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Abstract

Let 0 ∈ Γ and Γ \ {0} be a subgroup of the complex numbers of unit
modulus. Define Hn(Γ) to be the set of all n×n Hermitian matrices with
entries in Γ, whose diagonal entries are zero. The matrices A,B ∈ Hn(Γ)
are said to be switching equivalent if there is a diagonal matrix D, in
which the diagonal entries belong to Γ \ {0}, such that D−1AD = B.
We find a characterization, in terms of fundamental cycles of graphs, of
switching equivalence of matrices in Hn(Γ). We give sufficient conditions
to characterize the cospectral matrices in Hn(Γ). We find bounds on the
number of switching equivalence classes of all mixed graphs with the same
underlying graph. We also provide the size of all switching equivalence
classes of mixed cycles, and give a formula that calculates the size of a
switching equivalence class of a mixed plane graph. We also discuss an
action of the automorphism group of a graph on switching equivalence
classes of matrices in Hn(Γ).

1 Introduction

A mixed graph G is a pair (V (G), E(G)), where V (G) is a nonempty set and E(G)
is a set of ordered pairs of distinct elements of V (G). The elements of V (G) and
E(G) are called the vertices and edges of G, respectively. Similarly, the sets V (G)
and E(G) are called the vertex set and edge set of G, respectively. If (u, v) ∈ E(G),
then the vertices u and v are called the end vertices of the edge (u, v). In a mixed
graph G, we call an edge with end vertices u and v undirected (respectively directed)
if both (u, v) and (v, u) belong to E(G) (respectively exactly one of (u, v) and (v, u)
belongs to E(G)). If (u, v) is an undirected edge, then the edges (u, v) and (v, u) are
considered identical. Thus, a mixed graph can have both directed and undirected
edges. For more information, we refer the reader to [9]. If all the edges of a mixed
graph G are directed (respectively undirected), then G is called a directed graph
(respectively an undirected graph). For a mixed graph G, the underlying graph GU
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of G is the simple undirected graph in which all edges are considered undirected. By
the terms order, size, number of components, degree of a vertex, distance between
two vertices, walk, path, cycle, tree, bipartiteness etc, we mean the same as in their
underlying graphs.

A partial orientation φ of an undirected graph G, denoted Gφ, is obtained by
choosing one of the two directed edges in each edge of a subset S of E(G). It is
called an orientation of G if S = E(G), and the resulting graph is called an oriented
or directed graph. A partial orientation of G is called trivial if S = ∅. Thus a mixed
graph is obtained from an undirected graph along with a partial orientation φ. So,
M is a mixed graph if and only if M = Gφ for some partial orientation φ of an
undirected graph G. Define M(G) to be the set of all mixed graphs having G as the
underlying graph, that is,

M(G) = {Gφ : φ is a partial orientation of G},
where G is an undirected graph. Note that M(G) contains 3m distinct mixed graphs
with underlying graph G of size m.

Liu et al. [9], and also Guo and Mohar [7] independently, introduced the Hermitian
adjacency matrix of a mixed graph. For a mixed graphGφ on n vertices, its Hermitian
adjacency matrix H(Gφ) := [huv]n×n, is defined by

huv =

⎧⎪⎪⎨
⎪⎪⎩

1 if (u, v) ∈ E(G) and (v, u) ∈ E(G)
i if (u, v) ∈ E(G) and (v, u) �∈ E(G)

−i if (u, v) �∈ E(G) and (v, u) ∈ E(G)
0 otherwise.

Here i :=
√−1 is the imaginary number unit. The Hermitian-adjacency matrix of

a mixed graph can also be obtained as a special case of the adjacency matrix of a
3-colored digraph introduced by Bapat et al. [3].

Let Sp(A) denote the multiset of eigenvalues of the matrix A. We say that two
matrices A and B are cospectral if Sp(A) = Sp(B). The spectrum of Gφ, denoted
SpH(G

φ), is the spectrum of H(Gφ). It is easy to see that H(Gφ) is a Hermitian
matrix, and so SpH(G

φ) ⊂ R. We say that two mixed graphs Gφ and Mγ are
cospectral if H(Gφ) and H(Mγ) are cospectral.

Let 0 ∈ Γ and Γ\{0} be a subgroup of the complex numbers of unit modulus. Let
Hn(Γ) be the set of all n × n Hermitian matrices with entries in Γ, whose diagonal
entries are zero. Let A := [aij ] ∈ Hn(Γ). Define a graph GA corresponding to A such
that V (GA) = {1, . . . , n} and E(GA) = {(u, v) : auv �= 0}. We call GA the graph of
A. Note that GA is an undirected graph. The gain graph of A := [auv] ∈ Hn(Γ),
denoted Gζ

A, is the graph GA in which an edge (u, v) has the gain auv. The Hermitian
adjacency matrix of a mixed graph is a special case of the adjacency matrix of a
complex unit gain graph in which the gain set is {1, i,−i}. For a walk W := u1 . . . uk

in Gζ
A, define the gain of W by ζA(W ) := au1u2au2u3 . . . auk−1uk

. Similarly, for a cycle

C := u1 . . . uku1 in Gζ
A, the gain of C is ζA(C) := au1u2au2u3 . . . auk−1uk

auku1. Let us
denote the real part of ζA(C) by �A(C), and call it the real gain of C with respect
to A. A matrix A ∈ Hn(Γ) is said to be balanced if the gain of each cycle in Gζ

A is 1.
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A switching function of Γ \ {0} on GA is a function θ : V (GA) → Γ \ {0}.
Matrices A,B ∈ Hn(Γ) are said to be switching equivalent, denoted A ∼ B, if there
is a switching function θ of Γ \ {0} on GA such that D(θ)−1AD(θ) = B, where
D(θ) = diag[θ(1), . . . , θ(n)]. Switching equivalence on Hn(Γ) was also discussed
in [12, 16]. Let z denote the conjugate of a complex number z. The condition
D(θ)−1AD(θ) = B, where D(θ) = diag[θ(1), . . . , θ(n)], implies that an edge (u, v)
has the gain auv in Gζ

A if and only if it has the gain θ(u)θ(v)auv in Gζ
B. It is clear

that if A ∼ B, then GA = GB.
Let D(θ)−1AD(θ) = B, where D(θ) = diag[θ(1), . . . , θ(n)] and θ(i) ∈ Γ \ {0} for

each i ∈ {1, . . . , n}. Let C : v1v2 . . . vkv1 be a cycle in GA. We have

ζA(C) = av1v2av2v3 · · · avkv1
= θ(v1)av1v2θ(v2)θ(v2)av2v3θ(v3) · · · θ(vk)avkv1θ(v1)
= bv1v2bv2v3 · · · bvkv1
= ζB(C).

