if and only if v ≡ 1, 2 or 6 (mod 8);
except that there is no P -design of order 6.

Proof: Conditions (1) and (2) of Lemma 2.2 imply that if there exists a P -design
of order v, then 4 divides

(
v
3

)
and 2 divides

(
v−1
2

)
. It follows immediately that

v ≡ 1, 2 or 6 (mod 8). For v = 1 and v = 2, P -designs of order v exist trivially, and
Lemma 3.1 rules out the existence of a P -design of order 6.

Let O denote any hypergraph that is isomorphic to the hypergraph with vertex set
{0, 1, 2, 3, 4, 5} and edge set {{0, 1, 2}, {0, 1, 5}, {0, 2, 4}, {0, 4, 5}, {1, 2, 3}, {1, 3, 5},
{2, 3, 4}, {3, 4, 5}}. The eight edges of the hypergraph O correspond to the eight
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faces of an octahedron, where the three pairs of opposite vertices are {0, 3}, {1, 4}
and {2, 5}. It is easy to see that there is a P -decomposition of O;

{[0, 1, 2, 3, 4, 5]P , [0, 1, 5, 3, 4, 2]P}

is a P -decomposition of the above copy of O. It follows that any hypergraph having
an O-decomposition, also has a P -decomposition. In [16] it was shown that there is
an O-design of order v if and only if v ≡ 2 (mod 8), and this proves the existence of
a P -design of order v for all v ≡ 2 (mod 8).

A P -design of order 9 is given in Example A.1 and a P -design of order 14 is
given in Example A.2. It remains to construct a P -design of order v for all v ≡
1 or 6 (mod 8) with v ≥ 17. Let v = 8n + ε where ε ∈ {1, 6} and n ≥ 2. Let
V1, V2, . . . , Vn be pairwise disjoint sets, each of cardinality 8, and let ∞1,∞2, . . . ,∞6

be distinct points, none of which is in V1 ∪ · · · ∪ Vn.
For i = 1, 2, . . . , n, let Di be a P -decomposition of K3

Vi∪{∞1} (which exists by Ex-

ample A.1) and for i = 1, 2, . . . , n−1, let D′
i be a P -decomposition of K3

Vi∪{∞1,...,∞6}\
K3

{∞1,...,∞6} (which exists by Example A.3). For 1 ≤ i < j ≤ n, let Di,j be a P -

decomposition of L3
Vi,Vj

∪K3
Vi,Vj ,{∞1} (which exists by Example A.4) and let D′

i,j be a

P -decomposition of L3
Vi,Vj

∪ K3
Vi,Vj ,{∞1,...,∞6} (which exists by Example A.5). In [16],

Hanani gave an O-decomposition of K3
8,8,8 and hence there exists a P -decomposition

of K3
8,8,8. For 1 ≤ i < j < k ≤ n let Di,j,k be a P -decomposition of K3

Vi,Vj ,Vk
. Then

( ⋃
1≤i≤n

Di

)
∪
( ⋃

1≤i<j≤n

Di,j

)
∪
( ⋃

1≤i<j<k≤n

Di,j,k

)

is a P -decomposition of KV1∪···∪Vn∪{∞1} and

D∗ ∪
( ⋃

1≤i≤n−1

D′
i

)
∪
( ⋃

1≤i<j≤n

D′
i,j

)
∪
( ⋃

1≤i<j<k≤n

Di,j,k

)

is a P -decomposition of KV1∪···∪Vn∪{∞1,...,∞6}, where D∗ is a P -decomposition of
KVn∪{∞1,...,∞6} (which exists by Example A.2). �

4 H-designs for small H

Up to isomorphism, there are eleven (simple) 3-uniform hypergraphs having order
at most 6 and size at most 3 (and no isolated vertices). If H is the 3-uniform
hypergraph with a single edge {1, 2, 3}, then trivially there is an H-decomposition of
any 3-uniform hypergraph. The notation we use for the ten 3-uniform hypergraphs
having order at most 6 and either 2 or 3 edges is given in the following table. The
first row tells us that [1, 2, 3, 4, 5, 6]H2,1 is the hypergraph with vertex set V (H2,1) =
{1, 2, 3, 4, 5, 6} and edge set E(H2,1) = {{1, 2, 3}, {4, 5, 6}}, and that H2,1 is used to
denote any hypergraph that is isomorphic to [1, 2, 3, 4, 5, 6]H2,1. The other nine rows
similarly give the notation for the other nine hypergraphs.
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H2,1 [1, 2, 3, 4, 5, 6]H2,1 V (H2,1) = {1, 2, 3, 4, 5, 6} E(H2,1) = {{1, 2, 3}, {4, 5, 6}}
H2,2 [1, 2, 3, 4, 5]H2,2 V (H2,2) = {1, 2, 3, 4, 5} E(H2,2) = {{1, 2, 3}, {1, 4, 5}}
H2,3 [1, 2, 3, 4]H2,3 V (H2,3) = {1, 2, 3, 4} E(H2,3) = {{1, 2, 3}, {1, 2, 4}}
H3,1 [1, 2, 3, 4, 5, 6]H3,1 V (H3,1) = {1, 2, 3, 4, 5, 6} E(H3,1) = {{1, 2, 3}, {1, 2, 4}, {4, 5, 6}}
H3,2 [1, 2, 3, 4, 5, 6]H3,2 V (H3,2) = {1, 2, 3, 4, 5, 6} E(H3,2) = {{1, 2, 3}, {1, 2, 4}, {2, 5, 6}}
H3,3 [1, 2, 3, 4, 5, 6]H3,3 V (H3,3) = {1, 2, 3, 4, 5, 6} E(H3,3) = {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}}
H3,4 [1, 2, 3, 4, 5]H3,4 V (H3,4) = {1, 2, 3, 4, 5} E(H3,4) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}}
H3,5 [1, 2, 3, 4, 5]H3,5 V (H3,5) = {1, 2, 3, 4, 5} E(H3,5) = {{1, 2, 3}, {1, 2, 4}, {1, 4, 5}}
H3,6 [1, 2, 3, 4, 5]H3,6 V (H3,6) = {1, 2, 3, 4, 5} E(H3,6) = {{1, 2, 3}, {1, 2, 4}, {3, 4, 5}}
H3,7 [1, 2, 3, 4]H3,7 V (H3,7) = {1, 2, 3, 4} E(H3,7) = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}}

The following theorem settles the existence problem for H-designs where H is
any one of the three simple 3-uniform hypergraphs with two edges.

Theorem 4.1 Let H be a simple 3-uniform hypergraph with two edges. There exists
an H-design of order v if and only if v ≡ 0, 1 or 2 (mod 4), v 	= 4, 5 if H ∼= H2,1 and
v 	= 4 if H ∼= H2,2.

Proof: Condition (1) of Lemma 2.2 implies that the condition v ≡ 0, 1 or 2 (mod 4)
is necessary for existence and since H2,1 has six vertices and H2,2 has five vertices
the other restrictions on v are obvious. We now show that these conditions are also
sufficient. Let H be a simple 3-uniform hypergraph with two edges. For v = 1 and
v = 2, H-designs of order v exist trivially. If H ∼= H2,1, then the existence of an
H-design of order v for all v ≡ 0, 1 or 2 (mod 4), v ≥ 6 follows from Theorem 2.3.
Thus, we can assume that H ∼= H2,j where j ∈ {2, 3}. Since there does not exist
an H2,2-design of order 4, the case of H ∼= H2,2 and v ≡ 0 (mod 4) will be treated
separately.

Suppose H ∼= H2,2 and v ≡ 0 (mod 4). An H-design of order 8 is given in
Example A.8. Thus we can assume v ≥ 12. Let v = 4n where n ≥ 3. Let V1, . . . , Vn

be pairwise disjoint sets, each of cardinality 4. For 1 ≤ i < j < k ≤ n, let Di,j,k

be an H-decomposition of K3
Vi,Vj ,Vk

(which exists by Example A.14). For 1 ≤ i <

j ≤ n− 1, let Di,j be an H-decomposition of L3
Vi,Vj

(which exists by Example A.11).

For 1 ≤ i ≤ n − 2, let Di be an H-decomposition of K3
Vi∪Vn

\ K3
Vn

(which exists by
Example A.10). Finally, let Dn be an H-decomposition of K3

Vn−1∪Vn
(which exists by

Example A.8). Then( ⋃
1≤i<j<k≤n

Di,j,k

)
∪
( ⋃

1≤i<j≤n−1

Di,j

)
∪
( ⋃

1≤i≤n−2

Di

)
∪ Dn

is the required H-decomposition of KV1∪···∪Vn .
Suppose then that H ∼= H2,2 with v ≡ 1, 2 (mod 4), or H ∼= H2,3 with v ≡ 0, 1

or 2 (mod 4). An H-design of order 5 is given in Example A.6, an H-design of order
6 is given in Example A.7, and if H ∼= H2,3 then an H-design of order 4 is given
in Example A.9. Thus we can assume v ≥ 8. Let v = 4n + ε where ε ∈ {0, 1, 2}
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and n ≥ 2. Let V1, . . . , Vn be pairwise vertex-disjoint sets, each of cardinality 4. For
1 ≤ i < j < k ≤ n, let Di,j,k be an H-decomposition of K3

Vi,Vj ,Vk
(which exists by

Example A.14). For ε = 0, 1, 2 respectively and for 1 ≤ i < j ≤ n, let Dε
i,j be an H-

decomposition of L3
Vi,Vj

, L3
Vi,Vj

∪K3
Vi,Vj ,{∞1}, L3

Vi,Vj
∪K3

Vi,Vj ,{∞1,∞2} respectively (these

decompositions exist by Examples A.11, A.12 and A.13). For ε = 0, 1, 2 respectively
and for 1 ≤ i ≤ n, let Dε

i be an H-decomposition of K3
Vi

, K3
Vi∪{∞1}, K3

Vi∪{∞1,∞2}
respectively (these decompositions exist by Examples A.9, A.6 and A.7). Then( ⋃

1≤i<j<k≤n

Di,j,k

)
∪
( ⋃

1≤i<j≤n

Dε
i,j

)
∪
( ⋃

1≤i≤n

Dε
i

)

is the required H-decomposition of KV1∪···∪Vn∪S∞ where S∞ = ∅, {∞1}, {∞1,∞2}
respectively when ε = 0, 1, 2 respectively. �

The next lemma is needed in the proof of Theorem 4.3 which follows.

Lemma 4.2 Let K2,3
n denote any hypergraph that is isomorphic to the hypergraph

with vertex set {1, 2, . . . , n} and edge set {S : S ⊆ {1, 2, . . . , n}, |S| ∈ {2, 3}}, let
[1, 2, 3]A denote the hypergraph with vertex set V (A) = {1, 2, 3} and edge set E(A) =
{{1, 2}, {1, 2, 3}}, and let A denote any hypergraph that is isomorphic to [1, 2, 3]A.
For each positive integer n, there is a decomposition of K2,3

n in which each block is
isomorphic to K3

4 , K2
2 or A.

Proof: Let N = {1, 2, . . . , n} and recall that there exists a K3
4 -decomposition of

K3
n (Steiner quadruple system of order n) for all n ≡ 2, 4 (mod 6). It is sufficient to

show that for each n, there is a decomposition D of some K, where K3
N ⊆ K ⊆ K2,3

N

and each block of D is isomorphic to either K3
4 or A. To see this, observe that

the required decomposition can be obtained from any such D simply by adding the
blocks of a K2

2 -decomposition of K2,3
N \ K (which clearly exists because K3

N ⊆ K
implies K2,3

N \ K is 2-uniform).
If n ≡ 2, 4 (mod 6), then a K3

4 -decomposition of K3
N suffices for D. If n ≡

3, 5 (mod 6), then let D1 be a K3
4 -decomposition of K3

{1,2,...,n−1} and let

D2 = {[x, y, n]A : 1 ≤ x < y ≤ n − 1}.

Then D1 ∪ D2 is the required decomposition D.
If n ≡ 1 (mod 6), then let D0 be a K3

4 -decomposition of K3
{1,2,...,n+1} and let

D1 = {H : H ∈ D0, n + 1 /∈ V (H)}. Note that

D2 = {K2
{x,y,z} : K3

{n+1,x,y,z} ∈ D0}

is a K2
3 -decomposition of K2

n (a Steiner triple system of order n). Thus, we can let

D3 = {[x, y, z]A : K2
{x,y,z} ∈ D2, x < y < z}

and D1 ∪ D3 is the required decomposition D.



D. BRYANT ET AL. /AUSTRALAS. J. COMBIN. 60 (2) (2014), 227–254 235

If n ≡ 0 (mod 6), then let D0 be a K3
4 -decomposition of K3

{1,2,...,n+2}, let

D1 = {K3
{w,x,y,z} ∈ D0 : {w, x, y, z} ⊆ {1, 2, . . . , n}}

and let

D2 = {K3
{x,y,z} : K3

{w,x,y,z} ∈ D0, w ∈ {n + 1, n + 2}, {x, y, z} ⊆ {1, 2, . . . , n}}.

Thus, D1 ∪ D2 is a decomposition of K3
N in which each block is either K3

4 (if the
block is in D1) or K3

3 (if the block is in D2). To each block G ∈ D2 we add an
edge {x, y}, where x, y ∈ V (G), to obtain a set D3 of A-blocks. If we can do this so
that the added edges are pairwise distinct, then the union D1 ∪ D3 is the required
decomposition D. We now show that this is indeed possible.

