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Abstract

Adamus and Adamus in 2012 proposed the following conjecture: Let D
be a bipartite digraph with colour classes X and Y such that | X|=a <
b=|Y|. Ifd*(u)+d (v) > “L2 whenever u and v lie in opposite colour
classes and uwv ¢ A(D), then D contains a cycle of length 2a. Adamus
and Adamus have proved that this conjecture is true when a = b. In this
paper, we show that this conjecture is true when b =a +1 or b = a + 2.

1 Introduction and terminology

We shall assume that the reader is familiar with the standard terminology on digraphs
and refer the reader to [4] for terminology not defined here. Let D be a digraph with
vertex set V(D) and arc set A(D). For a set S C V(D), we denote by N*(S) the
set of vertices dominated by the vertices of S, i.e., NT(S) = {v € V(D) : wv €
A(D) for some u € S}. Similarly, N~ (S) denotes the set of vertices dominating the
vertices of S, i.e., N7(S) = {v € V(D) : vu € A(D) for some u € S}. If S = {u},
then the cardinality of N*(v) (resp. N~ (v)), denoted by d*(v) (resp. d~(v)) is
called the out-degree (resp. in-degree) of v in D. For uw € V(D) and W C V(D),
we set Nib(u) (resp. Ny, (u)) to be the set of vertices of W dominated by (resp.
dominating) u, and denote its cardinality by dj,(u) (resp. dyy(u)).

Let P = yoy1...yx and Q = qoq - - - ¢, be two vertex disjoint paths or cycles in
D. For i < j, y;,y; € V(P) we denote by Ply;,y;] the subpath of P from y; to y;.
If there exist y; € V(P) and ¢; € V(Q) such that y;q; € A(D), then we will use
Plyo, vi]Q[;, gx] to denote the path yoyi - .. ¥igjgj+1 - - G-

Let D be a bipartite digraph with colour classes X and Y. We say that D is
balanced if | X| = |Y|. A matching from X to Y is an independent set of arcs with
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origin in X and terminus in Y. When the cardinality of M is |X|, we say that M
saturates X. A path or cycle is said to be compatible with a matching M from X
to Y (or, M-compatible, for short) if its arcs are alternately in M and in A(D) \ M.
For a matching M from X to Y and a vertex = € X, we will denote by M(z) the
unique vertex y € Y such that xy € M; similarly, for a vertex y € Y, we will denote
by M~'(y) the unique vertex z € X such that xy € M.

There are numerous sufficient conditions for existence of cycles in bipartite di-
graphs (see [1, 2, 3, 6, 7]). In particular, Manoussakis and Milis [6] present a condition
based on half-degrees, which suffices for the existence of a cycle of length twice the
cardinality of the smaller colour class in a bipartite digraph.

Theorem 1.1. [6] Let D be a bipartite digraph with colour classes X and'Y such
that | X| =a <b=|Y|. If

d*(u) +d (v) > a+2,
whenever u,v € V(D) and uv ¢ A(D), then D contains a cycle of length 2a.

Motivated by this theorem, Adamus and Adamus proposed the following conjec-
ture.

Conjecture 1.2. [1] Let D be a bipartite digraph with colour classes X and Y such
that | X|=a <b=1Y|. If

a+b+2

a* () +d-(v) > T

(1)
whenever u and v lie in opposite colour classes and uv ¢ A(D), then D contains a
cycle of length 2a.

In Conjecture 1.2, if we write b = a + k, then the condition (1) can be rewritten
into d*(u) + d~(v) > a+2+ |%4]. In [1], Adamus and Adamus have proved that
when k£ = 0, the conjecture is true. In this paper, we shall show that the conjecture
is true when k =1 or k = 2.

2 The main result

Similarly to Definition 1.1 in [1], we introduce the following definition.

Definition 2.1. Let D be a bipartite digraph with colour classes X and Y such that
|X| =a <b=|Y]|. Forn >0, we say that D satisfies condition A if and only if
d™(u) +d~(v) > a+n, for all u and v from opposite colour classes and uv ¢ A(D).