Thus, if A ∼ B then ζA(C) = ζB(C) for each cycle C in GA. If A ∼ B, then we also
say that the gain graphs Gζ

A and Gζ
B are equivalent, and it is denoted by Gζ

A ∼ Gζ
B.

The existence of cospectral graphs is one of the widespread problems in graph
theory. The seminal paper by Collatz and Sinogowitz [4] provided the first example
of cospectral trees. Cospectral graphs are studied for signed graphs [2], oriented
graphs [5], mixed graphs [11], complex unit gain graphs [13] etc. In all these cases,
to characterize the cospectral graphs, researchers introduce a switching equivalence
relation, which is a similarity transformation. It is clear that if two matrices in
Hn(Γ) are switching equivalent then they are similar, and hence they are cospectral.
In 1982, Thomas Zaslavsky [15] characterized switching equivalence on signed graphs
in terms of balance of cycles. In 2020, Yi Wang and Bo-Jun Yuan [14] characterized
switching equivalence on mixed graphs using a strong cycle basis. Note that the
cycle basis with respect to a maximal forest of a graph is indeed a strong cycle
basis. Thus, strong cycle bases are not so important in connection with gains on
mixed graphs. Guo and Mohar [7] presented an operation on mixed graphs, called
four-way switching, which can be described as switching equivalence relation that
preserves the spectrum of mixed graphs. The authors in [3] and [12] simultaneously
and independently defined complex unit gain graphs, their adjacency matrices, and
switching. However, the terminologies of [3] and [12] are different.

The paper is organized as follows. In the second section, we introduce a charac-
terization of switching equivalence on Hn(Γ). A sufficient condition is also presented
that characterizes a bipartite graph GA in terms of the eigenvalues of a matrix A.
We also provide sufficient conditions to characterize cospectral matrices in Hn(Γ). In
the third section, we find bounds on the number of the switching equivalence classes
of all mixed graphs with the same underlying graph. In the fourth section, we find
the size of all switching equivalence classes of mixed cycles, and give a formula that
calculates the size of a switching equivalence class of a mixed plane graph. In the
last section, we discuss an action of the automorphism group of a graph on switching
equivalence classes of matrices in Hn(Γ).
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2 Switching equivalence in Hn(Γ)

There are various types of adjacency matrices in algebraic graph theory, which are
defined on graphs. For example, the adjacency matrix of a signed graph, the Hermi-
tian adjacency matrix of a complex unit gain graph, and the Hermitian adjacency
matrix of a mixed graph. In all these cases, the notion of switching equivalence is
defined. This section defines switching equivalence on Hermitian matrices with zero
diagonal entries and characterizes them using fundamental cycles. This, in turn,
characterizes switching equivalence in a signed graph, mixed graph, and complex
unit gain graph.

Let G be a graph and F be a maximal forest of G. Define

BF (G) := {CF (e) : e ∈ E(G) \ E(F )},
where CF (e) denotes the unique cycle in F ∪ {e}. The cycle CF (e) is called the
fundamental cycle of G with respect to F and e, and BF (G) is called the fundamental
cycle basis of G with respect to F . We say that the matrices A,B ∈ Hn(Γ) have the
same graph if GA = GB.

Lemma 2.1. Let A ∈ Hn(Γ) and F be a maximal forest of GA. Then there is a
matrix [a′ij ] ∈ Hn(Γ) such that A ∼ [a′ij ], where a′ij = 1 for each edge (i, j) in F .
Further, the switching is unique up to a scalar multiple in each component of F .

Proof. Let A ∈ Hn(Γ) and F be a maximal forest of GA. Let a root be chosen in
each of the components of F . For each w ∈ V (G), define

θ(w) =

{
1 if w = v

ζA(Pwv) otherwise,

where v is the root of the component of F containing w, and Pwv is the unique
wv-path in F . Let

D(θ) := diag[θ(1), . . . , θ(n)] and [a′ij ] := D(θ)−1AD(θ).

It is clear that [a′ij ] ∈ Hn(Γ) and A ∼ [a′ij ]. If (i, j) ∈ E(F ) and v is the root of the
component of F containing i, then we have

a′ij = θ(i)aijθ(j)

=

{
ζA(Piv)aijajiζA(Piv) if (j, i) appears on Pjv

aijζA(Pjv)aijζA(Pjv) if (j, i) does not appear on Pjv

= 1.

This proves the first part of the lemma. Now suppose [b′ij ] ∈ Hn(Γ) such that A ∼

[b′ij ], where b′ij = 1 for each edge (i, j) in F . Then there exists π : V (GA) → Γ \ {0}
such that [b′ij ] = D(π)−1BD(π), where D(π) = diag[π(1), . . . , π(n)]. Let the number
of components of F be k, and let v1, . . . , vk be the roots (chosen) in the components
of F . For convenience, assume π(vr) = αr for each r ∈ {1, . . . , k}. Let w be a vertex
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in the component of F having vr as a root, and let Pwvr := ww1w2 · · ·wtvr be the
unique wvr-path in F . We have

b′ww1
b′w1w2

· · · b′wtvr = 1

or, π(w)aww1π(w1)π(w1)aw1w2π(w2) · · ·π(wt)awtvrπ(vr) = 1

or, π(w) = π(vr)aww1aw1w2 · · ·awtvr = αrζA(Pwvr) = αrθ(w).

Hence the switching π is unique up to a scalar multiple in each component of F .