For each block K3
{x,y,z} ∈ D2, any one of the three edges {x, y}, {x, z} or {y, z}

can be added. Also, if x, y ∈ {1, 2, . . . , n} are distinct, then there are at most two
blocks of D2 to which the edge {x, y} can be added (otherwise either {x, y, n+ 1} or
{x, y, n + 2} would occur in more than one block of D0). It thus follows from Hall’s
Marriage Theorem [15] that the required selection of pairwise distinct edges exists.
�

We are now ready to give Theorem 4.3 which settles the existence problem for
H-designs when H is any one of the seven simple 3-uniform hypergraphs that have
three edges and at most six vertices.

Theorem 4.3 Let H be a simple 3-uniform hypergraph with three edges and at most
six vertices. There exists an H-design of order v if and only if v ≡ 0, 1 or 2 (mod 9).

Proof: Condition (1) of Lemma 2.2 implies that the condition v ≡ 0, 1 or 2 (mod 9)
is necessary for existence. We now show that it is also sufficient. Let H be a simple
3-uniform hypergraph with three edges and at most six vertices. If H ∼= H3,7, then
the existence of an H-design of order v for all v ≡ 0, 1 or 2 (mod 9) is proved in [11].
Thus, we can assume that H ∼= H3,j where j ∈ {1, 2, 3, 4, 5, 6}.

For v = 1 and v = 2, H-designs of order v exist trivially, and H-designs of orders
9, 10 and 11 are given in Examples A.15, A.16 and A.17. Thus we can assume
v ≥ 18. Let v = 9n + ε where ε ∈ {0, 1, 2} and n ≥ 2. Let V1, . . . , Vn be pairwise
disjoint sets, each of cardinality 9. The hypergraph H3,6 differs from H3,1, . . . , H3,5

in that H3,6 is not 3-colourable (there is no function γ : V (H3,6) → {c1, c2, c3} such
that the three endpoints of each edge of H3,6 are assigned c1, c2 and c3). This means
that there is no H3,6-decomposition of K3

3[9], and hence it will be treated separately.

First let H ∈ {H3,1, . . . , H3,5}. For 1 ≤ i < j < k ≤ n, let Di,j,k be an
H-decomposition of K3

Vi,Vj ,Vk
(which exists by Example A.21). For ε = 0, 1, 2 re-

spectively and for 1 ≤ i < j ≤ n, let Dε
i,j be an H-decomposition of L3

Vi,Vj
,

L3
Vi,Vj

∪ K3
Vi,Vj ,{∞1}, L3

Vi,Vj
∪ K3

Vi,Vj ,{∞1,∞2} respectively (these decompositions exist

by Examples A.18, A.19 and A.20). For ε = 0, 1, 2 respectively and for 1 ≤ i ≤ n,
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let Dε
i be an H-decomposition of K3

Vi
, K3

Vi∪{∞1}, K3
Vi∪{∞1,∞2} respectively (these de-

compositions exist by Examples A.15, A.16 and A.17). Then( ⋃
1≤i<j<k≤n

Di,j,k

)
∪
( ⋃

1≤i<j≤n

Dε
i,j

)
∪
( ⋃

1≤i≤n

Dε
i

)

is the required H-decomposition of KV1∪···∪Vn∪S∞, where S∞ = ∅, {∞1}, {∞1,∞2}
respectively when ε = 0, 1, 2 respectively.

Now let H ∼= H3,6, define A as in Lemma 4.2, and let D = DK3
4
∪ DK2

2
∪ DA be

a decomposition of K2,3
{1,...,n} in which each block of DK3

4
is isomorphic to K3

4 , each

block of DK2
2

is isomorphic to K2
2 and each block of DA is isomorphic to A. The

decomposition D exists by Lemma 4.2.
For each K3

{i,j,k,l} ∈ DK3
4
, let Di,j,k,l be an H-decomposition of K3

Vi,Vj ,Vk,Vl
(which

exists by Example A.25). For ε = 0, 1, 2 respectively and for each [i, j, k]A ∈ DA,
let Dε

i,j,k be an H-decomposition of K3
Vi,Vj ,Vk

∪ L3
Vi,Vj

, K3
Vi,Vj ,Vk

∪ L3
Vi,Vj

∪ K3
Vi,Vj ,{∞1},

K3
Vi,Vj ,Vk

∪L3
Vi,Vj

∪K3
Vi,Vj ,{∞1,∞2} respectively (these decompositions exist by Examples

A.22, A.23 and A.24). For ε = 0, 1, 2 respectively and for each K2
{i,j} ∈ DK2

2
, let Dε

i,j

be an H-decomposition of L3
Vi,Vj

, L3
Vi,Vj

∪K3
Vi,Vj ,{∞1}, L3

Vi,Vj
∪K3

Vi,Vj ,{∞1,∞2} respectively

(these decompositions exist by Examples A.18, A.19 and A.20). For ε = 0, 1, 2
respectively and for 1 ≤ i ≤ n, let Dε

i be an H-decomposition of K3
Vi

, K3
Vi∪{∞1},

K3
Vi∪{∞1,∞2} respectively (which exist by Examples A.15, A.16 and A.17). Then⎛
⎜⎝ ⋃

K3
{i,j,k,l}∈DK3

4

Di,j,k,l

⎞
⎟⎠ ∪

⎛
⎝ ⋃

[i,j,k]A∈DA

Dε
i,j,k

⎞
⎠ ∪

⎛
⎜⎝ ⋃

K2
{i,j}∈DK2

2

Dε
i,j

⎞
⎟⎠ ∪

( ⋃
1≤i≤n

Dε
i

)

is the required H-decomposition of KV1∪···∪Vn∪S∞ where S∞ = ∅, {∞1}, {∞1,∞2}
respectively when ε = 0, 1, 2 respectively. �
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Appendix

A Example Decompositions

Example A.1 A P -design of order 9: The union of the orbits of the following
P -blocks under the permutation (0 1 2 3 4 5 6)(∞1)(∞2) is a P -design of order 9
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with point set {0, 1, 2, 3, 4, 5, 6,∞1,∞2}.

[0, 1, 3,∞1, 4, 6]P [0, 1, 6,∞1, 3,∞2]P [0, 2, 5, 3,∞2, 6]P

Example A.2 A P -design of order 14: The union of the orbits of the following
P -blocks under the permutation (0 1 2 3 4 5 6 7 8 9 10 11 12)(∞) is a P -design of
order 14 with point set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,∞}.

[0, 1, 2, 4, 6, 9]P [0, 1, 11, 6, 9, 3]P [0, 1, 9, 11, 4, 12]P [0, 1, 8, 4, 5, 11]P

[0, 1, 7, 5,∞, 12]P [0, 1, 6,∞, 9, 5]P [0, 1, 10,∞, 4, 6]P

Example A.3 A P -decomposition of K3
14 \ K3

6 : Let U = {u0, . . . , u5} and V =
{v0, . . . , v7} where U ∩ V = ∅. The union of the following sets of P -blocks form a
P -decomposition of K3

V ∪U \ K3
U . The orbits of

[v0, v1, v2, v4, v7, v5]P [v0, v3, v7, v4, u0, u3]P [v0, v1, v3, v4, u4, u1]P [v0, v2, v6, v5, u5, u2]P

under the permutation (v0 v1 · · · v7)(u0)(u1)(u2)(u3)(u4)(u5), the orbits of

[v0, u0, u1, v1, u3, u5]P [v2, u0, u1, v3, u3, u5]P [v4, u0, u1, v5, u3, u5]P
[v6, u0, u1, v7, u3, u5]P

under the permutation (v0)(v1)(v2)(v3)(v4)(v5)(v6)(v7)(u0 u1 · · · u5), and the orbits
of

[u0, v0, v1, u3, v4, v5]P [u0, v1, v2, u3, v5, v6]P [u0, v2, v3, u3, v6, v7]P
[u0, v3, v4, u3, v7, v0]P [u0, v0, v2, u3, v6, v4]P [u0, v1, v3, u3, v7, v5]P
[u0, v0, v4, u3, v2, v6]P [u0, v1, v5, u3, v3, v7]P [u0, v0, v6, u3, v4, v2]P
[u0, v1, v7, u3, v5, v3]P

under the permutation (v0)(v1)(v2)(v3)(v4)(v5)(v6)(v7)(u0 u1 u2)(u3 u4 u5).

Example A.4 A P -decomposition of K3
{0,2,···,14},{1,3,···,15},{∞} ∪ L3

{0,2,···,14},{1,3,···,15}:
The union of the orbits of the following P -blocks under the permutation (0 1 2 3 4 5 6
7 8 9 10 11 12 13 14 15)(∞) form a P -decomposition of K3

{0,2,···,14},{1,3,···,15},{∞} ∪
L3
{0,2,···,14},{1,3,···,15}.

[1, 2, 7,∞, 6, 5]P [0, 2, 3, 12,∞, 11]P [0, 1, 2, 11, 3, 14]P [0, 1, 3, 8, 13, 6]P

[1, 4, 13, 2, 10, 9]P [0, 3, 7, 8, 4, 15]P [0, 1, 4, 7, 15, 10]P [0, 7, 12, 5, 11, 14]P

Example A.5 A P -decomposition of K3
Z8×{0}, Z8×{1}, {∞1,∞2,∞3,∞4,∞5,∞6} ∪

L3
Z8×{0}, Z8×{1}: The union of the orbits of the following P -blocks under the permu-

tation (i, j) → (i + 1, j) for i ∈ Z8, j ∈ Z2 and (∞k → ∞k) for k = {1, 2, 3, 4, 5, 6}
form a P -decomposition of K3

Z8×{0}, Z8×{1}, {∞1,∞2,∞3,∞4,∞5,∞6} ∪L3
Z8×{0}, Z8×{1}.

[(0, 0), (0, 1),∞1, (1, 0), (2, 1),∞2]P [(0, 0), (2, 1),∞1, (1, 0), (4, 1),∞2]P
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[(0, 0), (4, 1),∞1, (1, 0), (6, 1),∞2]P [(0, 0), (6, 1),∞1, (1, 0), (0, 1),∞2]P

[(0, 0), (0, 1),∞3, (1, 0), (2, 1),∞4]P [(0, 0), (2, 1),∞3, (1, 0), (4, 1),∞4]P

[(0, 0), (4, 1),∞3, (1, 0), (6, 1),∞4]P [(0, 0), (6, 1),∞3, (1, 0), (0, 1),∞4]P

[(0, 0), (0, 1),∞5, (1, 0), (2, 1),∞6]P [(0, 0), (2, 1),∞5, (1, 0), (4, 1),∞6]P

[(0, 0), (4, 1),∞5, (1, 0), (6, 1),∞6]P [(0, 0), (6, 1),∞5, (1, 0), (0, 1),∞6]P

[(0, 0), (1, 0), (0, 1), (3, 0), (1, 1), (2, 1)]P [(0, 1), (1, 1), (0, 0), (3, 1), (1, 0), (2, 0)]P

[(0, 0), (1, 0), (1, 1), (3, 0), (3, 1), (4, 1)]P [(0, 1), (1, 1), (1, 0), (3, 1), (3, 0), (4, 0)]P

[(0, 0), (3, 0), (1, 1), (5, 1), (4, 0), (0, 1)]P [(0, 1), (3, 1), (1, 0), (5, 0), (4, 1), (0, 0)]P

[(0, 0), (4, 0), (2, 1), (7, 0), (5, 1), (3, 1)]P [(0, 1), (4, 1), (2, 0), (7, 1), (5, 0), (3, 0)]P

[(0, 0), (3, 0), (3, 1), (5, 0), (6, 1), (7, 1)]P [(0, 1), (3, 1), (3, 0), (5, 1), (6, 0), (7, 0)]P

[(0, 0), (3, 0), (0, 1), (7, 0), (2, 1), (4, 1)]P [(0, 1), (3, 1), (0, 0), (7, 1), (2, 0), (4, 0)]P

[(0, 0), (1, 0), (6, 1), (4, 0), (4, 1), (5, 1)]P [(0, 1), (1, 1), (6, 0), (4, 1), (4, 0), (5, 0)]P

Example A.6 An H2,i-design of order 5 for i ∈ {2, 3}: In each case the orbit of
the given H2,i-block under the action of Z5 is an H2,i-design of order 5 with point
set Z5.

H2,2 [0, 1, 4, 2, 3]H2,2

H2,3 [0, 1, 2, 3]H2,3

Example A.7 An H2,i-design of order 6 for i ∈ {2, 3}: In each case the union
of the orbits of the given H2,i-blocks under the permutation (0 1 2 3 4)(∞) is an
H2,i-design of order 6 with point set {0, 1, 2, 3, 4,∞}.

H2,2 [0, 1, 4, 2, 3]H2,2 [∞, 0, 1, 2, 4]H2,2

H2,3 [0, 1, 2, 3]H2,3 [∞, 0, 1, 2]H2,3

Example A.8 An H2,2-design of order 8: The union of the orbits of the following
H2,2-blocks under the permutation (0 1 2 3 4 5 6)(∞) is an H2,2-design of order 8
with point set {0, 1, 2, 3, 4, 5, 6,∞}.

