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Abstract

The concept of pendant tree-connectivity was introduced by Hager in
1985. For a graph G = (V,F) and a set S C V(G) of at least two
vertices, an S-Steiner tree or a Steiner tree connecting S (or simply, an
S-tree) is a subgraph T = (V', E’) of G that is a tree with S C V',
For an S-Steiner tree, if the degree of each vertex in S is equal to one,
then this tree is called a pendant S-Steiner tree. Two pendant S-Steiner
trees T and T are said to be internally disjoint if E(T)N E(T") = () and
V(T)NV(T') = S. For S C V(G) and |S| > 2, the local pendant tree-
connectivity 7¢(S) is the maximum number of internally disjoint pendant
S-Steiner trees in G. For an integer k£ with 2 < k < n, pendant tree
k-connectivity is defined as 7,(G) = min{7¢(5)|S C V(G),|S| = k}.
In this paper, we prove that for any two connected graphs G and H,

7(GOH) > min{SL%G)j,?)L#J}. Moreover, the bound is sharp.

1 Introduction

A processor network is expressed as a graph, where a node is a processor and an
edge is a communication link. Broadcasting is the process of sending a message
from the source node to all other nodes in a network. It can be accomplished by
message dissemination in such a way that each node repeatedly receives and forwards
messages. Some of the nodes and /or links may be faulty. However, multiple copies of
messages can be disseminated through disjoint paths. We say that the broadcasting
succeeds if all the healthy nodes in the network finally obtain the correct message
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from the source node within a certain limit of time. A lot of attention has been
devoted to fault-tolerant broadcasting in networks [10,15,17,36]. In order to measure
the ability of fault-tolerance, the above path structure connecting two nodes are
generalized into some tree structures connecting more than two nodes, see [19,21,25].

To show the properties of these generalizations clearly, we hope to start from
the connectivity in graph theory. We divide our introduction into the following four
subsections to state the motivations and our results of this paper.

1.1 Connectivity and k-connectivity

All graphs considered in this paper are undirected, finite and simple. We refer to
the book [2] for graph theoretical notation and terminology not described here. For
a graph G, let V(G), E(G) and §(G) denote the set of vertices, the set of edges and
the minimum degree of GG, respectively. Connectivity is one of the most basic con-
cepts of graph-theoretic subjects, both in combinatorial sense and the algorithmic
sense. It is well-known that the classical connectivity has two equivalent defini-
tions. The connectivity of G, written x(G), is the minimum order of a vertex set
S C V(G) such that G \ S is disconnected or has only one vertex. We call this
definition the ‘cut’ version definition of connectivity. Menger theorem provides an
equivalent definition of connectivity, which can be called the ‘path’ version definition
of connectivity. For any two distinct vertices x and y in G, the local connectivity
kg(x,y) is the maximum number of internally disjoint paths connecting = and y.
Then x(G) = min{re(z,y) |z,y € V(G),x # y} is defined to be the connectivity of
G. For connectivity, Oellermann gave a survey paper on this subject; see [32].

Although there are many elegant and powerful results on connectivity in graph
theory, the basic notation of classical connectivity may not be general enough to
capture some computational settings. So people want to generalize this concept.
For the ‘cut’ version definition of connectivity, we find the above minimum vertex
set without regard to the number of components of G \ S. Two graphs with the
same connectivity may have differing degrees of vulnerability in the sense that the
deletion of a vertex cut-set of minimum cardinality from one graph may produce a
graph with considerably more components than in the case of the other graph. For
example, the star K;, and the path P,y (n > 3) are both trees of order n + 1
and therefore connectivity 1, but the deletion of a cut-vertex from K, produces
a graph with n components while the deletion of a cut-vertex from P, ; produces
only two components. Chartrand et al. [4] generalized the ‘cut’ version definition of
connectivity. For an integer k (k > 2) and a graph G of order n (n > k), the k-
connectivity k), (G) is the smallest number of vertices whose removal from G of order
n (n > k) produces a graph with at least k& components or a graph with fewer than
k vertices. Thus, for k = 2, k,(G) = k(G). For more details about k-connectivity,
we refer to [4,33,34].
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1.2 Generalized connectivity

The generalized connectivity of a graph G, introduced by Hager [13], is a natural
generalization of the ‘path’ version definition of connectivity. For a graph G = (V| F)
and a set S C V(G) of at least two vertices, an S-Steiner tree or a Steiner tree
connecting S (or simply, an S-tree) is a subgraph T = (V' E’') of G that is a tree
with S C V’. Note that when |S| = 2 a minimal S-Steiner tree is just a path
connecting the two vertices of S. Two S-Steiner trees T and 7" are said to be
internally disjoint if E(T)NE(T') =0 and V(T)NV(T") = S. For S C V(G) and
|S| > 2, the generalized local connectivity kg (S) is the maximum number of internally
disjoint S-Steiner trees in (G, that is, we search for the maximum cardinality of edge-
disjoint trees which include S and are vertex disjoint with the exception of S. For
an integer k with 2 < k < n, generalized k-connectivity (or k-tree-connectivity) is
defined as ki (G) = min{kg(S) | S C V(QG),|S| = k}, that is, kx(G) is the minimum
value of kg(S) when S runs over all k-subsets of V(G). Clearly, when |S| = 2,
ko(G) is nothing new but the connectivity x(G) of G, that is, ko(G) = k(G), which
is the reason why one addresses ki (G) as the generalized connectivity of G. By
convention, for a connected graph G with less than k vertices, we set k(G) = 1.
Set kr(G) = 0 when G is disconnected. Note that the generalized k-connectivity
and k-connectivity of a graph are indeed different. Take for example, the graph H;
obtained from a triangle with vertex set {v;, vy, v3} by adding three new vertices
u1, Uz, uz and joining v; to u; by an edge for 1 < i < 3. Then k3(H;) = 1 but
k45(Hy) = 2. There are many results on generalized connectivity; see the book [24]
and the papers [5,20-23,25-29,35].

The following Table 1 shows how the generalization proceeds.

Classical connectivity

Generalized connectivity

Vertex subset

S =A{z,y} CV(G) (5] = 2)

SCV(G) (15 =2)

Set of Steiner trees

Doy =P, Py, ..., P}
{z,y} CV(FR)
E(P)NE(P;) =10
V(P)NV(P;) = {z,y}

Ts = {11, Ty, .., T¢}
S CV(T)
E(T;) N E(T;) =0
V(T)nV(T;) =5

Local parameter K(x,y) = max | P, | k(S) = max |Is|
Global parameter k(G) = Lyrél‘i/r(lG)n(x, Y) kk(G) = ngerli)ﬂS‘:kn(S)

Table 1. Classical connectivity and generalized connectivity

In fact, Mader [30] studied an extension of Menger’s theorem to independent sets
of three or more vertices. We know that from Menger’s theorem that if S = {u, v} is a
set of two independent vertices in a graph G, then the maximum number of internally
disjoint u-v paths in G equals the minimum number of vertices that separate u and
v. For a set S = {uy,us,...,ur} of k (k > 2) vertices in a graph G, an S-path is
defined as a path between a pair of vertices of S that contains no other vertices of S.
Two S-paths P, and P, are said to be internally disjoint if they are vertex-disjoint
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except for the vertices of S. If S is a set of independent vertices of a graph G, then
a vertex set U C V(G) with UN S = () is said to totally separate S if every two
vertices of S belong to different components of G\ U. Let S be a set of at least
three independent vertices in a graph G. Let u(G) denote the maximum number of
internally disjoint S-paths and p/(G) the minimum number of vertices that totally
separate S. A natural extension of Menger’ s theorem may well be suggested, namely:
If S is a set of independent vertices of a graph G and |S| > 3, then u(S) = 1/(.9).
However, the statement is not true in general. Take for example, the graph G
obtained from a triangle with vertex set {v;,v9,v3} by adding three new vertices
u1, Uz, ug and joining v; to w; by an edge for 1 <i < 3. For S = {vy, vy, v3}, u(S) =1
but 4/(S) = 2. Mader proved that p(S) > £4/(S). Moreover, the bound is sharp.
Lovasz conjectured an edge analogue of this result and Mader proved this conjecture
and established its sharpness. For more details, we refer to [30-32].