Theorem 2.2. If A,B ∈ Hn(Γ) have the same graph G, then A and B are switching
equivalent if and only if ζA(C) = ζB(C) for each cycle C ∈ BF (G), where F is a
maximal forest of G.

Proof. Let F be a maximal forest of G. Apply Lemma 2.1 to find matrices A′ :=
[a′ij ] and B′ := [b′ij ] such that A ∼ A′, B ∼ B′ and a′ij = 1 = b′ij for each edge
(i, j) in F . Assume that ζA(C) = ζB(C) for all cycles C ∈ BF (G). Now A′ =
D(θ)−1AD(θ) and B′ = D(π)−1BD(π) for some D(θ) = diag[θ(1), . . . , θ(n)] and
D(π) = diag[π(1), . . . , π(n)], where θ(i), π(i) ∈ Γ \ {0} for each i ∈ {1, . . . , n}. This
gives that ζA′(C) = ζB′(C) for each cycle C ∈ BF (G).

Let (i, j) /∈ E(F ), and let C be the cycle in BF (G) containing the edge (i, j). We
have

a′ij = ζA′(C) = ζB′(C) = b′ij .

Thus A′ = B′. This gives D(θ)−1AD(θ) = D(π)−1BD(π), and hence A and B are
switching equivalent.

Conversely, assume that A and B are switching equivalent. Then clearly ζA(C) =
ζB(C) for each cycle C ∈ BF (G).

An easy consequence of Theorem 2.2 on mixed graphs is presented in the follow-
ing.

Corollary 2.3. If A,B ∈ Hn(Γ) have the same graph G, then ζA(C) = ζB(C) for
each cycle C ∈ BF (G) if and only if ζA(C) = ζB(C) for each cycle C in G.

Proof. Converse part is trivial. Assume that ζA(C) = ζB(C) for each cycle C ∈
BF (G). Then Theorem 2.2 gives that A and B are switching equivalent. Hence
ζA(C) = ζB(C) for each cycle C in G.

The following corollaries are immediate consequences of Theorem 2.2.

Corollary 2.4. Let A,B ∈ Hn(Γ) be two matrices with the same graph G. If auv =
buv for each non cut-edge (u, v) in G, then A and B are switching equivalent.

Corollary 2.5. Let A,B ∈ Hn(Γ) be two matrices with the same graph G. If G is
a forest, then A and B are switching equivalent.

Theorem 2.6. If A,B ∈ Hn(Γ) have the same graph G, then A and B are switching
equivalent if and only if ζA(C) = ζB(C) for each chordless cycle C in G.
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Proof. Assume that ζA(C) = ζB(C) for each chordless cycle C in G. We now show
that ζA(C) = ζB(C) for each cycle C in G. Suppose, on the contrary, that there
is a cycle C in G of least length such that ζA(C) �= ζB(C). So, C contains a
chord, say v1u1 such that C := v1 . . . vpu1 . . . uqv1. Let C1 := v1 . . . vpu1v1 and C2 :=
u1 . . . uqv1u1. If C1 and C2 are chordless, then clearly ζA(Cj) = ζB(Cj) for j ∈ {1, 2}.
If either C1 or C2 has a chord, then also by the choice of C, we have ζA(Cj) = ζB(Cj)
for j ∈ {1, 2}. Since au1v1 .au1v1 = 1 = bu1v1 .bu1v1 , we have

ζA(C) =
ζA(C1)ζA(C2)

au1v1au1v1

=
ζB(C1)ζB(C2)

bu1v1bu1v1

= ζB(C).

This contradicts our assumption. Thus the result follows. The proof of the other
part follows directly from the equivalence of A and B.

In the next theorem, we characterize switching equivalence of the matrices A and
−A in Hn(Γ) in terms of bipartite graphs.

Theorem 2.7. If A ∈ Hn(Γ), then A and −A are switching equivalent if and only
if GA is bipartite.

Proof. The matrices A and −A are switching equivalent if and only if ζ−A(C) =
ζA(C) for all cycles C in GA, which is true if and only if the length of each cycle in
GA is even. Hence the proof follows.

Corollary 2.8. Let A ∈ Hn(Γ). If GA is bipartite, then the eigenvalues of A are
symmetric about zero.

Proof. Switching equivalence of A and −A implies that eigenvalues of A are sym-
metric about zero.

The converse of Corollary 2.8 need not be true. Consider the Hermitian adjacency
matrix of the mixed graph Cφ

3 in Figure 1. Here spectrum of H(Cφ
3 ) is {0,±√

3}.
However, C3 is not bipartite.

1

2 3

Figure 1: Mixed graph Cφ
3

Assume that A ∈ Hn(Γ). An elementary graph with respect to A is a subgraph
of GA such that every component is an edge or a cycle. Let Ek(A) denote the set of
all elementary graphs with respect to A of order k. For any H ∈ Ek(A), let C(H)
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denote the set of cycles in H , c(H) denote the number of cycles in H , and k(H)
denote the number of components of H . Let the characteristic polynomial of A be

Φ(A, x) := xn + a1x
n−1 + · · ·+ an.

Recall that �A(C) denotes the real part of ζA(C). The following results appear in [8].

Theorem 2.9 ([8]). The coefficients of the characteristic polynomial of a matrix
A ∈ Hn(Γ) are given by

ak =
∑

H∈Ek(A)

(−1)k(H)2c(H)
∏

C∈C(H)

�A(C) for all k ∈ {1, . . . , n}.

Corollary 2.10 ([8]). If A ∈ Hn(Γ), then

det(A) = (−1)n
∑

H∈En(A)

(−1)k(H)2c(H)
∏

C∈C(H)

�A(C).

In the discussion following Corollary 2.8, we observed that even if the eigenvalues
of a matrix A in Hn(Γ) are symmetric about zero, the corresponding graph GA need
not be bipartite. However, the converse of Corollary 2.8 is true under a sufficient
condition, as mentioned in the next theorem.