[2, 0, 1, 4, 6]H2,2 [1, 0, 3, 2, 6]H2,2 [4, 0, 1,∞, 5]H2,2 [∞, 0, 2, 3, 6]H2,2

Example A.9 An H2,3-design of order 4:
The union of [0, 1, 2, 3]H2,3 and [2, 3, 0, 1]H2,3 is an H2,3-design of order 4 with point
set {0, 1, 2, 3}.
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Example A.10 An H2,2-decomposition of K3
8 \ K3

4 : Let U = {u0, . . . , u3} and
V = {v0, . . . , v3} where U ∩ V = ∅. The union of the following sets of H2,2-blocks
form an H2,2-decomposition of K3

U∪V \ K3
V . The orbits of

[v0, v1, u2, u0, u1]H2,2 [v1, v2, u2, u0, u1]H2,2 [v2, v0, u2, u0, u1]H2,2

[v3, v0, u2, u0, u1]H2,2 [v3, v2, u2, v1, u0]H2,2

under the permutation (u0, u1, u2, u3)(v0)(v1)(v2)(v3), together with the following set
of H2,2-blocks

{[u1, u0, u2, u3, v0]H2,2 [u2, u1, u3, u0, v0]H2,2 [u3, u0, u2, u1, v1]H2,2

[u0, u1, u3, u2, v1]H2,2 [v2, u0, u2, u1, u3]H2,2 [v3, u1, u3, u0, u2]H2,2}.

Example A.11 An H2,i-decomposition of L3
Z4×{0}, Z4×{1} for i ∈ {2, 3}: In each case

the union of the orbits of the given H2,i-blocks under the permutation (j, k) → (j +
1, k) for j ∈ Z4, k ∈ Z2 form an H2,i-decomposition of L3

Z4×{0}, Z4×{1} for i ∈ {2, 3}.

H2,2 [(3, 1), (0, 0), (1, 0), (2, 0), (3, 0)]H2,2 [(3, 0), (0, 1), (1, 1), (2, 1), (3, 1)]H2,2

[(0, 1), (0, 0), (1, 0), (2, 0), (3, 0)]H2,2 [(0, 0), (0, 1), (1, 1), (2, 1), (3, 1)]H2,2

[(0, 1), (0, 0), (2, 0), (1, 0), (3, 0)]H2,2 [(0, 0), (0, 1), (2, 1), (1, 1), (3, 1)]H2,2

H2,3 [(0, 0), (1, 0), (0, 1), (1, 1)]H2,3 [(0, 1), (1, 1), (0, 0), (1, 0)]H2,3

[(0, 0), (1, 0), (2, 1), (3, 1)]H2,3 [(0, 1), (1, 1), (2, 0), (3, 0)]H2,3

[(0, 0), (2, 0), (0, 1), (1, 1)]H2,3 [(0, 1), (2, 1), (0, 0), (1, 0)]H2,3

Example A.12 An H2,i-decomposition of K3
Z4×{0}, Z4×{1},{∞} for i ∈ {2, 3}: In

each case the union of the orbits of the given H2,i-blocks under the permutation
(j, k) → (j + 1, k) for j ∈ Z4, k ∈ Z2 and ∞ → ∞ form an H2,i-decomposition of
K3

Z4×{0}, Z4×{1},{∞} for i ∈ {2, 3}.

H2,2 [∞, (0, 0), (0, 1), (1, 0), (2, 1)]H2,2 [∞, (0, 0), (2, 1), (1, 0), (0, 1)]H2,2

H2,3 [∞, (0, 0), (0, 1), (1, 1)]H2,3 [∞, (0, 0), (2, 1), (3, 1)]H2,3

Example A.13 An H2,i-decomposition of K3
Z4×{0}, Z4×{1},{∞1,∞2} for i ∈ {2, 3}: In

each case the union of the orbits of the given H2,i-blocks under the permutation
(j, k) → (j + 1, k) for j ∈ Z4, k ∈ Z2 and ∞l → ∞l for l = {1, 2} form an H2,i-
decomposition of K3

Z4×{0}, Z4×{1},{∞1,∞2} for i ∈ {2, 3}.

H2,2 [∞1, (0, 0), (0, 1), (1, 0), (2, 1)]H2,2 [∞1, (0, 0), (2, 1), (1, 0), (0, 1)]H2,2

[∞2, (0, 0), (0, 1), (1, 0), (2, 1)]H2,2 [∞2, (0, 0), (2, 1), (1, 0), (0, 1)]H2,2

H2,3 [∞1, (0, 0), (0, 1), (1, 1)]H2,3 [∞1, (0, 0), (2, 1), (3, 1)]H2,3

[∞2, (0, 0), (0, 1), (1, 1)]H2,3 [∞2, (0, 0), (2, 1), (3, 1)]H2,3

Example A.14 An H2,i-decomposition of KZ4×{0}, Z4×{1}, Z4×{2} for i ∈ {2, 3}:
In each case the union of the orbits of the given H2,i-blocks under the permutation
(j, k) → (j + 1, k) for j ∈ Z4, k ∈ Z3 form an H2,i-decomposition of
K3

Z4×{0}, Z4×{1}, Z4×{2} for i ∈ {2, 3}.
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H2,2 [(0, 0), (0, 1), (0, 2), (1, 1), (1, 2)]H2,2 [(0, 0), (0, 1), (1, 2), (1, 1), (0, 2)]H2,2

[(0, 0), (0, 1), (2, 2), (1, 1), (3, 2)]H2,2 [(0, 0), (0, 1), (3, 2), (1, 1), (2, 2)]H2,2

[(0, 0), (2, 1), (0, 2), (3, 1), (1, 2)]H2,2 [(0, 0), (2, 1), (1, 2), (3, 1), (0, 2)]H2,2

[(0, 0), (2, 1), (2, 2), (3, 1), (3, 2)]H2,2 [(0, 0), (2, 1), (3, 2), (3, 1), (2, 2)]H2,2

H2,3 [(0, 0), (0, 1), (0, 2), (1, 2)]H2,3 [(0, 0), (0, 1), (2, 2), (3, 2)]H2,3

[(0, 0), (1, 1), (0, 2), (1, 2)]H2,3 [(0, 0), (1, 1), (2, 2), (3, 2)]H2,3

[(0, 0), (2, 1), (0, 2), (1, 2)]H2,3 [(0, 0), (2, 1), (2, 2), (3, 2)]H2,3

[(0, 0), (3, 1), (0, 2), (1, 2)]H2,3 [(0, 0), (3, 1), (2, 2), (3, 2)]H2,3

Example A.15 An H3,i-design of order 9 for i ∈ {1, 2, 3, 4, 5, 6}: In each case the
union of the orbits of the given H3,i-blocks under the permutation (0 1 2 3 4 5 6)(∞1)
(∞2) is an H3,i-design of order 9 with point set {0, 1, 2, 3, 4, 5, 6,∞1,∞2}.

H3,1 [0, 1,∞2,∞1, 3, 5]H3,1 [0, 3,∞1,∞2, 4, 6]H3,1 [0, 1, 3, 2, 4, 6]H3,1 [0, 1, 5, 4,∞1,∞2]H3,1

H3,2 [0, 1,∞1,∞2, 2, 3]H3,2 [2, 0,∞1,∞2, 4, 5]H3,2 [3, 0,∞1,∞2, 2, 4]H3,2 [0, 1, 4, 5,∞1,∞2]H3,2

H3,3 [∞1, 1, 0, 2, 4, 3]H3,3 [0, 1,∞2, 4, 5, 6]H3,3 [0,∞2, 3,∞1, 4, 1]H3,3 [1, 4, 0, 6, 2,∞2]H3,3

H3,4 [0, 2, 1, 4,∞1]H3,4 [0, 1, 3, 4, 5]H3,4 [0,∞1, 1, 3,∞2]H3,4 [∞2, 0, 1, 2, 3]H3,4

H3,5 [1, 0, 3, 2,∞1]H3,5 [0, 1, 5, 4, 2]H3,5 [∞2, 0, 1, 2, 5]H3,5 [∞1, 0, 2, 3,∞2]H3,5

H3,6 [0, 1, 2, 4, 6]H3,6 [0, 1, 3, 5,∞1]H3,6 [0, 3,∞1,∞2, 4]H3,6 [∞2, 1, 0, 6,∞1]H3,6

Example A.16 An H3,i-design of order 10 for i ∈ {1, 2, 3, 4, 5, 6}: In each case the
union of the orbits of the given H3,i-blocks under the action of Z10 is an H3,i-design
of order 10 with point set Z10.

H3,1 [0, 1, 2, 3, 6, 9]H3,1 [0, 1, 4, 5, 2, 7]H3,1 [0, 1, 6, 7, 8, 5]H3,1 [0, 2, 4, 5, 1, 7]H3,1

H3,2 [0, 1, 2, 3, 4, 7]H3,2 [1, 0, 4, 5, 2, 7]H3,2 [1, 0, 6, 7, 4, 8]H3,2 [2, 0, 4, 5, 1, 8]H3,2

H3,3 [2, 0, 1, 5, 3, 7]H3,3 [1, 0, 4, 6, 2, 8]H3,3 [1, 6, 0, 8, 2, 3]H3,3 [1, 0, 8, 3, 7, 6]H3,3

H3,4 [0, 1, 2, 4, 5]H3,4 [0, 1, 6, 7, 8]H3,4 [0, 2, 4, 6, 7]H3,4 [0, 3, 1, 6, 8]H3,4

H3,5 [0, 3, 1, 6, 8]H3,5 [0, 2, 5, 6, 7]H3,5 [0, 1, 8, 7, 2]H3,5 [1, 0, 5, 2, 7]H3,5

H3,6 [0, 1, 2, 3, 6]H3,6 [0, 1, 5, 6, 2]H3,6 [2, 5, 0, 8, 6]H3,6 [0, 2, 6, 7, 4]H3,6

Example A.17 An H3,i-design of order 11 for i ∈ {1, 2, 3, 4, 5, 6}: In each case the
union of the orbits of the given H3,i-blocks under the action of Z11 is an H3,i-design
of order 11 with point set Z11.

H3,1 [0, 1, 2, 3, 4, 7]H3,1 [0, 1, 7, 6, 5, 10]H3,1 [0, 1, 9, 8, 6, 10]H3,1 [0, 2, 6, 5, 1, 7]H3,1 [0, 3, 6, 7, 4, 9]H3,1

H3,2 [1, 0, 2, 3, 4, 10]H3,2 [0, 1, 6, 7, 2, 5]H3,2 [1, 0, 8, 9, 2, 4]H3,2 [0, 2, 5, 6, 4, 10]H3,2 [0, 3, 6, 7, 5, 10]H3,2

H3,3 [2, 0, 1, 5, 3, 6]H3,3 [1, 4, 0, 6, 2, 8]H3,3 [1, 0, 7, 2, 9, 3]H3,3 [2, 0, 5, 8, 4, 3]H3,3 [2, 7, 0, 10, 4, 3]H3,3

H3,4 [0, 1, 3, 5, 6]H3,4 [0, 1, 7, 8, 9]H3,4 [0, 2, 4, 5, 6]H3,4 [0, 2, 1, 7, 8]H3,4 [0, 3, 6, 7, 10]H3,4

H3,5 [1, 0, 6, 2, 9]H3,5 [0, 1, 9, 7, 8]H3,5 [2, 0, 8, 7, 3]H3,5 [2, 0, 5, 4, 8]H3,5 [3, 0, 7, 6, 4]H3,5

H3,6 [0, 1, 4, 5, 10]H3,6 [0, 1, 7, 8, 5]H3,6 [0, 2, 6, 4, 9]H3,6 [0, 2, 7, 8, 9]H3,6 [0, 3, 6, 7, 9]H3,6

Example A.18 An H3,i-decomposition of L3
Z9×{0}, Z9×{1} for i ∈ {1, 2, 3, 4, 5, 6}: In

each case the union of the orbits of the given H3,i-blocks under the permutation
(j, k) → (j + 1, k) for j ∈ Z9, k ∈ Z2 form an H3,i-decomposition of L3

Z9×{0}, Z9×{1}
for i ∈ {1, 2, 3, 4, 5, 6}.
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H3,1 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 1), (3, 0)]H3,1 [(0, 0), (2, 0), (0, 1), (1, 1), (3, 1), (3, 0)]H3,1

[(0, 0), (3, 0), (1, 1), (0, 1), (3, 1), (2, 0)]H3,1 [(0, 0), (4, 0), (0, 1), (1, 1), (5, 1), (3, 0)]H3,1

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 1), (7, 0)]H3,1 [(0, 0), (2, 0), (4, 1), (3, 1), (5, 1), (8, 0)]H3,1

[(0, 0), (3, 0), (4, 1), (3, 1), (6, 1), (8, 0)]H3,1 [(0, 0), (4, 0), (4, 1), (3, 1), (7, 1), (8, 0)]H3,1

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1), (6, 0)]H3,1 [(0, 0), (2, 0), (7, 1), (6, 1), (8, 1), (5, 0)]H3,1

[(0, 0), (3, 0), (7, 1), (6, 1), (0, 1), (5, 0)]H3,1 [(0, 0), (4, 0), (7, 1), (6, 1), (1, 1), (5, 0)]H3,1

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 0), (3, 1)]H3,1 [(0, 1), (2, 1), (0, 0), (1, 0), (3, 0), (3, 1)]H3,1