1.3 Pendant-tree connectivity

The concept of pendant-tree connectivity [13] was introduced by Hager in 1985,
which is specialization of generalized connectivity (or k-tree-connectivity) but a gen-
eralization of classical connectivity. For an S-Steiner tree, if the degree of each vertex
in S is equal to one, then this tree is called a pendant S-Steiner tree. Two pendant
S-Steiner trees T' and T" are said to be internally disjoint if E(T) N E(T") = () and
V(T)nV(T) =S. For § C V(G) and |S| > 2, the local pendant-tree connec-
tiwity 7(S) is the maximum number of internally disjoint pendant S-Steiner trees
in G. For an integer k with 2 < k < n, pendant-tree k-connectivity is defined as
7(G) = min{7¢(S) | S C V(G),|S| = k}. Set ri(G) = 0 when G is disconnected. It
is clear that
:(G) = ki(G), for k=1,2;
{ 7:(G) < ke(G), for k> 3.

The relations between the pendant tree-connectivity and generalized connectivity
are shown in the following Table 2.

Pendant tree-connectivity Generalized connectivity
Vertex subset SCV(G) (S| =2) SCV(G) (|S]>2)
Fs =T, T, . T,
O Ts = {1, T5,...T))
Set of Steiner trees - 7 S CV(Ty),
dr,(v) =1 for everyv e S E(T}) N E(T;) = 0
E(T3) N E(T}) =0, i i) =0,
Local parameter 7(S) = max | Zs| k(S) = max | Ts|
lobal t G) = i S G)= i S
Global parameter T1(Q) ng%l)ﬂlﬁ:{( ) kk(Q) SQV?CIJI)I,TS\sz( )

Table 2. Two tree-connectivities

It is clear that generalized k-connectivity (or k-tree-connectivity) and pendant-
tree k-connectivity of a graph are indeed different. For example, let Hy, = W,, be a
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wheel of order n. From Lemma 1.1, we have 735(H>) < 1. One can check that for any
S C V(H) with |S| =3, 7i,(S) > 1. Therefore, 75(H2) = 1. From Lemma 1.3, we
have k3(Hs) < 0(Hy) —1 =3 — 1 = 2. One can check that for any S C V(G) with
|S| =3, km,(S) > 2. Therefore, r3(Hs) = 2.

In [13], Hager derived the following results.

Lemma 1.1 [13] Let ¢ be an integer, and G be a graph. If 7.(G) > {, then §(G) >
k+0¢—1.

Lemma 1.2 [13] Let £ be an integer, and G be a graph. If 7,(G) > £, then k(G) >
kE+0—2.

Li et al. [23] obtained the following result.

Lemma 1.3 [23] Let G be a connected graph with minimum degree 6. If there are
two adjacent vertices of degree 6, then ki(G) < 0(G) — 1.

1.4 Application background and our result

In addition to being a natural combinatorial measure, pendant tree k-connectivity
and generalized k-connectivity can be motivated by its interesting interpretation in
practice. For example, suppose that G represents a network. If one considers to
connect a pair of vertices of G, then a path is used to connect them. However, if
one wants to connect a set S of vertices of G with |S| > 3, then a tree has to be
used to connect them. This kind of tree for connecting a set of vertices is usually
called a Steiner tree, and popularly used in the physical design of VLSI circuits
(see [11,12,37]). In this application, a Steiner tree is needed to share an electric
signal by a set of terminal nodes. Steiner tree is also used in computer communication
networks (see [9]) and optical wireless communication networks (see [6]). Usually, one
wants to consider how tough a network can be, for the connection of a set of vertices.
Then, the number of totally independent ways to connect them is a measure for this
purpose. The generalized k-connectivity can serve for measuring the capability of a
network G to connect any k vertices in G.

Product networks were proposed based upon the idea of using the cross product
as a tool for “combining” two known graphs with established properties to obtain
a new one that inherits properties from both [8]. There has been an increasing
interest in a class of interconnection networks called Cartesian product networks;
see [1,8,14,19,21].

The Cartesian product of two graphs G and H, written as GLIH, is the graph
with vertex set V(G) x V(H), in which two vertices (u,v) and (u',v") are adjacent
if and only if u = u" and vv' € E(H), or v = v and uu’ € E(G).

In this paper, we obtain the following lower bound of 73(GOH).
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Theorem 1.4 Let G and H be two connected graphs. Then

75(GOH) > min {3 F’(QG)J . VS(QH)J }

Moreover, the bound is sharp; see Remark 3.1.

2 Proof of main result

In this section, let G and H be two connected graphs with V(G) = {uq,ug,...,u,}
and V(H) = {v1,vs,...,0,}, respectively. Then V(GOH) = {(u;,v;) |1 < i <
n, 1 < j < m}. Forv € V(H), we use G(v) to denote the subgraph of GOH
induced by the vertex set {(u;,v) |1 <14 < n}. Similarly, for u € V(G), we use H(u)
to denote the subgraph of GOH induced by the vertex set {(u,v;)|1 <j <m}. In
the sequel, let K, K, and P, denote the complete bipartite graph of order s + ¢,
complete graph of order n, and path of order n, respectively. If G is a connected
graph and z,y € V(G), then the distance dg(z,y) between x and y is the length of
a shortest path connecting z and y in G.

We now introduce the general idea of the proof of Theorem 1.4, with a running
example (corresponding to Figure 2.1). From the definition, Cartesian product graph
GUH is a graph obtained by replacing each vertex of GG by a copy of H and replacing
each edge of G by a perfect matching of a complete bipartite graph K,,,,. Recall
that V(G) = {uy,ug,...,u,}. Clearly, V(GOH) = |J;_, V(H(u;)). For example,
let G = Kg (see Figure 2.1 (a)). Set V(Ks) = {u;|1 < i < 8} and |V(H)| = m.
Then Kg[H is a graph obtained by replacing each vertex of Ky by a copy of H and
replacing each edge of Ky by a perfect matching of complete bipartite graph K, .,
(see Figure 2.1 (e)). Clearly, V(KsOH) = S, V(H(u;)).