Theorem 2.11 ([10]). Let A ∈ Hn(Γ) and
∑

C∈Ck(GA)�A(C) �= 0 for all k, where

Ck(GA) is the set of all cycles of length k in GA. If eigenvalues of A are symmetric
about zero, then GA is bipartite.

Let A,B ∈ Hn(Γ) have the same graph G. Using Theorem 2.9, we observe that
if �A(C) = �B(C) for all cycles C in G, then A and B are cospectral. However, the
converse of this statement need not be true. For example, consider the Hermitian
adjacency matrices of the mixed graphs Gφ and Gγ in Figure 2. Here bothH(Gφ) and
H(Gγ) are cospectral with the spectrum {0,±1,±√

5}. However, ζH(Gφ)(C) = −1
and ζH(Gγ)(C) = i for the cycle C := 123.

1

3 5

2

4

Gφ

1

3 5

2

4

Gγ

Figure 2: The graphs Gφ and Gγ

In the next two results, we establish two sufficient conditions under which
�A(C) = �B(C) for each cycle C in G whenever A and B are two cospectral matrices
in Hn(Γ) with the same graph G. Some similar results appear in [13]. Our proof
technique is also similar with that in [13].
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Theorem 2.12. Let A,B ∈ Hn(Γ) have the same graph G. If �A(C) ≤ �B(C) for
each cycle C in G, then A and B are cospectral if and only if �A(C) = �B(C) for
each cycle C in G.

Proof. Let Φ(A, x) = xn + a1x
n−1 + · · · + an and Φ(B, x) = xn + b1x

n−1 + · · · + bn
be the characteristic polynomials of A and B, respectively. Assume that �A(C) ≤
�B(C) for each cycle C in G, and that Sp(A) = Sp(B). Then we have ak = bk
for each k ∈ {1, . . . , n}. We apply induction on the length of cycles. Let Ck(G) be
the set of all cycles of length k in G. Note that a3 = b3, and therefore we have
−2

∑
C∈C3(G) �A(C) = −2

∑
C∈C3(G) �B(C). The given condition �A(C) ≤ �B(C)

implies that �A(C) = �B(C) for each C ∈ C3(G). Assume that the statement holds
for each cycle of length less than or equal to l. By induction hypothesis, we have

∑
H∈El+1(A)\Cl+1(G)

(−1)k(H)2c(H)
∏

C∈C(H)

�A(C) =
∑

H∈El+1(B)\Cl+1(G)

(−1)k(H)2c(H)
∏

C∈C(H)

�B(C).

(1)

Since al+1 = bl+1, we have∑
H∈El+1(A)

(−1)k(H)2c(H)
∏

C∈C(H)

�A(C) =
∑

H∈El+1(B)

(−1)k(H)2c(H)
∏

C∈C(H)

�B(C). (2)

From (1) and (2), we get

−2
∑

C∈Cl+1(G)

�A(C) = −2
∑

C∈Cl+1(G)

�B(C).

Now �A(C) ≤ �B(C) implies that �A(C) = �B(C) for each C ∈ Cl+1(G). Hence
by induction, �A(C) = �B(C) for each cycle C in G. The other part of the theorem
is Theorem 2.9.

Corollary 2.13. Let A,B ∈ Hn(Γ) have the same graph G. If A is balanced, then
A and B are cospectral if and only if �A(C) = �B(C) for each cycle C in G.

Proof. Since �B(C) ≤ 1 = �A(C) for each cycle C in G, by Theorem 2.12 we get
the desired result.

Some characterizations of balance in gain graphs (Theorem 2.4 of [8]) and signed
graphs [1] are consequences of Corollary 2.13. In the next section, we introduce a
similar characterization of balanced mixed graphs. The proof of the following result
is similar to the proof of Theorem 2.12.

Theorem 2.14. Let A,B ∈ Hn(Γ) have the same graph G. Suppose that �A(C1) =
�A(C2) and �B(C1) = �B(C2) for every pair of cycles C1 and C2 of the same length
in G. Then A and B are cospectral if and only if �A(C) = �B(C) for each cycle C
in G.
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3 Switching equivalence on mixed graphs

All definitions for complex unit gain graphs apply to mixed graphs with the gains
in {1,−1, i,−i}. Thus, the terms switching equivalence of mixed graphs, gain (re-
spectively real gain) of walks in a mixed graph, balanced mixed graphs etc. have
the same meaning as in the corresponding Hermitian adjacency matrices. A mixed
graph Gφ is negative (respectively imaginary) if the gain with respect to Gφ of each
cycle in G is −1 (respectively i or −i).

Switching equivalence of the mixed graphs Gφ and Gγ is denoted by Gφ ∼ Gγ.
Switching equivalence is an equivalence relation on M(G). An equivalence class
under this switching equivalence is the switching equivalence class of a mixed graph.
The switching equivalence class containing the mixed graph Gφ is denoted by [Gφ].
The set of all switching equivalence classes of a mixed graph G is denoted by ΩM(G).
It is straight forward to see that if two mixed graphs Gφ and Gγ are switching
equivalent, then Gφ and Gγ are cospectral.

In 2020, Yi Wang and Bo-Jun Yuan [14] introduced a strong cycle basis for mixed
graphs and proved that every graph admits a strong cycle basis. Using a strong cycle
basis, they proved that two mixed graphs are switching equivalent if and only if the
gains of each cycle in the strong cycle basis are same. Indeed, the cycle basis with
respect to a maximal forest is always a strong cycle basis. Thus, the characterization
of switching equivalent mixed graphs in [14] is a special case of Theorem 2.2, where
Γ = {0,±1,±i}. We present this in the next result.

Theorem 3.1. Let φ and γ be two partial orientations of a graph G. If F is a
maximal forest of G, then Gφ and Gγ are switching equivalent if and only if ζGφ(C) =
ζGγ (C) for each cycle C ∈ BF (G).

Using Corollary 2.13, we now present a characterization of balanced mixed graphs.

Theorem 3.2. Let φ be a partial orientation of a graph G. Then Gφ is balanced if
and only if G and Gφ are cospectral.