[(0, 1), (3, 1), (1, 0), (0, 0), (3, 0), (2, 1)]H3,1 [(0, 1), (4, 1), (0, 0), (1, 0), (5, 0), (3, 1)]H3,1

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 0), (7, 1)]H3,1 [(0, 1), (2, 1), (4, 0), (3, 0), (5, 0), (8, 1)]H3,1

[(0, 1), (3, 1), (4, 0), (3, 0), (6, 0), (8, 1)]H3,1 [(0, 1), (4, 1), (4, 0), (3, 0), (7, 0), (8, 1)]H3,1

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0), (6, 1)]H3,1 [(0, 1), (2, 1), (7, 0), (6, 0), (8, 0), (5, 1)]H3,1

[(0, 1), (3, 1), (7, 0), (6, 0), (0, 0), (5, 1)]H3,1 [(0, 1), (4, 1), (7, 0), (6, 0), (1, 0), (5, 1)]H3,1

H3,2 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (3, 1)]H3,2 [(0, 0), (1, 0), (3, 1), (4, 1), (2, 0), (6, 1)]H3,2

[(0, 0), (1, 0), (6, 1), (7, 1), (2, 0), (0, 1)]H3,2 [(0, 0), (2, 0), (0, 1), (1, 1), (4, 0), (4, 1)]H3,2

[(0, 0), (2, 0), (3, 1), (4, 1), (4, 0), (7, 1)]H3,2 [(0, 0), (2, 0), (6, 1), (7, 1), (4, 0), (1, 1)]H3,2

[(0, 0), (3, 0), (0, 1), (1, 1), (6, 0), (5, 1)]H3,2 [(0, 0), (3, 0), (3, 1), (4, 1), (6, 0), (8, 1)]H3,2

[(0, 0), (3, 0), (6, 1), (7, 1), (6, 0), (2, 1)]H3,2 [(0, 0), (4, 0), (0, 1), (1, 1), (8, 0), (6, 1)]H3,2

[(0, 0), (4, 0), (3, 1), (4, 1), (8, 0), (0, 1)]H3,2 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 0), (3, 1)]H3,2

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 1), (3, 0)]H3,2 [(0, 1), (1, 1), (3, 0), (4, 0), (2, 1), (6, 0)]H3,2

[(0, 1), (1, 1), (6, 0), (7, 0), (2, 1), (0, 0)]H3,2 [(0, 1), (2, 1), (0, 0), (1, 0), (4, 1), (4, 0)]H3,2

[(0, 1), (2, 1), (3, 0), (4, 0), (4, 1), (7, 0)]H3,2 [(0, 1), (2, 1), (6, 0), (7, 0), (4, 1), (1, 0)]H3,2

[(0, 1), (3, 1), (0, 0), (1, 0), (6, 1), (5, 0)]H3,2 [(0, 1), (3, 1), (3, 0), (4, 0), (6, 1), (8, 0)]H3,2

[(0, 1), (3, 1), (6, 0), (7, 0), (6, 1), (2, 0)]H3,2 [(0, 1), (4, 1), (0, 0), (1, 0), (8, 1), (6, 0)]H3,2

[(0, 1), (4, 1), (3, 0), (4, 0), (8, 1), (0, 0)]H3,2 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 1), (3, 0)]H3,2

H3,3 [(1, 0), (0, 0), (0, 1), (2, 0), (2, 1), (6, 1)]H3,3 [(1, 0), (0, 0), (2, 1), (2, 0), (4, 1), (7, 1)]H3,3

[(1, 0), (0, 0), (4, 1), (2, 0), (6, 1), (8, 1)]H3,3 [(4, 0), (0, 0), (3, 1), (8, 0), (8, 1), (5, 1)]H3,3

[(4, 0), (0, 0), (5, 1), (8, 0), (1, 1), (7, 1)]H3,3 [(4, 0), (0, 0), (7, 1), (8, 0), (3, 1), (6, 1)]H3,3

[(2, 0), (0, 0), (0, 1), (4, 0), (3, 1), (2, 1)]H3,3 [(2, 0), (0, 0), (2, 1), (4, 0), (5, 1), (1, 1)]H3,3

[(2, 0), (0, 0), (4, 1), (4, 0), (7, 1), (0, 1)]H3,3 [(3, 0), (0, 0), (0, 1), (6, 0), (4, 1), (8, 1)]H3,3

[(3, 0), (0, 0), (3, 1), (6, 0), (7, 1), (2, 1)]H3,3 [(3, 0), (0, 0), (6, 1), (6, 0), (1, 1), (5, 1)]H3,3

[(1, 1), (0, 1), (0, 0), (2, 1), (2, 0), (6, 0)]H3,3 [(1, 1), (0, 1), (2, 0), (2, 1), (4, 0), (7, 0)]H3,3

[(1, 1), (0, 1), (4, 0), (2, 1), (6, 0), (8, 0)]H3,3 [(4, 1), (0, 1), (3, 0), (8, 1), (8, 0), (5, 0)]H3,3

[(4, 1), (0, 1), (5, 0), (8, 1), (1, 0), (7, 0)]H3,3 [(4, 1), (0, 1), (7, 0), (8, 1), (3, 0), (6, 0)]H3,3

[(2, 1), (0, 1), (0, 0), (4, 1), (3, 0), (2, 0)]H3,3 [(2, 1), (0, 1), (2, 0), (4, 1), (5, 0), (1, 0)]H3,3

[(2, 1), (0, 1), (4, 0), (4, 1), (7, 0), (0, 0)]H3,3 [(3, 1), (0, 1), (0, 0), (6, 1), (4, 0), (8, 0)]H3,3

[(3, 1), (0, 1), (3, 0), (6, 1), (7, 0), (2, 0)]H3,3 [(3, 1), (0, 1), (6, 0), (6, 1), (1, 0), (5, 0)]H3,3

H3,4 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (2, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (1, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (2, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (2, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 0), (3, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (4, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (3, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (4, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (3, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (2, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (1, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (2, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (2, 1), (6, 0), (7, 0), (8, 0)]H3,4

[(0, 1), (3, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (4, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (3, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (4, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (3, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 0)]H3,4
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H3,5 [(0, 0), (1, 0), (1, 1), (0, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (1, 1), (2, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (4, 1), (5, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (7, 1), (6, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (7, 1), (8, 1), (1, 0)]H3,5

[(0, 0), (3, 0), (1, 1), (0, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (1, 1), (2, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (4, 1), (3, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (4, 1), (5, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (7, 1), (6, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (7, 1), (8, 1), (3, 0)]H3,5

[(0, 1), (1, 1), (1, 0), (0, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (1, 0), (2, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (4, 0), (5, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (7, 0), (6, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (7, 0), (8, 0), (1, 1)]H3,5

[(0, 1), (3, 1), (1, 0), (0, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (1, 0), (2, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (4, 0), (3, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (4, 0), (5, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (7, 0), (6, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (7, 0), (8, 0), (3, 1)]H3,5

H3,6 [(0, 0), (2, 0), (0, 1), (1, 1), (8, 0)]H3,6 [(0, 0), (2, 0), (2, 1), (3, 1), (8, 0)]H3,6

[(0, 0), (2, 0), (4, 1), (5, 1), (8, 0)]H3,6 [(0, 0), (2, 0), (7, 1), (8, 1), (8, 0)]H3,6

[(0, 0), (3, 0), (0, 1), (1, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (2, 1), (3, 1), (7, 0)]H3,6

[(0, 0), (3, 0), (4, 1), (5, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (6, 1), (7, 1), (6, 0)]H3,6

[(0, 0), (4, 0), (0, 1), (1, 1), (2, 0)]H3,6 [(0, 0), (4, 0), (3, 1), (6, 1), (2, 0)]H3,6

[(0, 0), (4, 0), (4, 1), (8, 1), (6, 0)]H3,6 [(0, 0), (4, 0), (5, 1), (7, 1), (2, 0)]H3,6

[(0, 1), (2, 1), (0, 0), (1, 0), (8, 1)]H3,6 [(0, 1), (2, 1), (2, 0), (3, 0), (8, 1)]H3,6

[(0, 1), (2, 1), (4, 0), (5, 0), (8, 1)]H3,6 [(0, 1), (2, 1), (7, 0), (8, 0), (8, 1)]H3,6

[(0, 1), (3, 1), (0, 0), (1, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (2, 0), (3, 0), (7, 1)]H3,6

[(0, 1), (3, 1), (4, 0), (5, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (6, 0), (7, 0), (6, 1)]H3,6

[(0, 1), (4, 1), (0, 0), (1, 0), (2, 1)]H3,6 [(0, 1), (4, 1), (3, 0), (6, 0), (2, 1)]H3,6

[(0, 1), (4, 1), (4, 0), (8, 0), (6, 1)]H3,6 [(0, 1), (4, 1), (5, 0), (7, 0), (2, 1)]H3,6

Example A.19 An H3,i-decomposition of K3
Z9×{0}, Z9×{1}, ∞∪L3

Z9×{0}, Z9×{1} for i ∈
{1, 2, 3, 4, 5, 6}: In each case the union of the orbits of the given H3,i-blocks under
the permutation (j, k) → (j + 1, k) for j ∈ Z9, k ∈ Z2 and ∞ → ∞ form an H3,i-
decomposition of K3

Z9×{0}, Z9×{1}, ∞ ∪ L3
Z9×{0}, Z9×{1} for i ∈ {1, 2, 3, 4, 5, 6}.

H3,1 [(0, 1), (2, 1), (0, 0), (1, 0), (3, 0), (3, 1)]H3,1 [(0, 0), (2, 0), (0, 1), (1, 1), (3, 1), (3, 0)]H3,1

[(0, 0), (3, 0), (1, 1), (0, 1), (3, 1), (2, 0)]H3,1 [(0, 0), (4, 0), (0, 1), (1, 1), (5, 1), (3, 0)]H3,1

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 1), (7, 0)]H3,1 [(0, 0), (2, 0), (4, 1), (3, 1), (5, 1), (8, 0)]H3,1

[(0, 0), (3, 0), (4, 1), (3, 1), (6, 1), (8, 0)]H3,1 [(0, 0), (4, 0), (4, 1), (3, 1), (7, 1), (8, 0)]H3,1

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1), (6, 0)]H3,1 [(0, 0), (2, 0), (7, 1), (6, 1), (8, 1), (5, 0)]H3,1

[(0, 0), (3, 0), (7, 1), (6, 1), (0, 1), (5, 0)]H3,1 [(0, 0), (4, 0), (7, 1), (6, 1), (1, 1), (5, 0)]H3,1

[(0, 1), (3, 1), (1, 0), (0, 0), (3, 0), (2, 1)]H3,1 [(0, 1), (4, 1), (0, 0), (1, 0), (5, 0), (3, 1)]H3,1

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 0), (7, 1)]H3,1 [(0, 1), (2, 1), (4, 0), (3, 0), (5, 0), (8, 1)]H3,1

[(0, 1), (3, 1), (4, 0), (3, 0), (6, 0), (8, 1)]H3,1 [(0, 1), (4, 1), (4, 0), (3, 0), (7, 0), (8, 1)]H3,1

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0), (6, 1)]H3,1 [(0, 1), (2, 1), (7, 0), (6, 0), (8, 0), (5, 1)]H3,1

[(0, 1), (3, 1), (7, 0), (6, 0), (0, 0), (5, 1)]H3,1 [(0, 1), (4, 1), (7, 0), (6, 0), (1, 0), (5, 1)]H3,1

[(0, 0), (1, 0), (0, 1), (1, 1), (2, 0),∞]H3,1 [∞, (0, 0), (0, 1), (1, 1), (2, 1), (3, 0)]H3,1

[∞, (0, 0), (2, 1), (3, 1), (1, 0), (2, 0)]H3,1 [∞, (0, 0), (4, 1), (5, 1), (6, 1), (5, 0)]H3,1

[∞, (0, 0), (6, 1), (7, 1), (8, 1), (8, 0)]H3,1
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H3,2 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (3, 1)]H3,2 [(0, 0), (1, 0), (3, 1), (4, 1), (2, 0), (6, 1)]H3,2

[(0, 0), (1, 0), (6, 1), (7, 1), (2, 0), (0, 1)]H3,2 [(0, 0), (2, 0), (0, 1), (1, 1), (4, 0), (4, 1)]H3,2

[(0, 0), (2, 0), (3, 1), (4, 1), (4, 0), (7, 1)]H3,2 [(0, 0), (2, 0), (6, 1), (7, 1), (4, 0), (1, 1)]H3,2

[(0, 0), (3, 0), (0, 1), (1, 1), (6, 0), (5, 1)]H3,2 [(0, 0), (3, 0), (3, 1), (4, 1), (6, 0), (8, 1)]H3,2

[(0, 0), (3, 0), (6, 1), (7, 1), (6, 0), (2, 1)]H3,2 [(0, 0), (4, 0), (0, 1), (1, 1), (8, 0), (6, 1)]H3,2

[(0, 0), (4, 0), (3, 1), (4, 1), (8, 0), (0, 1)]H3,2 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 0), (3, 1)]H3,2