In this section, we give the proof of Theorem 1.4. For two connected graphs GG and
H, we prove that 73(GOH) > min{3 L#J .3 L%H)J }. By the symmetry of Cartesian
product graphs, we assume 73(H) > 73(G). We need to show that m3(GOH) >
SL#j Set 73(G) = k and 73(H) = ¢. From the definition of 73(GOH), it suffices
to show that keop(S) > 3| %] for any S C V(GOH) and |S| = 3. Furthermore, from
the definition of kgop(S), we need to find 3| %] internally disjoint pendant S-Steiner
trees in GOH. Let S = {z,y,z}. Recall that V(G) = {us,us,...,u,}. From the
above analysis, we know that z,y,z € V(GOH) = {U;_, V(H(u;)). Without loss
of generality, let * € H(u;), y € H(u;) and z € H(uy) (note that u;, u;, uy are
not necessarily different). For the above example, we have z,y,z € V(KOH) =
Us_, V(H(u;)). Without loss of generality, let 2 € H(uy), y € H(ug) and z € H(us)
(see Figure 2.1 (e)).

Because u;,uj,ur € V(G) and 73(G) = k, there are k internally disjoint pen-
dant Steiner trees connecting {w;,u;,uy}, say 11,T5,...,T). Note that UleTZ- is
a subgraph of G. Let ¢/, 2" be the vertices corresponding to y,z in H(u;). Since
73(H) = £, there are ¢ internally disjoint pendant Steiner trees connecting {x,y’, 2’}
in H(u;), say 177, Ty,...,T,. Thus (Uf;l T)O(J_, T?) is a subgraph of GOH. For

Jj=17J
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the above example, we have 73(G) = 73(Kg) = k =5 < (. It suffices to prove that
3(GOH) > BL%G)J = 3|%]. Clearly, there are k = 5 internally disjoint pendant
Steiner trees connecting {uy, us, us}, say 11, Ts, T3, Ty, Ts (see Ty, Ts, T3, Ty in Figure
2.1 (b), (¢)). Note that T3 UT; or T3 U T} is a subgraph of G (see Figure 2.1 (b), (¢)).

Then (Ji_, T,)TO(U'_, T)) is a subgraph of GOH (see Figure 2.1 (d), (h)).

J=17J
If we can prove that T(UleTi)D(UleT})(S) > 3|%] for S = {x,y, 2}, then 7¢ou(S)
> T(Uf:oTi)D(Uﬁle})(S) > 3|%] since (Ui, T3)O( T?) is a subgraph of GOH.

J=17J
Therefore, the problem is converted into finding out 3 ng internally disjoint pendant

S-Steiner trees in (Uf:1 T)O(J_, T7). Since

Jj=17J

Lk/2]
U (Toims U o) (T, U TY)

i=1
is a subgraph of (Uf:1 Ti)D(Uﬁzl T7), we only need to show that
Taon(S) 2 TUiLi/lQJ (T2i—1UT2i)D(T2,i—1UT2/i)(S) = 3[k/2].

The structure of ¥ (Ty;_1 U To)O(Th,_, UTY,) in UM (Ty;_y U Ty;)DOH is shown
in Figure 2.2. In order to show this structure clearly, we take 2|k/2] copies of
H(uj), and 2|k/2] copies of H(uy). Note that, these 2|k/2| copies of H(u;) (re-
spectively, H(uy)) represent the same graph. For the above example, if we can prove

that 7 S) > 3lk/2] for S = {x,y,z}, then 6o (S) >

(TiUTUTsUTHO UL (13, uTs) (
Ter U uTO U (T2,i—1UT2,i)(S) > 3|k/2], as desired. The problem is converted into
finding out 3|k/2] internally disjoint pendant S-Steiner trees in (77 U 75 U T3 U
TOOUMH (T, UTh) (see Figure 2.1 (h)).

For each Ty, UTy; and T3, | UTy, (1 <i < /), if we can find 3 internally disjoint
pendant S-Steiner trees in (Th;_1 UTy)0(1y,_, UTY,), say T; 1, T; 2, T; 3, then the total
number of internally disjoint pendant S-Steiner trees in UZLZQJ (Toi—1 UTy)(Ty; U
T3,) are 3| k/2], which implies that 7¢oy (S) > U2 (T UT)O(TY, 0TS, (S) > 3|k/2]
(Note that we must guarantee that any two trees in {7; ;|1 <i < [k/2], 1 < j <3}
are internally disjoint).

Furthermore, from the arbitrariness of S, we can get 73(GOH) > 3L@J and
complete the proof of Theorem 1.4. For the above example, we need to find 3
internally disjoint pendant S-Steiner trees in (71 U T5;)0(T3, _, UTy,) (see Figure
2.1 (f),(g)). Then the total number of internally disjoint pendant S-Steiner in

UZLZZJ (Toi—1 U T;)O(Ty;_ UTy;) are 3| %], which implies
Teom (5) = TUZLZQJ (T2i—1UT2i)D(T2,i—1UT2/i)(S> > 3[k/2].

Thus the result follows by the arbitrariness of S.

From the above analysis, we need to consider the graph (Ty;_1 UT5)0(Ty, ,UTs,)
and prove that for any S = {z,y, 2} C V((T-1 U Ty)O(T5,_, UTY,)) there are three
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Figure 2.1: The structure of J;

2



Y. MAO / AUSTRALAS. J. COMBIN. 70 (1) (2018), 28-51 36

internally disjoint pendant S-Steiner trees in (753 U Ty;)0(7y,_y U Ty;) for each
i (1< < [5]).

In the basis of such an idea, we study pendant tree 3-connectivity of Cartesian
product of the union of two trees 77,75 in G and the union of two trees 77,7, in H
first, and show that 75(7%;—1 U T%;)0(Ty,_, U Ty;) > 3 in Subsection 2.2. After this
preparation, we consider the graph GOOH where G, H are two general (connected)
graphs and prove 73(GOH) > 3L@J in Subsection 2.3. In Subsection 2.1, we
investigate the pendant tree 3-connectivity of Cartesian product of a path P, and
a connected graph H. So the proof of Theorem 1.4 can be divided into the above
mentioned three subsections. The first and second subsections are preparations of

the last one.

Glrs2)

Figure 2.2: Structure of UZLZQJ G,0H, where G; = (Ty;—1 U Ty;).

2.1 Cartesian product of a path and a connected graph

A subdivision of G is a graph obtained from G by replacing edges with pairwise
internally disjoint paths. Let G be a graph, and S C V(G), |[S| = 3. If T is an
minimal pendant S-Steiner tree, then 7" is a subdivision of K 3, and hence T' contains
a vertex as its root. The following proposition is a preparation of Subsection 2.3.

Proposition 2.1 Let H be a connected graph and P, be a path with n vertices. Then
3(P,0H) > m3(H). Moreover, the bound is sharp.

Suppose 13(H) = ¢, V(H) = {v1,v9,...,05} and V(PB,) = {uy,ug,...,u,}.
Without loss of generality, let u; and u; be adjacent if and only if |i — j| = 1,
where 1 < i # j < n. It suffices to show that 7p oy (S) > ¢ for any S = {z,y, 2} C
V(P,OH), that is, there exist ¢ internally disjoint pendant S-Steiner trees in P,[1H.
We proceed our proof by the following three lemmas.

Lemma 2.2 If x,y, z belongs to the same V(H (u;)) (1 < j <n), then there exist {
internally disjoint pendant S-Steiner trees in P,L1H.
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Proof.  Without loss of generality, we assume z,y,z € V(H (uy)). Since 13(H) = ¢,
it follows that there are ¢ internally disjoint pendant S-Steiner trees in H (u;), say
Ty, T5,...,T,. Clearly, they are ¢ internally disjoint pendant S-Steiner trees, as
desired. |

Lemma 2.3 If only two vertices of {x,y, z} belong to some copy H(u;) (1 < j < n),
then there exist ¢ internally disjoint pendant S-Steiner trees in P,L1H.