Proof. Let A = H(G) and B = H(Gφ). Note that G is undirected, and so A is
always balanced. Now by Corollary 2.13, A and B are cospectral if and only if
�A(C) = �B(C) for each cycle C in G. As A is balanced, �A(C) = 1 for each cycle
C in G. Further, ζB(C) ∈ {±1,±i}, and therefore �B(C) = 1 gives that ζB(C) = 1.
Thus A and B are cospectral if and only if ζB(C) = 1 for each cycle C in G, that is,
G and Gφ are cospectral if and only if Gφ is balanced.

We note that Theorem 3.2 for gains in R\{0} is Theorem 1 of [1]. Given a graph
G on n vertices and m edges, there are 3m ways of constructing a mixed graph on
G. We give a natural lower bound and upper bound of |ΩM(G)| in the next result.

Theorem 3.3. Let G be a graph of order n, size m and c components. Then there are
at least 3m−n+c and at most 4m−n+c distinct mixed graphs up to switching equivalence
on G. Further, equality occurs in the upper bound if each fundamental cycle of G
with respect to a maximal forest F has at least two edges that do not lie on other
fundamental cycles with respect to F .
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Proof. Let F be a maximal forest of G. Consider each edge of F to be undirected.
Each e ∈ E(G) \ E(F ) lies on exactly one fundamental cycle CF (e). So we can get
the gains 1,±i on CF (e) by assigning a suitable direction on the edge e. We can
do this with all fundamental cycles in BF (G). So there are three possible choices of
gains on each fundamental cycle in BF (G). Hence we find at least 3m−n+c distinct
mixed graphs up to switching equivalence on G. Further, there are at most four
gains, namely, ±1,±i, possible for a fundamental cycle. Hence there are at most
4m−n+c distinct mixed graphs up to switching equivalence on G.

Let e, f be two edges of a cycle C in BF (G) that do not lie on other fundamental
cycles in BF (G). It is clear that by assigning appropriate gains to e and f , and
leaving the edges in C −{e, f} undirected, we can get the gain of C to be any given
number in {±1,±i}. Hence, equality occurs in the upper bound in this case.

A graph G is a cactus graph if every block of G is a cycle or a single edge.

Theorem 3.4. If Gφ is a negative or imaginary mixed graph, then each component
of G is a cactus graph.

Proof. Suppose, for a contradiction, that G is not a cactus graph. Then there are
two cycles C1 and C2 in G such that E(C1) ∩ E(C2) �= ∅. Let P := x1 . . . xk,
C1 := x1v1 . . . vpxkxk−1 . . . x1 and C2 := x1 . . . xku1 . . . uqx1. Let C := x1v1 . . . vpxku1

. . . uqx1 satisfy the condition that E(C) = E(C1)ΔE(C2), where Δ is the symmetric
difference of sets. It is clear that

ζGφ(C) = ζGφ(C1)ζGφ(P )ζGφ(P )ζGφ(C2) = ζGφ(C1)ζGφ(C2).

If Gφ is a negative mixed graph, then ζGφ(C1) = ζGφ(C2) = −1. This gives ζGφ(C) =
1, which is a contradiction. If Gφ is an imaginary mixed graph, then ζGφ(C1), ζGφ(C2)
∈ {i,−i}. This gives that ζGφ(C) ∈ {1,−1}, a contradiction again. Hence G must
be a a cactus graph.

Let Gφ and Dγ be two mixed graphs. The cartesian product Gφ�Dγ of Gφ and
Dγ is a mixed graph with vertex set V (G) × V (D) and there is an undirected edge
(respectively directed edge) from (g1, d1) to (g2, d2) if and only if g1 = g2 and (d1, d2)
is an undirected edge (respectively directed edge) in Dγ, or d1 = d2 and (g1, g2) is
an undirected edge (respectively directed edge) in Gφ. One can see that

H(Gφ�Dγ) = I|V (G)| ⊗H(Dγ) +H(Gφ)⊗ I|V (D)|.

Theorem 3.5. If Gφ1 ∼ Gγ1 and Dφ2 ∼ Dγ2, then Gφ1�Dφ2 ∼ Gγ1�Dγ2.

Proof. Since Gφ1∼Gγ1 and Dφ2∼Dγ2 , there exist diagonal matrices D(θ1) and D(θ2)
such that H(Gφ1) = D(θ1)

−1H(Gγ1)D(θ1) and H(Dφ2) = D(θ2)
−1H(Dγ2)D(θ2).

Thus
(D(θ1)⊗D(θ2))

−1H(Gγ1�Dγ2)(D(θ1)⊗D(θ2)) = H(Gφ1�Dφ2).

Hence Gφ1�Dφ2 ∼ Gγ1�Dγ2 .
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4 Size of switching equivalence classes of mixed graphs

Let Gφ be a mixed graph. Recall that

[Gφ] = {Gγ : Gφ and Gγ are switching equivalent}.

Theorem 4.1. Let G be a graph and S be the collection of all cut-edges of G. Then
the size of each switching equivalence class of a mixed graph over G is at least 3|S|.
If G is a forest, then the equality occurs.

Proof. Let Gφ be a mixed graph over G. By Theorem 3.1, the switching equivalence
relation depends on the gain of fundamental cycles. Further, the edges of S do not
belong to any cycle. So, changing the gains on the edges of S, the graph remains
switching equivalent to Gφ. Since there are only three gains possible on each edge,
the size of [Gφ] is at least 3|S|. If G is a forest then |E(G)| = |S| and Gφ is always
balanced. Hence there is only one switching equivalence class, and its size is 3|S|.

Let {1,±i}n := {(z1, . . . , zn) ∈ Cn : zj ∈ {1,±i} for each j}. For z ∈ {1,±i}n,
define ζ(z) := z1 · · · zn, that is, ζ(z) is the product of the coordinates of z. Let α(0) =
[1 0 0 0]t. For z ∈ {1,±i}n and n ≥ 1, let α(n) := [α1(n) α−1(n) αi(n) α−i(n)]

t

be the vector in R4 such that αx(n) is the number of z in {1,±i}n with ζ(z) = x,
where x ∈ {±1,±i}. Thus α(1) = [1 0 1 1]t. In general, αx(n) = |[Cφ

n ]|, where
x = ζCφ

n
(Cn). Let In be the n × n identity matrix, and let Jn be the n × n matrix

with all entries 1. Further, let

L =

[
I2 J2

J2 I2

]
.