The following easy facts will be very useful in our proofs of the main result. The
proof of Lemmas 2.2, 2.4 and 2.5 is similar to the proof of Lemmas 2.1, 2.3, 2.4,
respectively, in [1].
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Lemma 2.2. If D satisfies condition Aj, then D contains a matching from X toY,
which saturates X .

Proof. By the well-known Kénig-Hall theorem [5], it suffices to prove that, for every
S CX,|INt(S)| >|S|. If INT(S)| > a, then there is nothing to show; if not, for any
re€Sand y e Y\ NT(S), then xy ¢ A(D). By assumption,

a <d¥(z)+d (y) <INT(S)|+a—1S],
from which |[NT(S)| > |S], as required. O

Let D be a bipartite digraph with colour classes X and Y, where |X| = a and
Y| = a + k for some k > 1. Throughout the rest of this paper, by a matching
M, we shall always mean a matching which saturates X. For Lemmas 2.3-2.5, we
choose a matching M and let P = p1py...ps be a path in D compatible with M,
and of maximal length among paths compatible with M. Denote @ = V(D) \ V(P),
Qx = QNX, Qy =QNY, Q ={u € Qy | vu ¢ M, forevery v € Qx},
Py =V(P)NX and Py =V(P)NY.

Lemma 2.3. If D satisfies condition A, then we can choose P such that each of
the following holds:

(a) If s is even, then py € X and ps € Y.
(b) If s is odd, then py €Y and ps € Y.

(c) Inithe first case, df _(ps) = dg, (p1) = 0; in the second case, dj (ps) =

o\ (p2) = 0.

Proof. 1f p; € X, then, by the maximality of P, it must be M(ps) € V(P). But if s
is odd, then it is impossible. Hence ps € Y. If s is even, then M (ps) = p; and Pp;
is, in fact, a cycle. We can renumber its vertices so that p; € X and hence, p; € Y.

Now clearly by the maximality of P, we have dgx (ps) = 0, and if s is even, then
dg, (p1) = 0. Suppose that s is odd. If déy\Q,(pg) > 0, then there exists y € Qy\Q’

such that yp, € A(D). But the path M~!(y)ypa . .. ps is a longer M-compatible path
than P, a contradiction. Hence d, , o/ (p2) =0 O

Lemma 2.4. Let D satisfy condition A;. If psp1 € A(D), then D has a cycle of
length 2a compatible with M.

Proof. Suppose, on the contrary, that the cycle pips...psp1 is not Hamiltonian.
Hence Qy # (). Let p; € Py andy € Qy. If y — p;, then the path y P[p;, ps] P[p1, pi_1]
is strictly longer than P and compatible with M, a contradiction. Thus yp; ¢ A(D)
for all p; € Px and all y € Q)y, and so

1 1
a+1<d(y)+d (p) < (a=-58) +35=q,

a contradiction. O



R. WANG AND J. GUO / AUSTRALAS. J. COMBIN. 67 (1) (2017), 1-10 4

Lemma 2.5. Let D be a bipartite digraph with colour classes X and Y such that
I X| =a and |Y| = a+ k, where a > 2 and k =1 or k = 2. If d*(u) +d (v) >
a+2+ %], where u and v lie in opposite colour classes and wv ¢ A(D), then D
contains a cycle of length at least a, compatible with M.

Proof. By Lemma 2.3, we may assume that p, € Y. Suppose that s is even. If
psp1 € A(D), then, by Lemma 2.4, D has a cycle of length 2a, compatible with M.
Next assume that p,p; ¢ A(D). By Lemma 2.3(c), dg(p1) = dg(ps) = 0. Therefore,
by assumption,

a+2§a+2+L§J < AT (ps) +d(p1) = d py(ps) + dy py (1),

a+2 a+2

and hence dv(P) (ps) > or else dyp) (p1) = In the first case, let iy = min{i :

pspi € A(D)}. Then P[pzo,ps]pzo is a cycle of length at least 2dJr p)(ps), which is
greater than or equal to a + 2. In the latter case, the desired cycle is obtained
similarly by considering the vertex p; which dominates p; such that j is maximum.