Proof.  We may assume z,y € V(H(u)) and z € V(H(u;)) (2 < j < n). In the
following argument, we can see that this assumption has no impact on the correctness
of our proof. Let 2/, 3y’ be the vertices corresponding to x,y in H(u;), 2’ be the vertex
corresponding to z in H (uy).

Figure 2.3: Graphs for Lemma 2.3.

Suppose 2’ & {z,y}. Since 13(H) = ¢, it follows that 75(H (u1)) = 75(H (u;)) = ¢,
and hence there exist ¢ internally disjoint pendant S-Steiner trees 17,75, ...,T; in
H(uy) and there exist ¢ internally disjoint pendant S-Steiner trees 77,75, ...,7; in
H(u;) corresponding to T3, 75, ..., T in H(uy), respectively. For each i (1 <7 </),
we let w;, w; be the root of T;,T], respectively. Let P;,@Q;, R; denote the unique
path connecting w; and z,y, 2/, respectively. Let P/, )}, R; denote the unique path
connecting w; and a’,y’, z, respectively. Without loss of generality, let w; = (uq, v;)
and w; = (u;,v;). Then the trees T; induced by the edges in E(F;) UE(Q;)UE(R])U
{(wr, v3) (g1, v:) |1 <7 < 5 —1} (1 <@ < () are ¢ internally disjoint pendant
S-Steiner trees; see Figure 2.3 (a).

Suppose z' € {x,y}. Without loss of generality, let 2z’ = z. Since m3(H) = ¢,
it follows from Lemma 1.2 that x(H) > ¢+ 1, and hence x(H(u1)) > ¢ + 1 and
k(H(uj)) > €+ 1. Then there exist ¢ + 1 internally disjoint paths connecting x
and y in H(uy), say Ry, Ra, ..., Ry, and there exist £ + 1 internally disjoint paths
connecting z and y' in H(u;), say R}, R, ..., R;,,. Note that there is at most
one path in {Ry, Ry, ..., Rey1}, say Reiq, such that its length is 1, and there is at
most one path in {R{, R), ..., Ry}, say Ry, such that its length is 1. For each
i (1 <i<?), there is an internal vertex w; in R;, and there is an internal vertex w)
in R.. Let P, Q; denote the unique path connecting w; and z,y, respectively. Let
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P!, Q! denote the unique path connecting w; and ¥, z, respectively. Without loss
of generality, let w; = (u1,v;) and w] = (u;,v;). Then the trees 7; induced by the
edges in E(P;) UE(Q;) U E(P))U{(ur,v;)(tpr1,v:) |1 <r <j—1} (1 <i</{)arel
internally disjoint pendant S-Steiner trees, as desired. 1

Lemma 2.4 Ifx,y,z are contained in distinct H(u;)s, then there exist { internally
disjoint pendant S-Steiner trees in P,[JH.

Proof. We may assume that x € V(H(u,)), y € V(H(w)), z € V(H(u.)), where
1 <a <b<c<n. In the following argument, we can see that this assumption has
no influence on the correctness of our proof. Let ¢, 2’ be the vertices corresponding
to y,z in H(u,), ', 2" be the vertices corresponding to x, z in H(uy) and 2”,y” be
the vertices corresponding to z,y in H(u.).

Suppose that x,y’, 2’ are distinct vertices in H(u,). Since 13(H) = ¢, it follows
that m3(H (u,)) = m3(H (up)) = 13(H(u.)) = ¢, and hence there exist ¢ internally
disjoint pendant S-Steiner trees T3, Ty, ..., Ty in H(u,), and there exist ¢ internally
disjoint pendant S-Steiner trees 17, Ty, ..., T, in H(up), and there exist ¢ internally
disjoint pendant S-Steiner trees 17,7y, ...,T; in H(u.). For each i (1 < i < /),
we let w;, w), w! be the root of T;, T/, T/, respectively. Let P;,Q;, R; denote the
unique paths connecting w; and x, 3/, 2/, respectively. Let P!, )., R denote the unique
paths connecting w, and z’,y, 2", respectively. Let P/, Q7 , R] denote the unique
paths connecting w? and z”,y", z, respectively. Without loss of generality, let w; =
(Ua, i), Wi = (up,v;) and w) = (ue,v;). Then the trees T; induced by the edges in
E(F) U E(Q;) UE(R]) U{(up, vi)(tysr,0:) [a <7 < b =1} U {(uy, v3) (g1, 01) [ b <
r<c—1} (1 <i < /() are ¢ internally disjoint pendant S-Steiner trees; see Figure
2.4 (a).

Suppose that two of x,y’, 2 are the same vertex in H(u,). Without loss of
generality, let x = y'. Since 13(H) = ¢, it follows from Lemma 1.2 that x(H) >
¢+ 1, and hence x(H(u,)) > €+ 1, k(H(uy)) > ¢+ 1 and sk(H(u.)) > ¢+ 1.
Then there exist ¢ + 1 internally disjoint paths connecting x and 2’ in H(u,), say
Ri, Ry, ..., Ryyq, and there exist /41 internally disjoint paths connecting y and z” in
H(uy), say Ry, Ry, ..., Ry, and there exist £+ 1 internally disjoint paths connecting
2" and z in H(u.), say R{,R3,..., Ry . Note that there is at most one path in
{R1, Ry, ..., Ryi1}, say Ryyq, such that its length is 1, and there is at most one path
in {RY,R,, ..., R}, say Rj,,, such that its length is 1, and there is at most one
path in {R{, Ry, ..., Ry}, say Ry, such that its lengthis 1. For each i (1 <1i < /),
there is an internal vertex w; in R;, and there is an internal vertex w; in R;, and
there is an internal vertex w! in R!. Let P;, Q); denote the unique path connecting
w; and x, 2/, respectively. Let P!, @)} denote the unique path connecting w; and y, 2",
respectively. Let P/, Q7 denote the unique path connecting w} and z”, z, respectively.
Without loss of generality, let w; = (uq,v;), W} = (up,v;) and w} = (u.,v;). Then
the trees T; induced by the edges in E(F;) U E(P!)U E(QY) U{(tr, v;)(turi1,v:) | a <
r<b—1}U{(tr,v;)(tUpy1,0:) | b <1 < c—1} (1 <i < {) are ¢ internally disjoint
pendant S-Steiner trees; see Figure 2.4 (b).
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Figure 2.4: Graphs for Lemma 2.4.