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 1), (3, 0)]H3,2 [(0, 1), (1, 1), (3, 0), (4, 0), (2, 1), (6, 0)]H3,2

[(0, 1), (1, 1), (6, 0), (7, 0), (2, 1), (0, 0)]H3,2 [(0, 1), (2, 1), (0, 0), (1, 0), (4, 1), (4, 0)]H3,2

[(0, 1), (2, 1), (3, 0), (4, 0), (4, 1), (7, 0)]H3,2 [(0, 1), (2, 1), (6, 0), (7, 0), (4, 1), (1, 0)]H3,2

[(0, 1), (3, 1), (0, 0), (1, 0), (6, 1), (5, 0)]H3,2 [(0, 1), (3, 1), (3, 0), (4, 0), (6, 1), (8, 0)]H3,2

[(0, 1), (3, 1), (6, 0), (7, 0), (6, 1), (2, 0)]H3,2 [(0, 1), (4, 1), (0, 0), (1, 0), (8, 1), (6, 0)]H3,2

[(0, 1), (4, 1), (3, 0), (4, 0), (8, 1), (0, 0)]H3,2 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 1), (3, 0)]H3,2

[(0, 0),∞, (0, 1), (1, 1), (3, 1), (1, 0)]H3,2 [(0, 0),∞, (3, 1), (4, 1), (6, 1), (1, 0)]H3,2

[(0, 0),∞, (6, 1), (7, 1), (0, 1), (1, 0)]H3,2

H3,3 [(1, 1), (0, 1), (2, 0), (2, 1), (4, 0), (7, 0)]H3,3 [(1, 0), (0, 0), (2, 1), (2, 0), (4, 1), (7, 1)]H3,3

[(1, 0), (0, 0), (4, 1), (2, 0), (6, 1), (8, 1)]H3,3 [(4, 0), (0, 0), (3, 1), (8, 0), (8, 1), (5, 1)]H3,3

[(4, 0), (0, 0), (5, 1), (8, 0), (1, 1), (7, 1)]H3,3 [(4, 0), (0, 0), (7, 1), (8, 0), (3, 1), (6, 1)]H3,3

[(2, 0), (0, 0), (0, 1), (4, 0), (3, 1), (2, 1)]H3,3 [(2, 0), (0, 0), (2, 1), (4, 0), (5, 1), (1, 1)]H3,3

[(2, 0), (0, 0), (4, 1), (4, 0), (7, 1), (0, 1)]H3,3 [(3, 0), (0, 0), (0, 1), (6, 0), (4, 1), (8, 1)]H3,3

[(3, 0), (0, 0), (3, 1), (6, 0), (7, 1), (2, 1)]H3,3 [(3, 0), (0, 0), (6, 1), (6, 0), (1, 1), (5, 1)]H3,3

[(1, 1), (0, 1), (4, 0), (2, 1), (6, 0), (8, 0)]H3,3 [(4, 1), (0, 1), (3, 0), (8, 1), (8, 0), (5, 0)]H3,3

[(4, 1), (0, 1), (5, 0), (8, 1), (1, 0), (7, 0)]H3,3 [(4, 1), (0, 1), (7, 0), (8, 1), (3, 0), (6, 0)]H3,3

[(2, 1), (0, 1), (0, 0), (4, 1), (3, 0), (2, 0)]H3,3 [(2, 1), (0, 1), (2, 0), (4, 1), (5, 0), (1, 0)]H3,3

[(2, 1), (0, 1), (4, 0), (4, 1), (7, 0), (0, 0)]H3,3 [(3, 1), (0, 1), (0, 0), (6, 1), (4, 0), (8, 0)]H3,3

[(3, 1), (0, 1), (3, 0), (6, 1), (7, 0), (2, 0)]H3,3 [(3, 1), (0, 1), (6, 0), (6, 1), (1, 0), (5, 0)]H3,3

[(0, 0),∞, (0, 1), (1, 0), (1, 1), (2, 1)]H3,3 [(1, 1),∞, (4, 0), (3, 1), (7, 0), (0, 0)]H3,3

[∞, (0, 0), (4, 1), (1, 0), (6, 1), (0, 1)]H3,3 [∞, (0, 0), (7, 1), (2, 0), (1, 1), (6, 1)]H3,3

[(1, 1), (0, 0), (0, 1), (2, 1), (2, 0),∞]H3,3

H3,4 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (2, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (1, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (2, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (2, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 0), (3, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (4, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (3, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (4, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (3, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (2, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (1, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (2, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (2, 1), (6, 0), (7, 0), (8, 0)]H3,4

[(0, 1), (3, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (4, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (3, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (4, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (3, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 0)]H3,4

[∞, (0, 0), (0, 1), (1, 1), (2, 1)]H3,4 [∞, (0, 0), (3, 1), (4, 1), (5, 1)]H3,4

[∞, (0, 0), (6, 1), (7, 1), (8, 1)]H3,4
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H3,5 [(0, 0), (1, 0), (1, 1), (0, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (1, 1), (2, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (4, 1), (5, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (7, 1), (6, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (7, 1), (8, 1), (1, 0)]H3,5

[(0, 0), (3, 0), (1, 1), (0, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (1, 1), (2, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (4, 1), (3, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (4, 1), (5, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (7, 1), (6, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (7, 1), (8, 1), (3, 0)]H3,5

[(0, 1), (1, 1), (1, 0), (0, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (1, 0), (2, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (4, 0), (5, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (7, 0), (6, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (7, 0), (8, 0), (1, 1)]H3,5

[(0, 1), (3, 1), (1, 0), (0, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (1, 0), (2, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (4, 0), (3, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (4, 0), (5, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (7, 0), (6, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (7, 0), (8, 0), (3, 1)]H3,5

[∞, (0, 0), (1, 1), (0, 1), (7, 0)]H3,5 [∞, (0, 0), (4, 1), (3, 1), (7, 0)]H3,5

[∞, (0, 0), (7, 1), (6, 1), (7, 0)]H3,5

H3,6 [(0, 1), (2, 1), (2, 0), (3, 0), (8, 1)]H3,6 [(0, 0), (2, 0), (2, 1), (3, 1), (8, 0)]H3,6

[(0, 0), (2, 0), (4, 1), (5, 1), (8, 0)]H3,6 [(0, 0), (2, 0), (7, 1), (8, 1), (8, 0)]H3,6

[(0, 0), (3, 0), (0, 1), (1, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (2, 1), (3, 1), (7, 0)]H3,6

[(0, 0), (3, 0), (4, 1), (5, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (6, 1), (7, 1), (6, 0)]H3,6

[(0, 0), (4, 0), (0, 1), (1, 1), (2, 0)]H3,6 [(0, 0), (4, 0), (3, 1), (6, 1), (2, 0)]H3,6

[(0, 0), (4, 0), (4, 1), (8, 1), (6, 0)]H3,6 [(0, 0), (4, 0), (5, 1), (7, 1), (2, 0)]H3,6

[(0, 1), (2, 1), (4, 0), (5, 0), (8, 1)]H3,6 [(0, 1), (2, 1), (7, 0), (8, 0), (8, 1)]H3,6

[(0, 1), (3, 1), (0, 0), (1, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (2, 0), (3, 0), (7, 1)]H3,6

[(0, 1), (3, 1), (4, 0), (5, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (6, 0), (7, 0), (6, 1)]H3,6

[(0, 1), (4, 1), (0, 0), (1, 0), (2, 1)]H3,6 [(0, 1), (4, 1), (3, 0), (6, 0), (2, 1)]H3,6

[(0, 1), (4, 1), (4, 0), (8, 0), (6, 1)]H3,6 [(0, 1), (4, 1), (5, 0), (7, 0), (2, 1)]H3,6

[∞, (0, 0), (1, 1), (3, 1), (2, 0)]H3,6 [∞, (2, 1), (0, 0), (7, 0), (8, 1)]H3,6

[∞, (0, 0), (7, 1), (8, 1), (6, 0)]H3,6 [∞, (6, 1), (0, 0), (1, 0), (8, 1)]H3,6

[(0, 0), (0, 1), (2, 0), (2, 1),∞]H3,6

Example A.20 An H3,i-decomposition of K3
Z9×{0}, Z9×{1}, {∞1,∞2} ∪ L3

Z9×{0}, Z9×{1}
for i ∈ {1, 2, 3, 4, 5, 6}: In each case the union of the orbits of the given H3,i-blocks
under the permutation (j, k) → (j + 1, k) for j ∈ Z9, k ∈ Z2 and ∞l → ∞l for
l ∈ {1, 2, } form an H3,i-decomposition of K3

Z9×{0}, Z9×{1}, {∞1,∞2}∪L3
Z9×{0}, Z9×{1} for

i ∈ {1, 2, 3, 4, 5, 6}.
H3,1 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 1), (3, 0)]H3,1 [(0, 0), (2, 0), (0, 1), (1, 1), (3, 1), (3, 0)]H3,1

[(0, 0), (3, 0), (1, 1), (0, 1), (3, 1), (2, 0)]H3,1 [(0, 0), (4, 0), (0, 1), (1, 1), (5, 1), (3, 0)]H3,1

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 1), (7, 0)]H3,1 [(0, 0), (2, 0), (4, 1), (3, 1), (5, 1), (8, 0)]H3,1

[(0, 0), (3, 0), (4, 1), (3, 1), (6, 1), (8, 0)]H3,1 [(0, 0), (4, 0), (4, 1), (3, 1), (7, 1), (8, 0)]H3,1

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1), (6, 0)]H3,1 [(0, 0), (2, 0), (7, 1), (6, 1), (8, 1), (5, 0)]H3,1

[(0, 0), (3, 0), (7, 1), (6, 1), (0, 1), (5, 0)]H3,1 [(0, 0), (4, 0), (7, 1), (6, 1), (1, 1), (5, 0)]H3,1

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 0), (3, 1)]H3,1 [(0, 1), (2, 1), (0, 0), (1, 0), (3, 0), (3, 1)]H3,1

[(0, 1), (3, 1), (1, 0), (0, 0), (3, 0), (2, 1)]H3,1 [(0, 1), (4, 1), (0, 0), (1, 0), (5, 0), (3, 1)]H3,1

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 0), (7, 1)]H3,1 [(0, 1), (2, 1), (4, 0), (3, 0), (5, 0), (8, 1)]H3,1

[(0, 1), (3, 1), (4, 0), (3, 0), (6, 0), (8, 1)]H3,1 [(0, 1), (4, 1), (4, 0), (3, 0), (7, 0), (8, 1)]H3,1

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0), (6, 1)]H3,1 [(0, 1), (2, 1), (7, 0), (6, 0), (8, 0), (5, 1)]H3,1

[(0, 1), (3, 1), (7, 0), (6, 0), (0, 0), (5, 1)]H3,1 [(0, 1), (4, 1), (7, 0), (6, 0), (1, 0), (5, 1)]H3,1

[(0, 0), (0, 1),∞2,∞1, (1, 0), (2, 1)]H3,1 [(0, 0), (2, 1),∞1,∞2, (2, 0), (3, 1)]H3,1

[(0, 0), (3, 1),∞2,∞1, (1, 0), (5, 1)]H3,1 [(0, 0), (5, 1),∞1,∞2, (2, 0), (6, 1)]H3,1

[(0, 0), (6, 1),∞2,∞1, (1, 0), (8, 1)]H3,1 [(0, 0), (8, 1),∞1,∞2, (2, 0), (0, 1)]H3,1
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H3,2 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 0), (3, 1)]H3,2 [(0, 0), (1, 0), (3, 1), (4, 1), (2, 0), (6, 1)]H3,2

[(0, 0), (1, 0), (6, 1), (7, 1), (2, 0), (0, 1)]H3,2 [(0, 0), (2, 0), (0, 1), (1, 1), (4, 0), (4, 1)]H3,2

[(0, 0), (2, 0), (3, 1), (4, 1), (4, 0), (7, 1)]H3,2 [(0, 0), (2, 0), (6, 1), (7, 1), (4, 0), (1, 1)]H3,2

[(0, 0), (3, 0), (0, 1), (1, 1), (6, 0), (5, 1)]H3,2 [(0, 0), (3, 0), (3, 1), (4, 1), (6, 0), (8, 1)]H3,2

[(0, 0), (3, 0), (6, 1), (7, 1), (6, 0), (2, 1)]H3,2 [(0, 0), (4, 0), (0, 1), (1, 1), (8, 0), (6, 1)]H3,2

[(0, 0), (4, 0), (3, 1), (4, 1), (8, 0), (0, 1)]H3,2 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 0), (3, 1)]H3,2

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 1), (3, 0)]H3,2 [(0, 1), (1, 1), (3, 0), (4, 0), (2, 1), (6, 0)]H3,2

[(0, 1), (1, 1), (6, 0), (7, 0), (2, 1), (0, 0)]H3,2 [(0, 1), (2, 1), (0, 0), (1, 0), (4, 1), (4, 0)]H3,2

[(0, 1), (2, 1), (3, 0), (4, 0), (4, 1), (7, 0)]H3,2 [(0, 1), (2, 1), (6, 0), (7, 0), (4, 1), (1, 0)]H3,2

[(0, 1), (3, 1), (0, 0), (1, 0), (6, 1), (5, 0)]H3,2 [(0, 1), (3, 1), (3, 0), (4, 0), (6, 1), (8, 0)]H3,2

[(0, 1), (3, 1), (6, 0), (7, 0), (6, 1), (2, 0)]H3,2 [(0, 1), (4, 1), (0, 0), (1, 0), (8, 1), (6, 0)]H3,2

[(0, 1), (4, 1), (3, 0), (4, 0), (8, 1), (0, 0)]H3,2 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 1), (3, 0)]H3,2