Suppose that s is odd. First assume that p, — po. If Qx = (), then P[ps, ps|ps is a
cycle of length 2a and compatible with M. Thus assume that Qx # 0, which implies
that Qy \ @ # 0. For any y € Qy \ Q' and p; € Px, we have y - p;, otherwise the
path M~ (y)yP[p;, ps| P[pa, pi_1] is strictly longer than P and compatible with M, a
contradiction. In particular, y - p,. By assumption,

a+2+ 5] <)+ d-() < 1Qx] + (11 + A
—(a—

a contradiction. Next assume that p; - po. By assumption,

s—1

—1
)+(k—1+ST—|—1):a+k,

k B _ _
a+2+ 5] <d*(ps) +d"(p2) = dy(p) (ps) + dy ) (P2) + i (p2)
<d+ (ps) + dV(P) (pz) +k—1

and hence d‘t(P)(ps) +dypy(p2) = a+3+ |%] —k > a+2. Thus, dV(P)(pS) > af2
or else dy, p(p2) = > a2,
such that ¢ is minimum. The cycle P[p;, ps|p; has length at least 2dv( P)( ps), which
is greater than or equal to a + 2. In the latter case, we consider the vertex p; which
dominates ps such that j is maximum. The cycle P[ps,pjps has length at least

2(dy(py(p2) — 1), which is greater than or equal to a. O

In the first case, we consider the vertex p; dominated by ps,

The following theorem is our main result.

Theorem 2.6. Let D be a bipartite digraph with colour classes X and Y such that
I X|=aand |Y|=a+k, wherea>2 andk=1ork=2. If

dt(u)+d (v) >a+2+ LSJ,

whenever u and v lie in opposite colour classes and uv ¢ A(D), then D contains a
cycle of length 2a.
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Proof. By Lemma 2.2, D contains a matching from X to Y, which saturates X
and by Lemma 2.5, D contains a cycle of length at least a, compatible with some
matching in D. Choose M a matching from X to Y, and a cycle C, of length 2m,
compatible with M in such a way that C is of maximal length among all the cycles
in D compatible with some matching from X to Y. Write C = x1y; . .. 2y, with
x, € X and y, € Y for 1 <v < m. By Lemma 2.5, we have 2m > a.

We want to show that m = a. Suppose otherwise. Then we can choose a path
P, of order s > 2, contained in D\V(C'), compatible with M and of maximal length
among such paths in D\V(C). Write P = pip,...p, and denote |5] = p. Let R
denote the remaining vertices of D, i.e., R = V(D)\(V(C)UV(P)). Also, we define
that Ry = XNR, Ry =Y NR, and R' = {u € Ry | vu ¢ M, for all v € X}. Denote
|Rx| =r. If sis even, then |V(P)| = s=2p, |R'| =k and |Ry| =7+ k; If s is odd,
then |[V(P)| = s=2p+1, |R| =k—1and |Ry| = r+k—1. Therefore, a = m+p+r
and 2p 4 2r = 2a — 2m < a.

Since P is a maximal path in D\V(C') compatible with M, similar to the proof
of Lemma 2.3, then we can easily prove that the following hold for the path P:

(i) If s is even, then d}.(ps) = 0 and dp(p1) = 0;
(ii) If s is odd, then d}(ps) = 0 and dp/p(p2) =0.

To complete the proof, we now consider the following two cases.
Case 1. s is even.
Subcase 1.1. dv(c (ps) =0 and d ) (p1) > 0.