Suppose that z,y’, 2’ are the same vertex in H(u;). Since 13(H) = ¢, it follows
from Lemma 1.1 that §(H) > ¢+ 2, and hence §(H (u,)) > ¢+ 1, 6(H(up)) >
¢+ 1 and §(H(u.)) > ¢+ 1. Then there are ¢ + 1 neighbors of = in H(u,), say
(Ua,v1), (Ug,Va), ..., (Ug, Vey1). By the same reason, there are ¢ 4+ 1 neighbors of y
in H(up), say (up,v1), (up,va), ..., (up, vey1), and there are £ 4+ 1 neighbors of z in
H(u.), say (ue,v1), (Ue,v2), ..., (U, ver1). Then the tree T; induced by the edges in
{x(um Ui)’ y(ub’ Ui)? Z(“C? UZ)} U {(ué‘? Ui)(uS-i—l? Ui) | a<s<b-— 1} U {(usa Ui)(ué‘-i-l? Ui) |
b<s<c—1}is apendant S-Steiner tree, where 1 <i < ¢+ 1. Therefore, the trees
Ty, T5, ..., Ty, are £ + 1 internally disjoint pendant S-Steiner trees, as desired. 1

From Lemmas 2.2, 2.3 and 2.4, we conclude that, for any S C V(P,0H), there
exist ¢ internally disjoint pendant S-Steiner trees, and hence 7p,0y(S) > ¢. From the
arbitrariness of S, we have 3(P,[0H) > ¢. The proof of Proposition 2.1 is complete.

2.2 Cartesian product of two trees in G and two trees in H

In this subsection, we consider the pendant tree 3-connectivity of Cartesian product
of two trees in GG and two trees in H, which is a preparation of the next subsection.

Proposition 2.5 Let G, H be two graphs. For S = {x,y,z} C V(GOH), we assume
that wy, us,us are three vertices in V(G) such that v € V(H(uy)), y € V(H (us)),
and z € V(H(u3)). Let Ty,Ty be two minimal pendant Steiner trees connecting
{uy,ug,us} in G. Let y', 2’ be the vertices corresponding to y,z in H(uy). Let T|, T,
be two pendant Steiner trees connecting {z,y’,2'} in H(uy). Then

Tmun)oun) (S) > 3.

Proof. Since Ty, T5 are two minimal pendant Steiner trees connecting {u, us, us}, it
follows that T4, T5 are subdivisions of K3 and hence have roots, say u,, us, respec-
tively. Note that x € V(H(u1)), y € V(H(uz)) and z € V(H (us3)). Let ¢/, 2’ be the
vertices corresponding to y, z in H(uy), 2, 2” be the vertices corresponding to z, z in
H(ug) and 2", y" be the vertices corresponding to z,y in H(ug). Let x1,y;, 21 be the
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vertices in H(u,) corresponding to x,y’, 2" in H(u,), respectively, and let zo, yo, 22
be the vertices in H(ug) corresponding to z, vy, 2’ in H (uy), respectively.

e Let Ry, Ry, R3 be the three paths connecting u, and wuq, ug, uz, respectively.
e Set Ry = uipips - . . pauy, where p; € V(G),1 <i < a.
o Set Ry = uapiph . . . pu,, where p; € V(G),1 <1i <b.
e Set Ry = ugp|py ... plu,, where p! € V(G),1 <i<ec.

e Let R, R}, R} be the three paths connecting u, and uy, us, ug, respectively.
e Set R} = u1q1qs . . . qaus, where ¢; € V(G), 1 <i < d.
e Set Ry = usqiqh . . . qLus, where ¢, € V(G),1 <i<e.
e Set Ry = u3qiqy - . - qjus, where ¢/ € V(G), 1 <i < f.

We distinguish the following three cases to show this proposition.

Case 1. The vertices x,y’, 2’ are distinct vertices in H (uy).

In order to show the structure of pendant S-Steiner trees clearly, we assume all
of the following.

e Let w,t be the roots of 7], T}, respectively.

e Let w',w”, wy,wy be the vertices corresponding to w in H(ug), H(us), H(u,),
H (us), respectively.

e Let t/,t" 11, t5 be the vertices corresponding to ¢ in H (uy), H (us), H(u,), H(us),
respectively.

o Let P 1, P 2, P 3 be the three paths connecting w and z, ¢, 2’ in T7, respectively.

o Let Q11,Q1,2, Q1,3 be the three paths connecting ¢ and z,y’, 2’ in T}, respec-
tively.

o Let P, Ps;, P j,Psj (1 < j < 3) be the paths corresponding to P in
H(ug), H(us), H(u,), H(us), respectively.

o Let (Q2,Qs,,Qr;,Qs; (1 < j < 3) be the paths corresponding to ¢ ; in
H(ug), H(us), H(u,), H(us), respectively.

e Without loss of generality, let z = (uy,v1), ¥ = (uy,v9), 2 = (ug,v3), w =
(uy,vy) and t = (ug,vs).

Let T" be the S-Steiner tree induced by the edges in

E(Py1)UE(P.2) UE(P,3)

U{w(pr, va) } UA{(pi, v4) (Pig1,v4) [ 1 < i <a— 1} U {(Pa, va)w }
U{y (P, v2) } U {(P}, v2) (Pigr, v2) [ 1 < i <0 — 1} U {(pg, v2) 1 }
U{z(p1, v3) } U{ (P}, 03) (P, 03) | 1 <0 < e — 1 U{(P], v3) 21},
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and 7" be the S-Steiner tree induced by the edges in

E(Qs1) U E(Q22) U E(Q33)

U{z(qr, v1) } U {(gi; vi)(Gisr, 1) [1 < i < d = 1} U {(ga, v1)z2}
U{t'(q1,v5)} U {(q} v5)(qi1sv5) [ 1 < i < e =1} U {(q;, vs)ta}
U{t" (a1 vs)} U (g} vs) (a1, v5) [ 1 < i < f = 1} U{(), v5)t2},

and T” be the S-Steiner tree induced by the edges in

Figure 2.5: Graphs for Case 1 of Proposition 2.5.

E(Ps2)UE(Q12)UE(Qu1)UE(Py)UE(Ps3)

U{y' (g1, v2) } U {(Gi, v2) (i1, 02) | 1 < i < d =1} U {(qa, v2)y2}
U{w' (g1, v4) } U (g va)(qhir,va) |1 <0 < e = 1} U {(qL, va)wa}
U{w" (g1, va) } U {(g7 va)(glirsva) [ 1 <0 < f = 13U {(q}, va)wsa}.

Since T, T",T" are internally disjoint, it follows that

Tmury)orury (S) = 3,

as desired.
Case 2. Two of 2,9/, 2’ are the same vertex in H (uy).

Without loss of generality, let © = y’. Note that there are two paths P;, Q1
connecting x and 2’ in T3, Ty, respectively. Observe that the length of P; is 1 but
the length of @), is at least 2, or the length of )1 is 1 but the length of P; is at least
2, or the lengths of ); and P, are at least 2. We now assume that the length of P;
is at least 2. Then there exists an internal vertex in P, say ¢, and hence ¢ divides
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Py into two paths, say P; 1, Pi 2. In order to show the structure of pendant S-Steiner
trees clearly, we assume the following.

e Let x1, 25 be the vertices corresponding to = in H(u,), H (us), respectively.

H
H (us), respectively.
e Let t/,t" 11, t5 be the vertices corresponding to ¢ in H (uy), H (u3), H(u,), H(us),

respectively.

e Let z1, 25 be the vertices corresponding to z' in H(u,),

e Without loss of generality, let © = (uq,v1), 2’ = (ug,v2) and t = (uq, v3).

o Let Pbj, Ps;, P, Ps; (j =1,2) be the paths corresponding to P; ; in H (u2),
H(u3), H(u,), H(us), respectively.

o Let (s, Q3,Q,, Qs be the paths corresponding to @1 in H(us), H(us), H(u,),
H (us), respectively.

Figure 2.6: Graphs for Case 2 of Proposition 2.5.