Lemma 4.2. If n ≥ 1, then α(n) = Lα(n− 1).

Proof. Use induction on n. As α(1) = [1 0 1 1]t, we have α(1) = Lα(0). Assume
that the statement is true for n ≤ k. Now take n = k + 1.
Claim: α1(k+1) = α1(k)+αi(k)+α−i(k), that is, α1(k+1) = [1 0 1 1]α(k). Each
z ∈ {1,±i}k+1 can be written as z = (z̃, zk+1), where z̃ ∈ {1,±i}k and zk+1 ∈ {1,±i}.
If ζ(z) = 1, then

zk+1 = 1 ⇒ ζ(z̃) = 1, zk+1 = i ⇒ ζ(z̃) = −i and zk+1 = −i ⇒ ζ(z̃) = i.

Hence α1(k + 1) = α1(k) + αi(k) + α−i(k), that is, α1(k + 1) = [1 0 1 1]α(k).
Similarly, one can show that α−1(k+1) = [0 1 1 1]α(k), αi(k+1) = [1 1 1 0]α(k)
and α−i(k + 1) = [1 1 0 1]α(k). Thus α(k + 1) = Lα(k), and the proof follows by
induction.

Lemma 4.3. If Q = J4 − L, then

Ln =

{
1
4
(3n + 1)J4 −Q if n is odd

1
4
(3n − 1)J4 + I4 if n is even.
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Proof. Since L = J4 −Q, we have

Ln = (J4 −Q)n

=

n∑
j=0

(
n

j

)
Jn−j
4 (−1)jQj , as J4 and Q commute

=
n−1∑
j=0

(
n

j

)
4n−1−j(−1)jJ4Q

j + (−1)nQn, as Jn−j
4 = 4n−1−jJ4 for all j

=
1

4

( n−1∑
j=0

(
n

j

)
4n−j(−1)j

)
J4 + (−1)nQn, as J4Q

j = J4

=
1

4

(
3n − (−1)n

)
J4 + (−1)nQn.

Now using the facts that if n is even then Qn = I, and if n is odd then Qn = Q, we
get the desired conclusion.

Theorem 4.4. If n ≥ 3 and Cφ
n is a mixed cycle of order n, then

|[Cφ
n ]| =

⎧⎪⎪⎨
⎪⎪⎩

3n+1
4

if n is odd and ζCφ
n
(Cn) ∈ {1,±i}

3n−3
4

if n is odd and ζCφ
n
(Cn) = −1

3n+3
4

if n is even and ζCφ
n
(Cn) = 1

3n−1
4

if n is even and ζCφ
n
(Cn) ∈ {−1,±i}.

Proof. From the definition of αx(n), we know that |[Cφ
n ]| = αx(n), where x =

ζCφ
n
(Cn) ∈ {±1,±i}. Lemma 4.2 gives that α(n) = Lnα(0), where α(0) = [1 0 0 0]t.

Therefore

[α1(n) α−1(n) αi(n) α−i(n)]
t = the first column of Ln

=

{ [
3n+1

4
3n−3

4
3n+1

4
3n+1
4

]t
if n is odd,[

3n+3
4

3n−1
4

3n−1
4

3n−1
4

]t
if n is even.

Thus the result follows.

Let R be a finite subset of Γ \ {0}. A restricted gain graph G with gain set R,
denoted GR, is a gain graph in which the gain of each edge belongs to the set R.
Switching of a restricted gain graph is done by the elements in Γ\{0}, with the added
condition that the switched gain graph is also restricted in R. Note that mixed graphs
with the Hermitian adjacency matrix are restricted gain graphs, where R = {1, i,−i}
in the group {1,−1, i,−i}. It is clear that the switching of restricted gain graphs is
also an equivalence relation. The equivalence class, under this equivalence relation,
containing the restricted gain graph GR is denoted by [GR].

Remark 4.5. By Theorem 2.2, two restricted gain graphs, with the same underlying
graph and same gain set, are switching equivalent if and only if they have the same
gain on each cycle of a fundamental cycle basis of the underlying graph.
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Theorem 4.6. Let GR be a restricted gain graph with a finite gain set R and un-
derlying graph G. If G1, . . . , Gk are the blocks of G, then

|[GR]| =
k∏

j=1

|[GR
j ]|,

where GR
j is the restricted gain graph with underlying graph Gj in which gains are

the same as that in GR for each j ∈ {1, . . . , k}.
Proof. Let G̃R be another restricted gain graph with the finite gain set R and un-
derlying graph G. Also, let G̃R

j be the restricted gain graph with underlying graph

Gj in which gains are the same as that in G̃R for each j ∈ {1, . . . , k}.
Let F be a spanning subgraph of G and Fj = F ∩ Gj for each j ∈ {1, . . . , k}.

Clearly, F is a maximal forest of G if and only if Fj is a spanning tree of Gj for each
j ∈ {1, . . . , k}. Thus BF (G) = ∪k

j=1BFj
(Gj), a disjoint union. This fact, along with

Remark 4.5, gives that GR and G̃R are switching equivalent if and only if GR
j and

G̃R
j are switching equivalent for each j ∈ {1, . . . , k}. Hence

|[GR]| =
k∏

j=1

|[GR
j ]|.

Corollary 4.7. Let Gφ be a mixed graph such that G is a cactus graph. If {Cn1 , . . . ,
Cnk

} is the set of cycles in G, then

|[Gφ]| = 3|S|
k∏

j=1

αxj
(nj),

where S is the set of all cut-edges of G and xj = ζGφ(Cnj
) for each j ∈ {1, . . . , k}.

Proof. Note that the blocks of G are the edges of S and the cycles Cn1, . . . , Cnk
.