Let then y; € V(C') be such that y;p; € A(D). It follows from the maximality of
C' that dy py(2i41) = 0. In particular, psair1 & A(D), and hence

k _ _ _
a+2+[7] <d(ps) + A (xis1) = dipy (Ps) + (dy oy (Tis1) + dp(Tit1))

<p+(m+r+k)=a+k,

a contradiction.
Subcase 1.2. dV(C (ps) =0 and dy; ¢ (p1) = 0.
If psp1 ¢ A(D), then, by assumption,
a+2+ LSJ < dF(ps) +d”(p1) = dy py(ps) + dypy(p1) < 2(p— 1) < a

a contradiction. Therefore pspy € A(D), and so P is a cycle. Hence dy, g (pi) = 0
and d‘t(R) (p;) =0, for all p; € Px and all p; € Py by the maximality of P. Suppose
now that dy, ,(p;) = 0 for a p; € Py, we have

k _ _ _
a+2+ 5] <d"(p)) +d" (1) = dyp)(py) + (dy()(11) + dg (1))
<p+(m+r+k)=a+k,
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a contradiction. Hence, there exist x; € V(C') N X and p; € Py such that p;z; €
A(D). Tt follows from the maximality of C' that d‘t(p)(yi—ﬂ = 0. In particular,
yi—1p1 ¢ A(D), and hence

a+2+ LgJ <d"(yi-1) +d"(p1) = (dy oy (Yim1) + dg(Yi-1)) + dy py (P1)

<(m+r)+p=a,
a contradiction.

Subcase 1.3. d}} ) (ps) > 0 and dy, ¢ (p1) = 0.

Let then z; € V(C') be such that psz; € A(D). It follows from the maximality of
C' that dJ‘;(P)(yi_l) = 0. In particular, y;_1p; ¢ A(D), and hence

k _ _
a+2+ L§J <d"(yi1) +d” (1) = (A o) (¥i-1) + A (Yi-1)) + dypy (1)
<(m+r)+p=a,

a contradiction.
Subcase 1.4. d}} . (ps) > 0 and dy, ¢y (p1) > 0.

There exist z;, and y;, on C such that y;,;p1 € A(D) and p,x;, € A(D). Without
loss of generality, assume that jo = 1 and ig = m — [. Denote C" = Clzy_14+1, Ym]
and C” = C[y1, X;m—i]. Then the order of C” is 2] and the order of C" is 2(m — [ —1).
Note that [ > p, because otherwise the cycle psC[z1, Ym_1] Plp1, ps] would be strictly
longer than C' and compatible with M, a contradiction. Assume, without loss of
generality, that y,p; ¢ A(D) for all y, € V(C’) and pszx, ¢ A(D) for all z, € V(C").

Now we claim that
de;(c) (ps) + d\;(c) (p1) <m—1+1and dJ\;(cu)(ym) + d\;(cu)(xmflﬂ) <m-—Il-1

Note that for every pair of vertices y;, 441 from V(C”) at most one of the arcs psxyyq
and yyp; belongs to A(D). For else D would contain a cycle p,Clzii1, yi| P[p1, psl,
which is strictly longer than C' and compatible with M, a contradiction. There is
precisely m —[ —1 of such pairs. Accounting for y,, ;p; and p,x1, we get the required
estimate

Aoy (s) +dyiey(p1) S (m—=1—-1)+2=m—1+1

Analogously, for every pair of vertices y;, x;1 from V(C”) at most one of the arcs
YmTir1 and ;2,41 belongs to A(D). For otherwise D would contain a cycle
Plp1, ps]Cl1, Y] Clem—141, Ym]ClTr41, Ym—i]p1, Which is strictly longer than C, a con-
tradiction. There are precisely m — [ — 1 of such pairs. Then, we get the required
estimate d‘t(c//)(ym) + dy(ony(Tm-141) < m — 1 — 1. Hence, the claim holds.



R. WANG AND J. GUO / AUSTRALAS. J. COMBIN. 67 (1) (2017), 1-10 7
It pop1 ¢ A(D), then

0+ 2+ 5] <A ) +d ()

=(dy 0y (ps) + dy oy (P1) + (Y (py (Ps) + dyp) (P1))
S(m—p+1)+2(p—1)—m+p—1<a,

a contradiction. Therefore psp; € A(D), and so Pp; is, in fact, a cycle.