Let T be the S-Steiner tree induced by the edges in

{z(p1, v1)} U{(pi, v1) (g1, 01) [ 1 <0 <a— 1} U {(pa, v1)21 }
ULy (P, v1) } UL, v1) (Phyrs 1) [ 1 < i < b — 1 U {(p), v1)21 }
UE(Q,) U{2(p),v2) } UL}, v2) (P11, 02) |1 < i < e — 1} U{(p, v2) 21},

and 7" be the S-Steiner tree induced by the edges in
{z(q1,v0)} U{(gi; v1)(gi1,v1) |1 <0 < d =1} U {(qg, v1) 72}

U{y(ar, vi) U (g, o) (g, 01) [ < i < e = 1HU{(qr, vi)za}
U{z"(q),v1)} U{(q], i) (s, v1) |1 < < f = 1} U{(g], vi)me} U E(Q3),
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and T” be the S-Steiner tree induced by the edges in

E(Pi1)UE(Pn)UE(Ps2)

U{t(p1,v3)} UL{(pi, v3)(Dig1,v3) |1 <i <a— 1} U{(pa, v3)t1}
U{t' (P, v3) } U (P v3) g1, 03) [ 1 <0 < b — 13 U {(py, v3)t1}
U{t"(pl, vs) } U {0, vs) (P15 v8) |1 < i < e —1FU{(pL, vs)ta}

Since T, T",T" are internally disjoint, it follows that

Trun)orury (S) > 3,

as desired.

Case 3. z,y/, 2" are the same vertex in H(uy).

Let w, t be the neighbors of z in 7], Ty, respectively. Let w’, w”, wq, ws be the ver-
tices corresponding to w in H(ug), H (u3), H(u,), H(us), respectively. Let ', t" t1,ts
be the vertices corresponding to t in H(us), H (u3), H (u,.), H(us), respectively. With-
out loss of generality, let = = (u1,v1), w = (uy,v2) and t = (uq, v3).

Figure 2.7: Graphs for Case 3 of Proposition 2.5.

Let T" be the S-Steiner tree induced by the edges in

{2(p1,v1)} UA{(is v1) (i1, v1) [ 1 <d < a— 1} U{(pa, v1)71 }
U{y(p1, v1) } UL, 01) Pigq,01) [ 1< i < b — 13 U{(p, v1)a1 }
U{Z(plllavl>} U {(pgla’Ul)(p;/JrlaUl) [1<i<c—-1}U {(p’c’,vl)xl},
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and 7" be the S-Steiner tree induced by the edges in

{2(q1, v1) } U{(gi, v1)(qir,v1) |1 <0 < d — 1} U {(qa, v1)w2}
U{y(q1, v1)} U (g}, v1)(gir,01) |1 < <e— 13 U{(qL, v1)a}
U{z(qy,v1)} U{(g), v1) (g, 00) |1 <d < f = 1 U{(d}, vi)za},

and T” be the S-Steiner tree induced by the edges in

{zw, w(qr,v2) } U{(g,v2)(qis1,v2) |1 < i < d— 1} U{(qa,v2)ws}

U{w" (qf, v2) } U (g7, v2) (g7 1, 02) |1 <0 < f — 1} UA{(q]f, v2)ws}
U{w”z, 2" " (P}, vs) } U{ (0}, vs) (0741, v3) | 1 <@ < e — 1} UA{(p), vs)ts }
U{yt', ' (py, vs) } U {0, v3) (Pl yrsv3) [ 1 < i < b—1}U{(py,vs)t1}.

Since T, T",T" are internally disjoint, we have

Tmun)oun) (S) 2 3,

as desired.

From the above argument, there exist three internally disjoint pendant S-Steiner
trees, which implies 7oy (S) > 3. The proof is now complete. |

2.3 Cartesian product of two general graphs

After the above preparations, we are ready to prove Theorem 1.4 in this subsection.

Proof of Theorem 1.4: Suppose 73(G) = k and 73(H) = (. Assume without loss of
generality k < /. If £ =0 or k = 0 then the result follows. So we assume that & > 1
and ¢ > 1. Recall that V(G) = {uy,us, ..., u,}, V(H) = {v1,v9,..., v, }. From the
definition of 73(GOH) and the symmetry of Cartesian product graphs, we need to
prove that 7o (S) > 3|k/2] for any S = {x,y,2} C V(GOH). Furthermore, it
suffices to show that there exist 3|k/2] internally disjoint pendant S-Steiner trees
in GOH. Clearly, V(GOH) = J_, V(H(u;)). Without loss of generality, let = €
V(H(w)),y € V(H(u;)) and z € V(H (uy)).
Case 1. The vertices z,y, z belong to the same V(H (u;)) (1 <i < n).

Without loss of generality, let z,y,2z € V(H(uy)). From Lemma 1.1, 6(G) >
73(G) + 2 = k + 2 and hence the vertex u; has at least k + 2 neighbors in G.
Select k + 2 neighbors from them, say us, us, ..., urr3. Without loss of generality,
let © = (ug,v1), y = (uy,v2) and z = (uq,vs3). Note that there is a pendant Steiner
tree T] connecting {(u;, v1), (ui, v2), (u;, v3)}. Then the tree induced by the edges in
E(T") U{x(u;,v1), y(us, v2), 2(us, v3)} are k + 2 internally disjoint pendant S-Steiner
trees in GOH, which contain no edge of H(u;). Since 73(H) = ¢, it follows that
there are ¢ internally disjoint pendant S-Steiner trees in H(u;). Observe that these
¢ pendant S-Steiner trees and the trees T; (2 < i < k + 3) are internally disjoint. So
the total number of internally disjoint pendant S-Steiner trees is k4 +2 > 3|k/2],
as desired.
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Case 2. Only two vertices of {x,y, 2z} belong to some copy H(u;) (1 <j <mn).

Without loss of generality, let z,y € H(u;) and z € H(ug). From Lemma 1.2,
k(G) > 13(G) + 1 = k + 1 and hence there exist k + 1 internally disjoint paths
connecting uy and us in G, say Py, Ps, ..., Pyiq. Clearly, there exists at most one of
P, Py, ... Pyyq, say Py, such that Py = ujus. We may assume that the length
of P, (1 <i<k)is at least 2. From Proposition 2.1, there exist ¢ internally disjoint
pendant S-Steiner trees in Py H, say Ty, Ts, ..., ;. For each P; (1 < i < k), since
P; is a path of length at least 2, it follows that there exists an internal vertex in P;,
say u;. Let Q;, R; be the two paths connecting u; and wuy, us in P;, respectively. Set
Qi = uy,uy,uby, ... ul,u; and Ry = ug,uf,ul, ... uf, u;. In the following argument,
we can see that this assumption has no impact on the correctness of our proof. Let
2’y be the vertices corresponding to x,y in H(uz), 2’ be the vertex corresponding
to z in H(uy), and 2”,y”, 2 be the vertices corresponding to x,y, z in H (u;).