If xj = ζGφ(Cnj
), then by definition, |[Cφ

nj
]| = αxj

(nj) for each j ∈ {1, . . . , k}.
Also, if the complete graph K2 represents an edge in S, then |[Kφ

2 ]| = 3. Thus by
Theorem 4.6, we have

|[Gφ]| = 3|S|
k∏

j=1

αxj
(nj).

Now our aim is to calculate the size |[Gφ]| of a mixed plane graph Gφ. Due to
Theorem 4.6, it is enough to consider G to be 2-connected. Let G be a 2-connected
plane graph, and let f be an inner (bounded) face of G. The boundary of f may
be regarded as a subgraph. We use the notation ∂(f) to denote the edge set of this
subgraph. A cycle C in a plane graph G is said to be a face cycle if E(C) = ∂(f)
for some inner face f . Note that a face cycle is defined only for the inner faces of a
plane graph. It is known that the face cycles of a 2-connected plane graph form a
basis of the cycle space of the graph. See [6] for details.



M. KADYAN ET AL. /AUSTRALAS. J. COMBIN. 85 (3) (2023), 228–247 241

Let G be a 2-connected mixed plane graph and Cn1 , . . . , Cnk
be the distinct face

cycles in G, each considered in clockwise direction. Let nr be the order of Cnr for each
r ∈ {1, . . . , k}. For p �= q, define Epq = E(Cnp)∩E(Cnq) and Ep/q = E(Cnp)\E(Cnq).
Also, let Epp be the set of all edges that lie only on the cycle Cnp. Note that Epp

does not contain edges of Cnq for q �= p. It is clear that
⋃k

p,q=1,p≤q Epq is a disjoint
union of all the edges of G. Let npq = |Epq| for p, q ∈ {1, . . . , k}.

Let φ be a partial orientation on G. Let ζGφ(Epq) be the product of gains,
with respect to Gφ, of the edges in Epq according to the clockwise direction of Cnp.

Similarly, ζGφ(Ep/q) is also defined. Note that ζGφ(Epq) = ζGφ(Eqp). If CnpΔCnq is a
cycle, then we have

ζGφ(CnpΔCnq) = ζGφ(Ep/q)ζGφ(Eq/p) (3)

= ζGφ(Ep/q)ζGφ(Epq)ζGφ(Eqp)ζGφ(Eq/p)

= ζGφ(Cnp)ζGφ(Cnq).

Let C = {Cn1, . . . , Cnk
}. Note that C is a basis of the cycle space of G. Therefore, if

C is a fundamental cycle of G, then C can be expressed as a symmetric difference of
elements of C. Accordingly, by Equation (3), ζGφ(C) is a product of gains of some
cycles in C.

Now let γ be another partial orientation on G. If Gφ and Gγ have the same gain
on each cycle in C, then we find that they have the same gain on each fundamental
cycle. Then from Theorem 3.1, we have Gφ ∼ Gγ. Conversely, if Gφ ∼ Gγ then
clearly Gφ and Gγ have the same gain on each cycle in C. Hence two mixed plane
graphs are switching equivalent if and only if they have the same gain on each face
cycles.

For all y ∈ {±1,±i}k, define ΓG(y) to be the set of all X := [xpq]k×k satisfying
the following conditions:

(1) xpq =

⎧⎨
⎩

0 if npq = 0
1, i or − i if npq = 1
1,−1, i or − i if npq > 1;

(2)
k∏

q=1
npq �=0

xpq = yp for p ∈ {1, . . . , k};

(3) xpq = xqp for p �= q.

For a partial orientation φ on G, let y = (y1, . . . , yk), where yp = ζGφ(Cnp) for
each p ∈ {1, . . . , k}. Define T : [Gφ] → ΓG(y) such that T (Gγ) := [ypq], where

ypq =

{
ζGγ (Epq) if npq ≥ 1
0 otherwise.

We have the following observations.

• It is easy to see that each entry of [ypq] satisfies the condition (1) for ΓG(y).
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• Since Gγ ∈ [Gφ] and E(Cnp) = Ep1∪Ep2∪· · ·∪Epk is a disjoint union, we have

k∏
q=1

npq �=0

ypq =
k∏

q=1
npq �=0

ζGγ (Epq) = ζGγ(Cnp) = ζGφ(Cnp) = yp

for each p ∈ {1, . . . , k}. Thus [ypq] satisfies the condition (2) for ΓG(y).

• Since the direction of both the face cycles Cnp and Cnq is clockwise, ypq =

ζGγ (Epq) = ζGγ(Eqp) = yqp for p �= q, and so condition (3) holds for ΓG(y).

• As [ypq] satisfies all the three conditions for ΓG(y), we have T (Gγ) ∈ ΓG(y).

• For each Y ∈ ΓG(y), define a mixed graph Gγ by assigning gains on the edges of
Epq, according to the clockwise direction of the cycle Cnp, such that ζGγ(Epq) =
ypq for npq ≥ 1. We see that T (Gγ) = Y . Thus T is surjective.

• Note that

[Gφ] =
⋃

Y ∈ΓG(y)

T−1(Y ), where T−1(Y ) = {Gγ ∈ [Gφ] : T (Gγ) = Y }.

Therefore |[Gφ]| = ∑
Y ∈ΓG(y) |T−1(Y )|.

Consider the following example to explain the preceding discussion.

Example: Let G be the union of two cycles with a common path, as shown in
Figure 3. Let φ be a partial orientation on G. Let C1 := u1 . . . up−1up . . . uqu1 and

uq

u1

up

up+1

up+2

uq−1

up+3

uq−2

up−1

u2

v1

v2

vr−1

vr

vr−2

v3

C1 C2

Figure 3: Union of two cycles with a common path

C2 := v1v2 . . . vrupup−1 . . . u1v1 be the face cycles in G, each in clockwise direction.
Assume that npq ≥ 2 for all p, q. It is clear that E(G) = E11 ∪ E12 ∪ E22.

