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Abstract

Let ngx be the largest order of a directed graph (digraph) with given
maximum out-degree d and diameter k. In this note we show that ng is
strictly monotonic increasing in each of d and k.

1 Introduction

By a digraph we mean a structure G = (V, A), where V(G) is a finite set of vertices,
and A(G) is a set of ordered pairs (u,v) of distinct vertices u,v € V(G) called arcs.
The order of the digraph G is the number of vertices in G. The distance from vertex
u to vertex v in G is the length of the shortest path from w to v. The diameter k of
a digraph G is the maximum distance between any two vertices in G.

An in-neighbour of a vertex v in a digraph G is a vertex u such that (u,v) € A(G).
Similarly, an out-neighbour of a vertex v is a vertex w such that (v,w) € A(G).
The in-degree, respectively out-degree, of a vertex v € V(G) is the number of its
in-neighbours, respectively out-neighbours, in GG. If both the in-degree and the out-
degree equals d for every vertex, then the digraph G is called a diregular digraph of
degree d.

Let (d, k)-digraph denote a directed graph of maximum out-degree d and diameter
k, and let ngj be the largest order of a (d, k)-digraph. Let n;, for 0 < i < k, be
the number of vertices at distance ¢ from a distinguished vertex. Then, n; < d¢, for
0 <17 < k. Hence,
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The number on the right-hand side of (1), denoted by Mgy, is called the Moore
bound for (d, k)-digraphs. A digraph whose order is equal to the Moore bound is
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called a Moore digraph. It is well known that ng, = M, only in the trivial cases
when d = 1 (directed cycles of length k + 1) or £k = 1 (complete digraphs of order
d+1).

In this note, we give a positive answer to the question concerning the degree/dia-
meter problem of digraphs asked in [1]: is ng4; monotonic in d and k?

2 On degree and diameter monotonicity of digraphs

Employing Kautz digraphs, we show that ngy is strictly monotonic increasing in &
and in d. These graphs are diregular digraphs of large order. Moreover, they are
iterated line digraphs of complete digraphs. The Kautz digraph of degree d and
diameter k has order d* + d*~! (see [1] and [2]).

Our proof is based on a relatively simple idea. The unknown optimal digraphs
must have at least as many vertices as the Kautz digraph, but no more than the
Moore digraph. Using the numbers d* + d*~! and d* + d*~1 + ... +d +1 as a lower
and an upper bound of n4y, respectively, we give an elementary proof of our claim.

Diameter monotonicity
Theorem 2.1 For each k,d > 1 holds ng 41 > ng -

ProoF. If d =1, then ngy = n1 i = My = k + 1. This implies
Nagt1 = Mpy1 =k +2>k+1=n1 = nap.

If d > 1, then we have

k+1_1

Nd k+1 2 korl + dk > korl > ﬁ 2 UZNT

Degree monotonicity
Theorem 2.2 For each k,d > 1 holds ngy1 5 > N -

Proor. If d =1, then we get
Napie =Nog > 28+ 281 > b+ 1= nyp = nay.
If d > 1, then we have
Nd+1,k Z (d + 1)k + (d + 1)]{71
= (d+2)(d+1)*!
d> d>
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