Suppose 2’ & {x,y}. Without loss of generality, let x = (u1,v1), y = (u1,v2)
and z = (ug,v3). Since 13(H) = ¢ > 1, it follows that there is a pendant Steiner
tree connecting {2, 4", 2"} in H(u;), say T?. Furthermore, the tree T/ (1 < i < k)
induced by the edges in

E(T") U{a(uy, vi) U {(uj, o) (w0, 00) [ 1< < sPU{a”(ug, 00} U {y(uy, 02)}
{0 02) (01, 02) [ 1< 5 < 3 U {a (0 02)} U (0], 00))
U{(uf, va) (U g, v2) [ 1 < <t} U{2"(uf, vs)}
is a pendant S-Steiner tree. Obviously, the trees 11, Ts,..., 1,11, T3, ..., T} are
k+ ¢ > 3|k/2]| internally disjoint pendant S-Steiner trees.

Suppose z' € {z,y}. Without loss of generality, let 2/ = z, v = (uy,v1), y =
(u1,vq). Then z = (ug,vy). Since 13(H) > 1, it follows that there is a path connecting
2" and y”, say P’. Furthermore, the tree T! (1 < i < k) induced by the edges in

E(P") U {x(uy,v1)} U{(u),v1) (], 00) [ 1< j <spuU{a”(ul,v1)} U {y(u, ve)}
UL (u, va) (g p,v2) |1 < 5 < s} U{a" (uf, v9) } U {z(uf, v3)}
U{(uf, v2) (), q,02) | 1 < j <t} U{2"(ul, v3)}

is a pendant S-Steiner tree. Obviously, the trees T1,T5,..., T, 11,15, ..., T} are
k+ ¢ > 3|k/2| internally disjoint pendant S-Steiner trees.

Case 3. The vertices z,y, z are contained in distinct H (u;)s.

Without loss of generality, let x € V(H(u1)), y € V(H (uz)) and z € V(H (u3)).
Since 73(G) = k, it follows that there exist k internally disjoint pendant Steiner
trees connecting {uy, us, uz} in G, say 11, Ts, ..., Ty. Let ¢/, 2’ be the vertices corre-
sponding to y, z in H(uy), ', 2 be the vertices corresponding to z, z in H (u;) and
2", y" be the vertices corresponding to x,y in H(u;). Since 73(H) = ¢, it follows that
there exist ¢ internally disjoint pendant Steiner trees connecting {x,v’, 2’} in H(uy),
say 171,15, ...,T;. Note that Ule T; is a subgraph of G, Uj.:lT]f is a subgraph of
H, and (J-, TZ-)D(UL1 T7) is a subgraph of GOH. From Proposition 2.5, for any
T,,T; (1<i#j<k)and any T, T, (1 <r # s <), (T; UT;) (T, UT;) contains
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internally disjoint pendant S-Steiner trees. Since k < ¢, there exist 3|k/2| internally
disjoint pendant S-Steiner trees in (Uf:1 Ti)D(Uﬁzl T7), and hence there are 3| k/2]
internally disjoint pendant S-Steiner trees in GLH.

From the above argument, we conclude, for any S C V(GOH), that

T6om (S) 2 Tk myowt_, ) () = 3Lk/2],

i=1117

which implies that 73(GOH) > 3|k/2] = 3|13(G)/2]. The proof is complete. ]

3 Applications

In this section, we demonstrate the usefulness of the proposed constructions by ap-
plying them to some instances of Cartesian product networks.

Given a vertex x and a set U of vertices, an (z,U)-fan is a set of paths from x
to U such that any two of them share only the vertex x. The size of an (z, U)-fan is
the number of internally disjoint paths from z to U.

Lemma 3.1 (Fan Lemma, [39], p.170) A graph is k-connected if and only if it has
at least k+ 1 vertices and, for every choice of x, U with |U| > k, it has an (z,U)-fan
of size k.

In [38], Spacapan obtained the following result.

Lemma 3.2 [38] Let G and H be two nontrivial graphs. Then
R(GOH) = min{x(G)|V(H)|, s(H)|V(G)|,6(G) + 6(H)}.

3.1 Grid graph, mesh, and torus

A two-dimensional grid graph G, ,, that is the Cartesian product P,0JF,, of path
graphs on m and n vertices. For more details on grid graph, we refer to [3,16].

Proposition 3.3 Let n and m be two integers with n > 3, m > 3. The network
P,00P,, has no pendant Steiner tree connecting any three nodes.

Proof.  From Theorem 1.4, we have 73(FP,00P,,) > BL%P")J +3L@J = 0. Choose
a vertex of degree 2 in P,[JP,,, say x. Let y, z be two neighbors of x. Then there is

no pendant Steiner tree connecting {x,y, z}. Therefore, 75(P,0P,,) = 0. |

Remark 3.1. For P,0P,, (n > 3,m > 3), 3(P,0P,,) = 0 = 3[ 20| 4 g| Bl
So the graph P,[JP,, is a sharp example of Theorem 1.4.

An n-dimensional mesh is the Cartesian product of n paths. By this definition,
two-dimensional grid graph is a 2-dimensional mesh. An n-dimensional hypercube is
a special case of an n-dimensional mesh, in which the n linear arrays are all of size
2; see [18].
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Corollary 3.4 Let k be a positive integer with k > 3. For n-dimensional mesh
P, 0P, O---00P,,,

0 < 7%(Pp,OP,0- 0Py, ) <n—k + 2.

Proof. From Lemma 3.2, x(P,,0P,,0...0P,,) < /P, 0P,,0...0F,, ,)
+ 0(P,,,) = n, and hence

0<mn(P,0OF,O --0P,)<n—Fk+2
by Lemma 1.2. |

An n-dimensional torus is the Cartesian product of n cycles C,,, Crnyy - -+ s Cin,,
of size at least three. The cycles C,,, are not necessary to have the same size. Ku
et al. [19] showed that there are n edge-disjoint spanning trees in an n-dimensional
torus.

Proposition 3.5 Let k be a positive integer with k > 3. For network C,,,1JC,,,0J - - -
Ul ,
1 < 7(C,0C,,,0---0C,,) <2n—Fk+2,

where m; is the order of C,,, and 1 <1 < n.

Proof. Set G = C,,,0C,,,0---0C,,,. From Lemma 3.2, we have x(G) = 2n, and
hence

by Lemma 1.2. Since k(G) = 2n > k, it follows from Lemma 3.1 that there is at
least one pendant S-Steiner tree for any S C V(G) and |S| = k, and hence

1 < 7(C,0C,,0---0C,,) <2n—k+2,

as desired. 1

3.2 Generalized hypercube and hyper Petersen network

Let K,, be a clique of m vertices, m > 2. An n-dimensional generalized hypercube
[8,10] is the product of m cliques. We have the following:

Proposition 3.6 Let k be a positive integer with k > 3. For network K,,,JK,,,U]
- -OK,,, wherem; >k (1 <i<mn),

T (Ko DK, 0+ 0K, ) < my —n— ki + 2.

i=1
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Proof.  From Lemma 3.2, we have x(K,, 0K,,,0---0K,, ) = > ,m; —n, and
hence

Th (Ko 0K, 0+ - OKp, ) < my —n— k + 2
i=1
by Lemma 1.2. |

An n-dimensional hyper Petersen network H P, is the product of the well-known
Petersen graph and @Q,,—3 [7], where n > 3 and @,,_3 denotes an (n — 3)-dimensional
hypercube. Note that H Pj is just the Petersen graph.

Proposition 3.7 (a) The network H P; has one pendant Steiner tree connecting any
three nodes.

(b) The network H Py has two internally disjoint pendant Steiner trees connect-
ing any three nodes. The number of internally disjoint pendant Steiner trees is the
MaTIMuUm.