[(0, 0),∞1, (0, 1), (1, 1), (3, 1), (1, 0)]H3,2 [(0, 0),∞2, (0, 1), (1, 1), (3, 1), (1, 0)]H3,2

[(0, 0),∞1, (3, 1), (4, 1), (6, 1), (1, 0)]H3,2 [(0, 0),∞2, (3, 1), (4, 1), (6, 1), (1, 0)]H3,2

[(0, 0),∞1, (6, 1), (7, 1), (0, 1), (1, 0)]H3,2 [(0, 0),∞2, (6, 1), (7, 1), (0, 1), (1, 0)]H3,2

H3,3 [(1, 0), (0, 0), (0, 1), (2, 0), (2, 1), (6, 1)]H3,3 [(1, 0), (0, 0), (2, 1), (2, 0), (4, 1), (7, 1)]H3,3

[(1, 0), (0, 0), (4, 1), (2, 0), (6, 1), (8, 1)]H3,3 [(4, 0), (0, 0), (3, 1), (8, 0), (8, 1), (5, 1)]H3,3

[(4, 0), (0, 0), (5, 1), (8, 0), (1, 1), (7, 1)]H3,3 [(4, 0), (0, 0), (7, 1), (8, 0), (3, 1), (6, 1)]H3,3

[(2, 0), (0, 0), (0, 1), (4, 0), (3, 1), (2, 1)]H3,3 [(2, 0), (0, 0), (2, 1), (4, 0), (5, 1), (1, 1)]H3,3

[(2, 0), (0, 0), (4, 1), (4, 0), (7, 1), (0, 1)]H3,3 [(3, 0), (0, 0), (0, 1), (6, 0), (4, 1), (8, 1)]H3,3

[(3, 0), (0, 0), (3, 1), (6, 0), (7, 1), (2, 1)]H3,3 [(3, 0), (0, 0), (6, 1), (6, 0), (1, 1), (5, 1)]H3,3

[(1, 1), (0, 1), (0, 0), (2, 1), (2, 0), (6, 0)]H3,3 [(1, 1), (0, 1), (2, 0), (2, 1), (4, 0), (7, 0)]H3,3

[(1, 1), (0, 1), (4, 0), (2, 1), (6, 0), (8, 0)]H3,3 [(4, 1), (0, 1), (3, 0), (8, 1), (8, 0), (5, 0)]H3,3

[(4, 1), (0, 1), (5, 0), (8, 1), (1, 0), (7, 0)]H3,3 [(4, 1), (0, 1), (7, 0), (8, 1), (3, 0), (6, 0)]H3,3

[(2, 1), (0, 1), (0, 0), (4, 1), (3, 0), (2, 0)]H3,3 [(2, 1), (0, 1), (2, 0), (4, 1), (5, 0), (1, 0)]H3,3

[(2, 1), (0, 1), (4, 0), (4, 1), (7, 0), (0, 0)]H3,3 [(3, 1), (0, 1), (0, 0), (6, 1), (4, 0), (8, 0)]H3,3

[(3, 1), (0, 1), (3, 0), (6, 1), (7, 0), (2, 0)]H3,3 [(3, 1), (0, 1), (6, 0), (6, 1), (1, 0), (5, 0)]H3,3

[∞1, (6, 1), (5, 0), (0, 0), (0, 1),∞2]H3,3 [∞2, (6, 1), (5, 0), (0, 0), (0, 1),∞1]H3,3

[∞1, (7, 1), (4, 0), (0, 0), (2, 1),∞2]H3,3 [∞2, (7, 1), (4, 0), (0, 0), (2, 1),∞1]H3,3

[∞1, (8, 1), (3, 0), (0, 0), (4, 1),∞2]H3,3 [∞2, (8, 1), (3, 0), (0, 0), (4, 1),∞1]H3,3

H3,4 [(0, 0), (1, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (2, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (1, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (2, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (1, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (2, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 0), (3, 0), (0, 1), (1, 1), (2, 1)]H3,4 [(0, 0), (4, 0), (0, 1), (1, 1), (2, 1)]H3,4

[(0, 0), (3, 0), (3, 1), (4, 1), (5, 1)]H3,4 [(0, 0), (4, 0), (3, 1), (4, 1), (5, 1)]H3,4

[(0, 0), (3, 0), (6, 1), (7, 1), (8, 1)]H3,4 [(0, 0), (4, 0), (6, 1), (7, 1), (8, 1)]H3,4

[(0, 1), (1, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (2, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (1, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (2, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (1, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (2, 1), (6, 0), (7, 0), (8, 0)]H3,4

[(0, 1), (3, 1), (0, 0), (1, 0), (2, 0)]H3,4 [(0, 1), (4, 1), (0, 0), (1, 0), (2, 0)]H3,4

[(0, 1), (3, 1), (3, 0), (4, 0), (5, 0)]H3,4 [(0, 1), (4, 1), (3, 0), (4, 0), (5, 0)]H3,4

[(0, 1), (3, 1), (6, 0), (7, 0), (8, 0)]H3,4 [(0, 1), (4, 1), (6, 0), (7, 0), (8, 0)]H3,4

[∞1, (0, 0), (0, 1), (1, 1), (2, 1)]H3,4 [∞2, (0, 0), (0, 1), (1, 1), (2, 1)]H3,4

[∞1, (0, 0), (3, 1), (4, 1), (5, 1)]H3,4 [∞2, (0, 0), (3, 1), (4, 1), (5, 1)]H3,4

[∞1, (0, 0), (6, 1), (7, 1), (8, 1)]H3,4 [∞2, (0, 0), (6, 1), (7, 1), (8, 1)]H3,4
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H3,5 [(0, 0), (1, 0), (1, 1), (0, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (1, 1), (2, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (4, 1), (3, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (4, 1), (5, 1), (1, 0)]H3,5

[(0, 0), (1, 0), (7, 1), (6, 1), (2, 0)]H3,5 [(0, 0), (2, 0), (7, 1), (8, 1), (1, 0)]H3,5

[(0, 0), (3, 0), (1, 1), (0, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (1, 1), (2, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (4, 1), (3, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (4, 1), (5, 1), (3, 0)]H3,5

[(0, 0), (3, 0), (7, 1), (6, 1), (4, 0)]H3,5 [(0, 0), (4, 0), (7, 1), (8, 1), (3, 0)]H3,5

[(0, 1), (1, 1), (1, 0), (0, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (1, 0), (2, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (4, 0), (3, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (4, 0), (5, 0), (1, 1)]H3,5

[(0, 1), (1, 1), (7, 0), (6, 0), (2, 1)]H3,5 [(0, 1), (2, 1), (7, 0), (8, 0), (1, 1)]H3,5

[(0, 1), (3, 1), (1, 0), (0, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (1, 0), (2, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (4, 0), (3, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (4, 0), (5, 0), (3, 1)]H3,5

[(0, 1), (3, 1), (7, 0), (6, 0), (4, 1)]H3,5 [(0, 1), (4, 1), (7, 0), (8, 0), (3, 1)]H3,5

[∞1, (0, 0), (1, 1), (0, 1), (7, 0)]H3,5 [∞2, (0, 0), (1, 1), (0, 1), (7, 0)]H3,5

[∞1, (0, 0), (4, 1), (3, 1), (7, 0)]H3,5 [∞2, (0, 0), (4, 1), (3, 1), (7, 0)]H3,5

[∞1, (0, 0), (7, 1), (6, 1), (7, 0)]H3,5 [∞2, (0, 0), (7, 1), (6, 1), (7, 0)]H3,5

H3,6 [(0, 0), (2, 0), (4, 1), (5, 1), (8, 0)]H3,6 [(0, 0), (2, 0), (7, 1), (8, 1), (8, 0)]H3,6

[(0, 0), (3, 0), (0, 1), (1, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (2, 1), (3, 1), (7, 0)]H3,6

[(0, 0), (3, 0), (4, 1), (5, 1), (7, 0)]H3,6 [(0, 0), (3, 0), (6, 1), (7, 1), (6, 0)]H3,6

[(0, 0), (4, 0), (0, 1), (1, 1), (2, 0)]H3,6 [(0, 0), (4, 0), (3, 1), (6, 1), (2, 0)]H3,6

[(0, 0), (4, 0), (4, 1), (8, 1), (6, 0)]H3,6 [(0, 0), (4, 0), (5, 1), (7, 1), (2, 0)]H3,6

[(0, 1), (2, 1), (4, 0), (5, 0), (8, 1)]H3,6 [(0, 1), (2, 1), (7, 0), (8, 0), (8, 1)]H3,6

[(0, 1), (3, 1), (0, 0), (1, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (2, 0), (3, 0), (7, 1)]H3,6

[(0, 1), (3, 1), (4, 0), (5, 0), (7, 1)]H3,6 [(0, 1), (3, 1), (6, 0), (7, 0), (6, 1)]H3,6

[(0, 1), (4, 1), (0, 0), (1, 0), (2, 1)]H3,6 [(0, 1), (4, 1), (3, 0), (6, 0), (2, 1)]H3,6

[(0, 1), (4, 1), (4, 0), (8, 0), (6, 1)]H3,6 [(0, 1), (4, 1), (5, 0), (7, 0), (2, 1)]H3,6

[∞1, (0, 0), (1, 1), (3, 1), (2, 0)]H3,6 [∞1, (2, 1), (0, 0), (7, 0), (8, 1)]H3,6

[∞1, (0, 0), (7, 1), (8, 1), (6, 0)]H3,6 [∞1, (6, 1), (0, 0), (1, 0), (8, 1)]H3,6

[(0, 0), (0, 1), (2, 0), (2, 1),∞1]H3,6 [(2, 0), (2, 1), (0, 0), (0, 1),∞2]H3,6

[∞2, (0, 0), (1, 1), (3, 1), (4, 0)]H3,6 [∞2, (2, 1), (0, 0), (7, 0), (1, 1)]H3,6

[∞2, (0, 0), (5, 1), (6, 1), (2, 0)]H3,6 [∞2, (8, 1), (0, 0), (1, 0), (6, 1)]H3,6

Example A.21 An H3,i-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2} for i ∈ {1, 2, 3, 4, 5}:

In each case the union of the orbits of the given H3,i-blocks under the permutation
(j, k) → (j + 1, k) for j ∈ Z9, k ∈ Z3 form an H3,i-decomposition of
K3

Z9×{0}, Z9×{1}, Z9×{2} for i ∈ {1, 2, 3, 4, 5}.

H3,1 [(0, 0), (0, 1), (0, 2), (1, 2), (8, 0), (8, 1)]H3,1 [(0, 0), (1, 1), (0, 2), (1, 2), (8, 0), (0, 1)]H3,1

[(0, 0), (0, 1), (3, 2), (4, 2), (8, 0), (8, 1)]H3,1 [(0, 0), (1, 1), (3, 2), (4, 2), (8, 0), (0, 1)]H3,1

[(0, 0), (0, 1), (6, 2), (7, 2), (8, 0), (8, 1)]H3,1 [(0, 0), (1, 1), (6, 2), (7, 2), (8, 0), (0, 1)]H3,1

[(0, 0), (2, 1), (0, 2), (1, 2), (8, 0), (1, 1)]H3,1 [(0, 0), (3, 1), (0, 2), (1, 2), (8, 0), (2, 1)]H3,1

[(0, 0), (2, 1), (3, 2), (4, 2), (8, 0), (1, 1)]H3,1 [(0, 0), (3, 1), (3, 2), (4, 2), (8, 0), (2, 1)]H3,1

[(0, 0), (2, 1), (6, 2), (7, 2), (8, 0), (1, 1)]H3,1 [(0, 0), (3, 1), (6, 2), (7, 2), (8, 0), (2, 1)]H3,1

[(0, 0), (4, 1), (0, 2), (1, 2), (8, 0), (3, 1)]H3,1 [(0, 0), (5, 1), (0, 2), (1, 2), (8, 0), (4, 1)]H3,1

[(0, 0), (4, 1), (3, 2), (4, 2), (8, 0), (3, 1)]H3,1 [(0, 0), (5, 1), (3, 2), (4, 2), (8, 0), (4, 1)]H3,1

[(0, 0), (4, 1), (6, 2), (7, 2), (8, 0), (3, 1)]H3,1 [(0, 0), (5, 1), (6, 2), (7, 2), (8, 0), (4, 1)]H3,1

[(0, 0), (6, 1), (0, 2), (1, 2), (8, 0), (5, 1)]H3,1 [(0, 0), (7, 1), (0, 2), (1, 2), (8, 0), (6, 1)]H3,1

[(0, 0), (6, 1), (3, 2), (4, 2), (8, 0), (5, 1)]H3,1 [(0, 0), (7, 1), (3, 2), (4, 2), (8, 0), (6, 1)]H3,1

[(0, 0), (6, 1), (6, 2), (7, 2), (8, 0), (5, 1)]H3,1 [(0, 0), (7, 1), (6, 2), (7, 2), (8, 0), (6, 1)]H3,1

[(0, 0), (8, 1), (0, 2), (1, 2), (8, 0), (7, 1)]H3,1 [(0, 0), (8, 1), (3, 2), (4, 2), (8, 0), (7, 1)]H3,1

[(0, 0), (8, 1), (6, 2), (7, 2), (8, 0), (7, 1)]H3,1
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H3,2 [(0, 1), (0, 0), (0, 2), (1, 2), (2, 2), (1, 1)]H3,2 [(1, 1), (0, 0), (0, 2), (1, 2), (2, 2), (0, 1)]H3,2