We shall show that Ry = (). Suppose otherwise. Let P’ be a maximal path in
R, compatible with M. Write P’ = p|p;...p;. By Lemma 2.3, we may, without loss
of generality, assume that p; € Ry. Note that p/, € Rx where v = 1 if ¢ is even and
v =2if t is odd. Since P is a maximal path in D\V(C) Compatible with M, we
have that dy, p(p)) = d+ py(pt) = 0. Moreover, dV(C (Pt) + dy ) () < m, because

for every pair of vertices yz, x;11 on C at most one of the arcs yzpl, and pjx;, 1 exists
(by the maximality of C'). Hence

d™(py) +d~(p),) = dy oy (P1) + dyoy (1) + dp(p}) + dp(p,,) < m+2r +F,

and so

%0 +4-+2|5] <d* () + 4 (o) + 4 () + 4 (2]
=(d*(p}) +d~(p,)) + (d"(ps) + d”(p1))
<(m 42 + k) + df oy (ps) + diyey (01) + A5 (o (Ps) + dyy ) (p1)
<(m+2r+k)+(m—p+1+2p)

=2m+2r+p+k+1
<2a+k+1,

a contradiction. Hence r = 0 and a = m + p.

By the choices of z; and y,,_;, we have p; - x,,,41 and y,, - p;. By the
maximality of C', we have d P (Um) = dy(py (Tm-i11) = 0. Hence

2a—%4—%2LgJi§d+Q%)%—d(me1)+*f(ym)*‘dQﬁ)

=(d"(ps) +d"(p1)) + (d" (Ym) + d" (Tm-111))
<m—=1+142p)+(m—-1—-1+2+2+k)=2a+2+k,

a contradiction.
Case 2. s is odd.
Subcase 2.1. dj} ) (ps) = 0 and dy, ¢ (p2) > 0.

Let then y; € V(C) be such that y;p, € A(D). It follows from the maximality
of C' that dy p)(2it1) < 1 (p1air1 may belong to A(D)). Note that p,ziy1 ¢ A(D),
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therefore

| <dt(p) +d (z)

2
_d‘t(P)( o)+ (d‘_/(P) (1) + d;(C)($i+1) + dp(@it1))
<p+(Q+m+r+k—1)=a+k,

a+2+|

a contradiction.
Subcase 2.2. dv(c (ps) =0 and dy; ¢ (p2) = 0.

If pspe ¢ A(D), then, by assumption,

k _ _ _
a+2+ LgJ <d"(ps) +d " (p2) = d‘t(p)(ps) + (dV(P)(p2) + dp(p2))
<p-1)+{p+k—1)=2p+k—-2<a+k,

a contradiction. Therefore, psps € A(D) and denote P* = pops...pspe. For
any p; € V(P*)NY, if there exists v € Rx such that p; — w, then the path
Plpjt1,ps|Plpa, pjluM (u) is strictly longer than P and compatible with M, a con-
tradiction. Hence dj,(p;) = 0, for all p; € V(P*)NY. If d‘t(c)(pj) = 0 for all
p; € V(P*)NY, then, by assumption,

k _ _ _ _
a+2+ 5] <d"(ps) +d" (1) = dyp)(ps) + (dy()(11) + di (1) + dy ) (21))
<pt+(m+r+k—1+1)=a+k,

a contradiction. Hence, there exist z; € V(C) and p; € V(P*) NY such that

p;x; € A(D). It follows that dJ‘;(P)( 1) = 0. Hence, by assumption,

K| <at(yin) + d- ()

2
=(dy oy Wi1) + dg(yi-1)) + (dypy (P2) + dg (p2))
<(m+r)+(p+1+k—-1)=a+k,

a+2+|

a contradiction.
Subcase 2.3. dv(c (ps) > 0 and dy; ¢ (p2) = 0.
Let then z; € V(C) be such that psz; € A(D). It follows that d‘t(P)(yi_l) =0.
In particular, y;_1p2 ¢ A(D), and hence
koo .
a+2+ LgJ <d"(yi-1) +d " (p2)

:(dac) (Yi-1) + dg(yi-1)) + (d V(P )(p2) + dp(p2))
<(mAr)+(p+1+k-1)=a+k

a contradiction.
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Subcase 2.4. d‘t(c) (ps) > 0 and dy, ;) (p2) > 0.