Proof. (a) Note that H P is just the Petersen graph. Set G = H P5. Since 6(G) = 3,
it follows that 75(G) < 1 by Lemma 1.1. From Lemma 3.1, there exists an (z, S)-fan
for any S C V(G) and |S| = 3, where z € V(G) \ S. Thus 7(S) > 1, and hence
73(G) = 1, that is, H P; has one pendant Steiner tree connecting any three nodes.

(b) Since 6(G) = 4, it follows from Lemma 1.1 that 73(H P;) < 2. One can check
that for any S C V(G) and |S| = 3, 7(S) > 2. So 13(G) = 2. ]

4 Concluding Remarks

In this paper, we have proved that 73(GOH) > min{3L#J,3L$J} for any two
connected graphs G and H. For general k, we can propose the following problem:
Give exact value or sharp upper and lower bounds of 74,(G * H), where * is a kind of

graph products.

Acknowledgements

The authors are very grateful to the editor and referees for their valuable comments
and suggestions, which improved the presentation of this paper.

References

[1] F. Bao, Y. Igarashi and S.R. (.jhlring7 Reliable broadcasting in product networks,
Discrete Appl. Math. 83 (1998), 3—20.

[2] J.A. Bondy and U.S.R. Murty, Graph Theory, GTM 244, Springer, 2008.



3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Y. MAO / AUSTRALAS. J. COMBIN. 70 (1) (2018), 28-51 49

N.J. Calkin and H.S. Wilf, The number of independent sets in a grid graph,
SIAM J. Discrete Math. 11(1) (1998), 54-60.

G. Chartrand, S.F. Kappor, L. Lesniak and D.R. Lick, Generalized connectivity
in graphs, Bull. Bombay Math. Collog. 2 (1984), 1-6.

G. Chartrand, F. Okamoto and P. Zhang, Rainbow trees in graphs and gener-
alized connectivity, Networks 55(4) (2010), 360-367.

X. Cheng and D. Du, Steiner trees in Industry, Kluwer Academic Publisher,
Dordrecht, 2001.

S.K. Das, S.R. ()hring and A.K. Banerjee, Embeddings into hyper Petersen
network: Yet another hypercube-like interconnection topology, VLSI Design
2(4) (1995), 335-351.

K. Day and A.-E. Al-Ayyoub, The cross product of interconnection networks,
IEEE Trans. Parall. Distr. Sys. 8(2) (1997), 109-118.

D. Du and X. Hu, Steiner tree problems in computer communication networks,
World Scientific, 2008.

P. Fragopoulou and S.G. Akl, Edge-disjoint spanning trees on the star network
with applications to fault tolerance, IEEE Trans. Comput. 45(2) (1996), 174—
185.

M. Grotschel, The Steiner tree packing problem in V' LST design, Math. Program.
78 (1997), 265—-281.

M. Grotschel, A. Martin and R. Weismantel, Packing Steiner trees: A cutting
plane algorithm and commputational results, Math. Program. 72 (1996), 125—
145.

M. Hager, Pendant tree-connectivity, J. Combin. Theory 38 (1985), 179-189.

R. Hammack, W. Imrich and S. Klavzr, Handbook of product graphs, Second
edition, CRC Press, 2011.

S.M. Hedetniemi, S.T. Hedetniemi and A.L. Liestman, A survey of gossiping
and broadcasting in communication networks, Networks 18 (1988), 1240-1268.

A. Ttai and M. Rodeh, The multi-tree approach to reliability in distributed
networks, Inform. Comput. 79 (1988), 43-59.

P. Jalote, Fault Tolerance in Distributed Systems, Prentice-Hall, Englewood
Cliffs, NJ, 1994.

S.L. Johnsson and C.T. Ho, Optimum broadcasting and personaized communi-
cation in hypercubes, IEEE Trans. Comput. 38(9) (1989), 1249-1268.



[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

Y. MAO / AUSTRALAS. J. COMBIN. 70 (1) (2018), 28-51 50

S. Ku, B. Wang and T. Hung, Constructing edge-disjoint spanning trees in
product networks, IEEE Trans. Parall. Distr. Sys. 14(3) (2003), 213-221.

H. Li, X. Li and Y. Mao, On extremal graphs with at most two internally
disjoint Steiner trees connecting any three vertices, Bull. Malays. Math. Sci.

Soc. (2)37(3) (2014), T47-756.

H. Li, X. Li and Y. Sun, The generalied 3-connectivity of Cartesian product
graphs, Discrete Math. Theor. Comput. Sci. 14(1) (2012), 43-54.

S. Li and X. Li, Note on the hardness of generalized connectivity, J. Combin.
Optim. 24 (2012), 389-396.

S. Li, X. Li and W. Zhou, Sharp bounds for the generalized connectivity x3(G),
Discrete Math. 310 (2010), 2147-2163.

X. Li and Y. Mao, Generalized Connectivity of Graphs, Springer Briefs in Math-
ematics, Springer, Switzerland, 2016.

X. Liand Y. Mao, On extremal graphs with at most ¢ internally disjoint Steiner
trees connecting any n — 1 vertices, Graphs Combin. 31(6) (2015), 2231-2259.

X. Liand Y. Mao, The generalied 3-connectivity of lexigraphical product graphs,
Discrete Math. Theor. Comput. Sci. 16(1) (2014), 339-354.

X. Li and Y. Mao, Nordhaus-Gaddum-type results for the generalized edge-
connectivity of graphs, Discrete Appl. Math. 185 (2015), 102-112.

X. Li and Y. Mao, The minimal size of a graph with given generalized 3-edge-
connectivity, Ars Combin. 118 (2015), 63-72.

X. Li, Y. Mao and Y. Sun, On the generalized (edge-)connectivity of graphs,
Australas. J. Combin. 58(2) (2014), 304-319.

W. Mader, Uber die Maximalzahl kantendisjunkter A-Wege, Arch. Math. 30
(1978), 325-336.

W. Mader, Uber die Maximalzahl kreuzungsfreier H-Wege, Arch. Math. 31
(1978), 387-40.

O.R. Oellermann, Connectivity and edge-connectivity in graphs: A survey,
Congr. Numer. 116 (1996), 231-252.

O.R. Oellermann, On the ¢-connectivity of a graph, Graphs Combin. 3 (1987),
285-299.

O.R. Oellermann, A note on the f-connectivity function of a graph, Congr.
Numer. 60 (1987), 181-188.



Y. MAO / AUSTRALAS. J. COMBIN. 70 (1) (2018), 28-51 o1
[35] F. Okamoto and P. Zhang, The tree connectivity of regular complete bipartite
graphs, J. Combin. Math. Combin. Comput. 74 (2010), 279-293.

[36] P. Ramanathan, D.D. Kandlur and K.G. Shin, Hardware-assisted software clock
synchronization for homogeneous distributed systems, IEEFE Trans. Comput. 39
(1990), 514-524.

[37] N.A. Sherwani, Algorithms for V. LSI Physical Design Automation, 3rd Edition,
Kluwer Acad. Pub., London, 1999.

[38] S. épacapan, Connectivity of Cartesian products of graphs, Appl. Math. Lett.
21 (2008), 682-685.

[39] D. West, Introduction to Graph Theory (Second edition), Prentice Hall, 2001.

(Received 23 Aug 2016; revised 2 July 2017, 21 Sep 2017)