[(0, 1), (0, 0), (3, 2), (4, 2), (5, 2), (1, 1)]H3,2 [(1, 1), (0, 0), (3, 2), (4, 2), (5, 2), (0, 1)]H3,2

[(0, 1), (0, 0), (6, 2), (7, 2), (8, 2), (1, 1)]H3,2 [(1, 1), (0, 0), (6, 2), (7, 2), (8, 2), (0, 1)]H3,2

[(2, 1), (0, 0), (0, 2), (1, 2), (2, 2), (3, 1)]H3,2 [(3, 1), (0, 0), (0, 2), (1, 2), (2, 2), (2, 1)]H3,2

[(2, 1), (0, 0), (3, 2), (4, 2), (5, 2), (3, 1)]H3,2 [(3, 1), (0, 0), (3, 2), (4, 2), (5, 2), (2, 1)]H3,2

[(2, 1), (0, 0), (6, 2), (7, 2), (8, 2), (3, 1)]H3,2 [(3, 1), (0, 0), (6, 2), (7, 2), (8, 2), (2, 1)]H3,2

[(4, 1), (0, 0), (0, 2), (1, 2), (2, 2), (5, 1)]H3,2 [(5, 1), (0, 0), (0, 2), (1, 2), (2, 2), (4, 1)]H3,2

[(4, 1), (0, 0), (3, 2), (4, 2), (5, 2), (5, 1)]H3,2 [(5, 1), (0, 0), (3, 2), (4, 2), (5, 2), (4, 1)]H3,2

[(4, 1), (0, 0), (6, 2), (7, 2), (8, 2), (5, 1)]H3,2 [(5, 1), (0, 0), (6, 2), (7, 2), (8, 2), (4, 1)]H3,2

[(6, 1), (0, 0), (0, 2), (1, 2), (2, 2), (7, 1)]H3,2 [(7, 1), (0, 0), (0, 2), (1, 2), (2, 2), (8, 1)]H3,2

[(6, 1), (0, 0), (3, 2), (4, 2), (5, 2), (7, 1)]H3,2 [(7, 1), (0, 0), (3, 2), (4, 2), (5, 2), (8, 1)]H3,2

[(6, 1), (0, 0), (6, 2), (7, 2), (8, 2), (7, 1)]H3,2 [(7, 1), (0, 0), (6, 2), (7, 2), (8, 2), (8, 1)]H3,2

[(8, 1), (0, 0), (0, 2), (1, 2), (2, 2), (6, 1)]H3,2 [(8, 1), (0, 0), (3, 2), (4, 2), (5, 2), (6, 1)]H3,2

[(8, 1), (0, 0), (6, 2), (7, 2), (8, 2), (6, 1)]H3,2

H3,3 [(0, 0), (0, 1), (0, 2), (1, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (0, 2), (1, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (1, 2), (2, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (1, 2), (2, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (2, 2), (3, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (2, 2), (3, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (3, 2), (4, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (3, 2), (4, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (4, 2), (5, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (4, 2), (5, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (5, 2), (6, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (5, 2), (6, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (6, 2), (7, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (6, 2), (7, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (7, 2), (8, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (7, 2), (8, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (0, 1), (8, 2), (0, 2), (1, 1), (7, 0)]H3,3 [(0, 0), (3, 1), (8, 2), (0, 2), (4, 1), (7, 0)]H3,3

[(0, 0), (6, 1), (0, 2), (1, 2), (7, 1), (7, 0)]H3,3 [(0, 0), (6, 1), (5, 2), (6, 2), (7, 1), (7, 0)]H3,3

[(0, 0), (6, 1), (1, 2), (2, 2), (7, 1), (7, 0)]H3,3 [(0, 0), (6, 1), (6, 2), (7, 2), (7, 1), (7, 0)]H3,3

[(0, 0), (6, 1), (2, 2), (3, 2), (7, 1), (7, 0)]H3,3 [(0, 0), (6, 1), (7, 2), (8, 2), (7, 1), (7, 0)]H3,3

[(0, 0), (6, 1), (3, 2), (4, 2), (7, 1), (7, 0)]H3,3 [(0, 0), (6, 1), (8, 2), (0, 2), (7, 1), (7, 0)]H3,3

[(0, 0), (6, 1), (4, 2), (5, 2), (7, 1), (7, 0)]H3,3

H3,4 [(0, 0), (0, 1), (0, 2), (1, 2), (2, 2)]H3,4 [(0, 0), (1, 1), (0, 2), (1, 2), (2, 2)]H3,4

[(0, 0), (0, 1), (3, 2), (4, 2), (5, 2)]H3,4 [(0, 0), (1, 1), (3, 2), (4, 2), (5, 2)]H3,4

[(0, 0), (0, 1), (6, 2), (7, 2), (8, 2)]H3,4 [(0, 0), (1, 1), (6, 2), (7, 2), (8, 2)]H3,4

[(0, 0), (2, 1), (0, 2), (1, 2), (2, 2)]H3,4 [(0, 0), (3, 1), (0, 2), (1, 2), (2, 2)]H3,4

[(0, 0), (2, 1), (3, 2), (4, 2), (5, 2)]H3,4 [(0, 0), (3, 1), (3, 2), (4, 2), (5, 2)]H3,4

[(0, 0), (2, 1), (6, 2), (7, 2), (8, 2)]H3,4 [(0, 0), (3, 1), (6, 2), (7, 2), (8, 2)]H3,4

[(0, 0), (4, 1), (0, 2), (1, 2), (2, 2)]H3,4 [(0, 0), (5, 1), (0, 2), (1, 2), (2, 2)]H3,4

[(0, 0), (4, 1), (3, 2), (4, 2), (5, 2)]H3,4 [(0, 0), (5, 1), (3, 2), (4, 2), (5, 2)]H3,4

[(0, 0), (4, 1), (6, 2), (7, 2), (8, 2)]H3,4 [(0, 0), (5, 1), (6, 2), (7, 2), (8, 2)]H3,4

[(0, 0), (6, 1), (0, 2), (1, 2), (2, 2)]H3,4 [(0, 0), (7, 1), (0, 2), (1, 2), (2, 2)]H3,4

[(0, 0), (6, 1), (3, 2), (4, 2), (5, 2)]H3,4 [(0, 0), (7, 1), (3, 2), (4, 2), (5, 2)]H3,4

[(0, 0), (6, 1), (6, 2), (7, 2), (8, 2)]H3,4 [(0, 0), (7, 1), (6, 2), (7, 2), (8, 2)]H3,4

[(0, 0), (8, 1), (0, 2), (1, 2), (2, 2)]H3,4 [(0, 0), (8, 1), (3, 2), (4, 2), (5, 2)]H3,4

[(0, 0), (8, 1), (6, 2), (7, 2), (8, 2)]H3,4
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H3,5 [(0, 0), (0, 1), (1, 2), (0, 2), (1, 1)]H3,5 [(0, 0), (1, 1), (1, 2), (2, 2), (0, 1)]H3,5

[(0, 0), (0, 1), (4, 2), (3, 2), (1, 1)]H3,5 [(0, 0), (1, 1), (4, 2), (5, 2), (0, 1)]H3,5

[(0, 0), (0, 1), (7, 2), (6, 2), (1, 1)]H3,5 [(0, 0), (1, 1), (7, 2), (8, 2), (0, 1)]H3,5

[(0, 0), (2, 1), (1, 2), (0, 2), (3, 1)]H3,5 [(0, 0), (3, 1), (1, 2), (2, 2), (2, 1)]H3,5

[(0, 0), (2, 1), (4, 2), (3, 2), (3, 1)]H3,5 [(0, 0), (3, 1), (4, 2), (5, 2), (2, 1)]H3,5

[(0, 0), (2, 1), (7, 2), (6, 2), (3, 1)]H3,5 [(0, 0), (3, 1), (7, 2), (8, 2), (2, 1)]H3,5

[(0, 0), (4, 1), (1, 2), (0, 2), (5, 1)]H3,5 [(0, 0), (5, 1), (1, 2), (2, 2), (4, 1)]H3,5

[(0, 0), (4, 1), (4, 2), (3, 2), (5, 1)]H3,5 [(0, 0), (5, 1), (4, 2), (5, 2), (4, 1)]H3,5

[(0, 0), (4, 1), (7, 2), (6, 2), (5, 1)]H3,5 [(0, 0), (5, 1), (7, 2), (8, 2), (4, 1)]H3,5

[(0, 0), (6, 1), (1, 2), (0, 2), (7, 1)]H3,5 [(0, 0), (8, 1), (0, 2), (1, 2), (7, 1)]H3,5

[(0, 0), (6, 1), (3, 2), (2, 2), (7, 1)]H3,5 [(0, 0), (8, 1), (2, 2), (3, 2), (7, 1)]H3,5

[(0, 0), (6, 1), (5, 2), (4, 2), (7, 1)]H3,5 [(0, 0), (8, 1), (4, 2), (5, 2), (7, 1)]H3,5

[(0, 0), (6, 1), (7, 2), (6, 2), (7, 1)]H3,5 [(0, 0), (8, 1), (6, 2), (8, 2), (6, 1)]H3,5

[(0, 0), (7, 1), (8, 2), (7, 2), (8, 1)]H3,5

Example A.22 An H3,6-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2} ∪ L3

Z9×{1}, Z9×{2}:
The union of the orbits of the following H3,6-blocks under the permutation (i, j) →
(i + 1, j) for i ∈ Z9, j ∈ Z3 form an H3,6-decomposition of K3

Z9×{0}, Z9×{1}, Z9×{2} ∪
L3

Z9×{1}, Z9×{2}.

[(0, 0), (0, 2), (0, 1), (3, 1), (1, 2)]H3,6 [(0, 0), (2, 1), (0, 2), (3, 2), (8, 1)]H3,6

[(0, 0), (1, 2), (0, 1), (3, 1), (2, 2)]H3,6 [(0, 0), (2, 1), (1, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (2, 2), (0, 1), (3, 1), (3, 2)]H3,6 [(0, 0), (2, 1), (2, 2), (5, 2), (8, 1)]H3,6

[(0, 0), (3, 2), (0, 1), (3, 1), (4, 2)]H3,6 [(0, 0), (2, 1), (6, 2), (7, 2), (6, 1)]H3,6

[(0, 0), (4, 2), (0, 1), (3, 1), (5, 2)]H3,6 [(0, 0), (4, 1), (0, 2), (5, 2), (3, 1)]H3,6

[(0, 0), (5, 2), (0, 1), (3, 1), (6, 2)]H3,6 [(0, 0), (4, 1), (1, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (6, 2), (0, 1), (3, 1), (7, 2)]H3,6 [(0, 0), (4, 1), (2, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (7, 2), (0, 1), (3, 1), (8, 2)]H3,6 [(0, 0), (4, 1), (3, 2), (7, 2), (2, 1)]H3,6

[(0, 0), (8, 2), (0, 1), (3, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (0, 2), (1, 2), (3, 1)]H3,6

[(0, 0), (0, 2), (1, 1), (6, 1), (8, 2)]H3,6 [(0, 0), (8, 1), (3, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (1, 2), (1, 1), (6, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (4, 2), (7, 2), (5, 1)]H3,6

[(0, 0), (3, 2), (1, 1), (6, 1), (2, 2)]H3,6 [(0, 0), (8, 1), (5, 2), (8, 2), (7, 1)]H3,6

[(0, 0), (4, 2), (1, 1), (6, 1), (3, 2)]H3,6 [(0, 0), (7, 1), (0, 2), (4, 2), (2, 1)]H3,6

[(0, 0), (5, 2), (1, 1), (6, 1), (4, 2)]H3,6 [(0, 0), (7, 1), (1, 2), (5, 2), (4, 1)]H3,6

[(0, 0), (6, 2), (1, 1), (6, 1), (5, 2)]H3,6 [(0, 0), (7, 1), (2, 2), (6, 2), (6, 1)]H3,6

[(0, 0), (7, 2), (1, 1), (6, 1), (1, 2)]H3,6 [(0, 0), (7, 1), (3, 2), (7, 2), (8, 1)]H3,6

[(0, 0), (8, 2), (1, 1), (2, 1), (1, 2)]H3,6 [(0, 0), (5, 1), (0, 2), (3, 2), (3, 1)]H3,6

[(0, 0), (8, 2), (4, 1), (5, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (1, 2), (4, 2), (6, 1)]H3,6
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[(0, 0), (8, 2), (6, 1), (7, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (2, 2), (5, 2), (6, 1)]H3,6

[(0, 0), (2, 2), (6, 1), (8, 1), (3, 2)]H3,6 [(0, 0), (5, 1), (6, 2), (7, 2), (2, 1)]H3,6

[(0, 1), (2, 1), (0, 2), (1, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (0, 1), (1, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (2, 2), (3, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (2, 1), (3, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (4, 2), (5, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (4, 1), (5, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (7, 2), (8, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (7, 1), (8, 1), (8, 2)]H3,6

[(0, 1), (4, 1), (0, 2), (1, 2), (2, 1)]H3,6 [(0, 2), (4, 2), (0, 1), (1, 1), (2, 2)]H3,6

[(0, 1), (3, 2), (2, 2), (1, 1), (0, 0)]H3,6

Example A.23 An H3,6-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2} ∪ L3

Z9×{1}, Z9×{2} ∪
K3

Z9×{1}, Z9×{2}, {∞}: The union of the orbits of the following H3,6-blocks form an

H3,6-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2} ∪ L3

Z9×{1}, Z9×{2} ∪ K3
Z9×{1}, Z9×{2}, {∞}

under the permutation (i, j) → (i + 1, j) for i ∈ Z9, j ∈ Z3 and ∞ → ∞.