There exist z;, and y;, on C such that y; ps € A(D) and psz;, € A(D). Without
loss of generality, assume jo = 1 and i = m — [. Denote C' = Clx,,_111, Ym| and
C" = Cly1, ®m—1]. Then the order of C' is 2[ and the order of C" is 2(m — [ — 1).
Note that [ > p, because otherwise the cycle psC[z1, Ym—1] P[p2, ps) would be strictly
longer than C' and compatible with M, a contradiction. Furthermore, we can choose
the z; and y,,—; so that y,ps ¢ A(D) for all y, € V(C") and psx, ¢ A(D) for all
z, € V(C').

Now we claim that
d\t(c) (ps) + d\_/(c) (p2) <m—1+1and dJ\;(c//)(ym) + d\_/(c//)($m—l+1) <m-—1l-1

Note that for every pair of vertices y;, 2441 from V(C”) at most one of the arcs psx41
and yyps belongs to A(D). For else D would contain a cycle psClzii1, y:|C[p2, psl,
which is strictly longer than C'. There are precisely m—[—1 of such pairs. Accounting
for y,,,—ip2 and psx1, we get the required estimate

dJr oy(ps) +dyoy(p2) < (m—1-1)+2=m—1+1.

Analogously, for every pair of vertices y;, x;1 from V(C”) at most one of the arcs
YmTir1 and ;2,141 belongs to A(D). For otherwise D would contain a cycle
Plp2, ps|Clx1, Y] Clxm—i41, Ym]C[Tts1, Ym—i]p2, which is strictly longer than C', a con-
tradiction. There are precisely m — [ — 1 of such pairs. Then, we get the required
estimate d‘t(c//)(ym) + dy(ony(Tm—141) < m — 1 — 1. Hence, the claim holds.

If paps ¢ A(D), then

a+2+ 5] 0 p) +d ()

=(dy 0y (Ds) + dye)(p2) + (dy ) (Ps) + diy(p) (P2)) + ds(p2)
<m-p+1)+2p—-1)+(k—-1)=m+p+k—-1<a+k—-1,

a contradiction. Therefore pspy, € A(D) and let P* denote the cycle ps ... pspo.

We shall show that Rx = (). Suppose otherwise. Let P’ be a maximal path in R
compatible with M. Write P’ = p)p,...p;. By Lemma 2.3, we may, without loss of
generality, assume that p, € Ry. Note that p/, € Ry where v = 1 if ¢ is even and
v =2if t is odd. Since P is a maximal path in D\V(C') compatible with M, we have
that dy, ) (p,) < 1 and d+ ) (P) = 0. Moreover, dJr o) (Ph) + dv(c) (p!,) < m, because
for every palr of vertices yz, xl+1 on C' at most one of the arcs y;p., and pjx; 1 exists
(by the maximality of C'). Hence

d*(p) + d” (1) =(dy () (P1) + dy ¢ (1) + (di(ph) + di(p,)
H(df ) (D)) + iy ) ()))
<m+2r+k-1)+1=m+2r+k
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and so
k
2a+4+2[5] <d*(p) +d"(p2) +d"(ps) +d"(r])

=(d"(p) +d"(p,)) + (d*(ps) +d" (p2))
<(m+2r+k)+(m—-p+1+2p+1+k—1)
=2m+2r+p+2k+1=2a—p+2k+1,

a contradiction. Hence, we have shown that r =0 and a = m + p.

Note that psz,—141 ¢ A(D) and y,,ps ¢ A(D). By the maximality of C, we have
dJ‘;(P) (Ym) = 0 and dy (py (Tm—14+1) < 1. Hence

20+ 4 + 2L§J <d"(ps) + A" (Zm-131) + d" (Ym) + d”(p2)

=(d"(ps) +d”(p2)) + (d" (ym) + d” (Tm-111))
<KMm—-Il+1+2p+1)+(Mm—-1—-1+2+20+k)
=2a+ 3+ k,

a contradiction. O
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