[(0, 0), (0, 2), (0, 1), (3, 1), (1, 2)]H3,6 [(0, 0), (2, 1), (0, 2), (3, 2), (8, 1)]H3,6

[(0, 0), (1, 2), (0, 1), (3, 1), (2, 2)]H3,6 [(0, 0), (2, 1), (1, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (2, 2), (0, 1), (3, 1), (3, 2)]H3,6 [(0, 0), (2, 1), (2, 2), (5, 2), (8, 1)]H3,6

[(0, 0), (3, 2), (0, 1), (3, 1), (4, 2)]H3,6 [(0, 0), (2, 1), (6, 2), (7, 2), (6, 1)]H3,6

[(0, 0), (4, 2), (0, 1), (3, 1), (5, 2)]H3,6 [(0, 0), (4, 1), (0, 2), (5, 2), (3, 1)]H3,6

[(0, 0), (5, 2), (0, 1), (3, 1), (6, 2)]H3,6 [(0, 0), (4, 1), (1, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (6, 2), (0, 1), (3, 1), (7, 2)]H3,6 [(0, 0), (4, 1), (2, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (7, 2), (0, 1), (3, 1), (8, 2)]H3,6 [(0, 0), (4, 1), (3, 2), (7, 2), (2, 1)]H3,6

[(0, 0), (8, 2), (0, 1), (3, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (0, 2), (1, 2), (3, 1)]H3,6

[(0, 0), (0, 2), (1, 1), (6, 1), (8, 2)]H3,6 [(0, 0), (8, 1), (3, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (1, 2), (1, 1), (6, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (4, 2), (7, 2), (5, 1)]H3,6

[(0, 0), (3, 2), (1, 1), (6, 1), (2, 2)]H3,6 [(0, 0), (8, 1), (5, 2), (8, 2), (7, 1)]H3,6

[(0, 0), (4, 2), (1, 1), (6, 1), (3, 2)]H3,6 [(0, 0), (7, 1), (0, 2), (4, 2), (2, 1)]H3,6

[(0, 0), (5, 2), (1, 1), (6, 1), (4, 2)]H3,6 [(0, 0), (7, 1), (1, 2), (5, 2), (4, 1)]H3,6

[(0, 0), (6, 2), (1, 1), (6, 1), (5, 2)]H3,6 [(0, 0), (7, 1), (2, 2), (6, 2), (6, 1)]H3,6

[(0, 0), (7, 2), (1, 1), (6, 1), (1, 2)]H3,6 [(0, 0), (7, 1), (3, 2), (7, 2), (8, 1)]H3,6

[(0, 0), (8, 2), (1, 1), (2, 1), (1, 2)]H3,6 [(0, 0), (5, 1), (0, 2), (3, 2), (3, 1)]H3,6

[(0, 0), (8, 2), (4, 1), (5, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (1, 2), (4, 2), (6, 1)]H3,6
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[(0, 0), (8, 2), (6, 1), (7, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (2, 2), (5, 2), (6, 1)]H3,6

[(0, 0), (2, 2), (6, 1), (8, 1), (3, 2)]H3,6 [(0, 0), (5, 1), (6, 2), (7, 2), (2, 1)]H3,6

[(0, 1), (2, 1), (2, 2), (3, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (2, 1), (3, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (4, 2), (5, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (4, 1), (5, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (7, 2), (8, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (7, 1), (8, 1), (8, 2)]H3,6

[(0, 1), (4, 1), (0, 2), (1, 2), (2, 1)]H3,6 [(0, 2), (4, 2), (0, 1), (1, 1), (2, 2)]H3,6

[∞, (0, 1), (1, 2), (3, 2), (2, 1)]H3,6 [∞, (4, 2), (0, 1), (2, 1), (1, 2)]H3,6

[∞, (0, 1), (7, 2), (8, 2), (6, 1)]H3,6 [∞, (6, 2), (0, 1), (1, 1), (8, 2)]H3,6

[(0, 1), (0, 2), (2, 2), (2, 1),∞]H3,6 [(0, 1), (3, 2), (2, 2), (1, 1), (0, 0)]H3,6

Example A.24 An H3,6-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2} ∪ L3

Z9×{1}, Z9×{2} ∪
K3

Z9×{1}, Z9×{2}, {∞1,∞2}: The union of the orbits of the following H3,6-blocks under

the permutation (i, j) → (i + 1, j) for i ∈ Z9, j ∈ Z3 and ∞k → ∞k form an H3,6-
decomposition of K3

Z9×{0}, Z9×{1}, Z9×{2} ∪ L3
Z9×{1}, Z9×{2} ∪ K3

Z9×{1}, Z9×{2}, {∞1,∞2}.

[(0, 0), (0, 2), (0, 1), (3, 1), (1, 2)]H3,6 [(0, 0), (2, 1), (0, 2), (3, 2), (8, 1)]H3,6

[(0, 0), (1, 2), (0, 1), (3, 1), (2, 2)]H3,6 [(0, 0), (2, 1), (1, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (2, 2), (0, 1), (3, 1), (3, 2)]H3,6 [(0, 0), (2, 1), (2, 2), (5, 2), (8, 1)]H3,6

[(0, 0), (3, 2), (0, 1), (3, 1), (4, 2)]H3,6 [(0, 0), (2, 1), (6, 2), (7, 2), (6, 1)]H3,6

[(0, 0), (4, 2), (0, 1), (3, 1), (5, 2)]H3,6 [(0, 0), (4, 1), (0, 2), (5, 2), (3, 1)]H3,6

[(0, 0), (5, 2), (0, 1), (3, 1), (6, 2)]H3,6 [(0, 0), (4, 1), (1, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (6, 2), (0, 1), (3, 1), (7, 2)]H3,6 [(0, 0), (4, 1), (2, 2), (4, 2), (8, 1)]H3,6

[(0, 0), (7, 2), (0, 1), (3, 1), (8, 2)]H3,6 [(0, 0), (4, 1), (3, 2), (7, 2), (2, 1)]H3,6

[(0, 0), (8, 2), (0, 1), (3, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (0, 2), (1, 2), (3, 1)]H3,6

[(0, 0), (0, 2), (1, 1), (6, 1), (8, 2)]H3,6 [(0, 0), (8, 1), (3, 2), (6, 2), (3, 1)]H3,6

[(0, 0), (1, 2), (1, 1), (6, 1), (0, 2)]H3,6 [(0, 0), (8, 1), (4, 2), (7, 2), (5, 1)]H3,6

[(0, 0), (3, 2), (1, 1), (6, 1), (2, 2)]H3,6 [(0, 0), (8, 1), (5, 2), (8, 2), (7, 1)]H3,6

[(0, 0), (4, 2), (1, 1), (6, 1), (3, 2)]H3,6 [(0, 0), (7, 1), (0, 2), (4, 2), (2, 1)]H3,6

[(0, 0), (5, 2), (1, 1), (6, 1), (4, 2)]H3,6 [(0, 0), (7, 1), (1, 2), (5, 2), (4, 1)]H3,6

[(0, 0), (6, 2), (1, 1), (6, 1), (5, 2)]H3,6 [(0, 0), (7, 1), (2, 2), (6, 2), (6, 1)]H3,6

[(0, 0), (7, 2), (1, 1), (6, 1), (1, 2)]H3,6 [(0, 0), (7, 1), (3, 2), (7, 2), (8, 1)]H3,6

[(0, 0), (8, 2), (1, 1), (2, 1), (1, 2)]H3,6 [(0, 0), (5, 1), (0, 2), (3, 2), (3, 1)]H3,6

[(0, 0), (8, 2), (4, 1), (5, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (1, 2), (4, 2), (6, 1)]H3,6

[(0, 0), (8, 2), (6, 1), (7, 1), (2, 2)]H3,6 [(0, 0), (5, 1), (2, 2), (5, 2), (6, 1)]H3,6
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[(0, 0), (2, 2), (6, 1), (8, 1), (3, 2)]H3,6 [(0, 0), (5, 1), (6, 2), (7, 2), (2, 1)]H3,6

[(0, 1), (2, 1), (4, 2), (5, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (4, 1), (5, 1), (8, 2)]H3,6

[(0, 1), (2, 1), (7, 2), (8, 2), (8, 1)]H3,6 [(0, 2), (2, 2), (7, 1), (8, 1), (8, 2)]H3,6

[(0, 1), (4, 1), (0, 2), (1, 2), (2, 1)]H3,6 [(0, 2), (4, 2), (0, 1), (1, 1), (2, 2)]H3,6

[∞1, (0, 1), (1, 2), (3, 2), (2, 1)]H3,6 [∞1, (4, 2), (0, 1), (2, 1), (1, 2)]H3,6

[∞1, (0, 1), (7, 2), (8, 2), (6, 1)]H3,6 [∞1, (6, 2), (0, 1), (1, 1), (8, 2)]H3,6

[∞2, (0, 1), (1, 2), (3, 2), (4, 1)]H3,6 [∞2, (4, 2), (0, 1), (2, 1), (3, 2)]H3,6

[∞2, (0, 1), (5, 2), (6, 2), (2, 1)]H3,6 [∞2, (8, 2), (0, 1), (1, 1), (6, 2)]H3,6

[(0, 1), (0, 2), (2, 2), (2, 1),∞1]H3,6 [(2, 1), (2, 2), (0, 1), (0, 2),∞2]H3,6

[(0, 1), (3, 2), (2, 2), (1, 1), (0, 0)]H3,6

Example A.25 An H3,6-decomposition of K3
Z9×{0}, Z9×{1}, Z9×{2}, Z9×{3}:

The union of the orbits of the following H3,6-blocks under the permutation (i, j) →
(i + 1, j) and (i, j) → (i, j + 1) for i ∈ Z9, j ∈ Z4 form an H3,6-decomposition of
K3

Z9×{0}, Z9×{1}, Z9×{2}, Z9×{3}.

[(0, 1), (0, 2), (0, 0), (8, 3), (1, 1)]H3,6 [(0, 1), (1, 2), (0, 0), (6, 3), (6, 1)]H3,6

[(1, 1), (8, 2), (0, 0), (2, 3), (7, 1)]H3,6 [(1, 1), (0, 2), (0, 0), (0, 3), (3, 1)]H3,6

[(2, 1), (7, 2), (0, 0), (5, 3), (5, 1)]H3,6 [(2, 1), (8, 2), (0, 0), (3, 3), (0, 1)]H3,6

[(3, 1), (6, 2), (0, 0), (8, 3), (2, 1)]H3,6 [(3, 1), (7, 2), (0, 0), (6, 3), (7, 1)]H3,6

[(4, 1), (5, 2), (0, 0), (2, 3), (8, 1)]H3,6 [(4, 1), (6, 2), (0, 0), (0, 3), (5, 1)]H3,6

[(5, 1), (4, 2), (0, 0), (5, 3), (6, 1)]H3,6 [(5, 1), (5, 2), (0, 0), (3, 3), (1, 1)]H3,6

[(6, 1), (3, 2), (0, 0), (8, 3), (3, 1)]H3,6 [(6, 1), (4, 2), (0, 0), (6, 3), (8, 1)]H3,6

[(7, 1), (2, 2), (0, 0), (2, 3), (0, 1)]H3,6 [(7, 1), (3, 2), (0, 0), (0, 3), (4, 1)]H3,6

[(8, 1), (1, 2), (0, 0), (5, 3), (4, 1)]H3,6 [(8, 1), (2, 2), (0, 0), (3, 3), (2, 1)]H3,6

[(0, 1), (2, 2), (0, 0), (4, 3), (3, 1)]H3,6 [(5, 1), (6, 2), (0, 0), (1, 3), (6, 1)]H3,6

[(1, 1), (1, 2), (0, 0), (7, 3), (8, 1)]H3,6 [(6, 1), (5, 2), (0, 0), (4, 3), (4, 1)]H3,6

[(2, 1), (0, 2), (0, 0), (1, 3), (5, 1)]H3,6 [(7, 1), (4, 2), (0, 0), (7, 3), (1, 1)]H3,6

[(3, 1), (8, 2), (0, 0), (4, 3), (2, 1)]H3,6 [(8, 1), (3, 2), (0, 0), (1, 3), (7, 1)]H3,6

[(4, 1), (7, 2), (0, 0), (7, 3), (0, 1)]H3,6
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