(1) If ζGφ(C1) = 1 and ζGφ(C2) = 1, then y = (1, 1). We get ΓG(y) = {X1, X2, X3,
X4}, where

X1 =

[
1 1
1 1

]
, X2 =

[−1 −1
−1 −1

]
, X3 =

[
i −i
i −i

]
, X4 =

[−i i
−i i

]
.
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For all Gγ ∈ T−1(X1), we have ζGγ(E11) = 1, ζGγ(E12) = 1 and ζGγ(E22) = 1.
Therefore

|T−1(X1)| = α1(n11)α1(n12)α1(n22).

Similarly,

|T−1(X2)| = α−1(n11)α−1(n12)α−1(n22),

|T−1(X3)| = αi(n11)α−i(n12)α−i(n22), and

|T−1(X4)| = α−i(n11)αi(n12)αi(n22).

Thus

|[Gφ]| =α1(n11)α1(n12)α1(n22) + α−1(n11)α−1(n12)α−1(n22)

+ αi(n11)α−i(n12)α−i(n22) + α−i(n11)αi(n12)αi(n22).

(2) If ζGφ(C1) = 1 and ζGφ(C2) = −1, then y = (1,−1). We get

ΓG(y) =

{[
1 1
1 −1

]
,

[−1 −1
−1 1

]
,

[
i −i
i i

]
,

[−i i
−i −i

]}
.

Thus

|[Gφ]| =α1(n11)α1(n12)α−1(n22) + α−1(n11)α−1(n12)α1(n22)

+ αi(n11)α−i(n12)αi(n22) + α−i(n11)αi(n12)α−i(n22).

Using a similar argument, one can calculate the size of the equivalence classes for
the other possible values of ζGφ(C1) and ζGφ(C2). In the next result, we introduce a
formula to calculate the size of switching equivalence classes of a mixed plane graph.

Theorem 4.8. Let Gφ be a 2-connected mixed plane graph and Cn1 , . . . , Cnk
be the

distinct face cycles in G, each considered in a clockwise direction. Let nr be the order
of Cnr for each r ∈ {1, . . . , k}. Then

|[Gφ]| =
∑

X∈ΓG(y)

k∏
p,q=1

p≤q,npq �=0

αxpq(npq),

where y = (y1, . . . , yk) and yp = ζGφ(Cnp) for each p ∈ {1, . . . , k}.
Proof. Let X = [xpq] ∈ ΓG(y). Then T−1(X) is the set of all Gγ such that ζGγ(Epq) =

xpq for all p, q. Note that
⋃k

p,q=1,p≤q Epq is a disjoint union of all the edges of G. Thus

|T−1(X)| =
k∏

p,q=1
p≤q,npq �=0

αxpq(npq).

Now using |[Gφ]| = ∑
X∈ΓG(y) |T−1(X)|, we get the desired result.



M. KADYAN ET AL. /AUSTRALAS. J. COMBIN. 85 (3) (2023), 228–247 244

Theorem 4.9. Let G be a 2-connected plane graph. If the number of face cycles in
G is k, then the number of switching equivalence classes in M(G) is equal to the size
of the set {y : y ∈ {±1,±i}k,ΓG(y) �= ∅}.
Proof. LetW = {y : y ∈ {±1,±i}k,ΓG(y) �= ∅}. Let Cn1, . . . , Cnk

be the distinct face
cycles in G, each considered in clockwise direction. Let nr be the order of the cycle
Cnr for each r ∈ {1, . . . , k}. We establish a bijective mapping f between ΩM(G) and
W . Define the map f : ΩM(G) → W such that f([Gφ]) = (ζGφ(Cn1), . . . , ζGφ(Cnk

)).
Theorem 3.1 gives that f([Gφ]) = f([Gγ]) if and only if [Gφ] = [Gγ]. Thus f is well
defined and injective. Let y ∈ W , so that y ∈ {±1,±i}k and ΓG(y) �= ∅. Thus there
exists an X ∈ ΓG(y). Let X = [xpq]. Define a mixed graph Gγ by assigning gains
on the edges of Epq, according to the clockwise direction of the cycle Cnp, such that
ζGγ (Epq) = xpq for npq ≥ 1. Observe that

ζGγ (Cnp) =
k∏

q=1
Epq �=∅

ζGγ(Epq) =
k∏

q=1
npq �=0

xpq = yp for p ∈ {1, . . . , k}.

Thus f([Gγ]) = y, and so f is an onto map. Hence f is a bijective map and the
desired result follows.

5 Action of automorphism groups on switching equivalence
classes

Consider the gain graphs Gζ
A and Gζ

B of the matrices A := [aij ] and B := [bij ]

in Hn(Γ), respectively. The gain graphs Gζ
A and Gζ

B are said to be isomorphic if
there is a bijective map f : {1, . . . , n} → {1, . . . , n} such that bf(i)f(j) = aij for all

i, j. An automorphism of Gζ
A is an isomorphism of Gζ

A onto itself. The group of
all automorphisms of Gζ

A is denoted by Aut(Gζ
A). If the automorphisms of Gζ

A are
identified with their corresponding permutation matrices, then

Aut(Gζ
A) = {P : P is n× n permutation matrix and PA = AP}.

The gain graphs Gζ
A and Gζ

B are said to be switching isomorphic if Gζ
A is isomor-

phic to a gain graph Gζ
C such that C is switching equivalent to B, that is, there is a

permutation matrix P and a diagonal matrix D(θ) := diag[θ(1), . . . , θ(n)] such that
A = (D(θ)P )−1B(D(θ)P ), where θ(i) ∈ Γ \ {0} for each i ∈ {1, . . . , n}.

Recall that mixed graphs are special types of gain graphs. Thus, isomorphisms
and automorphisms of mixed graphs are defined the same as in the gain graphs of
their Hermitian adjacency matrices. The group of all automorphisms of a mixed
graph Gφ is denoted by Aut(Gφ). The group of all automorphisms of a simple
undirected graph G is denoted by Aut(G). Recall that a partial orientation φ of an
undirected graph G is to specify a direction according to φ to each edge in a subset S
of E(G). That is, S is the set of all directed edges of Gφ. Let G(S)φ be the subgraph
of a mixed graph Gφ with vertex set V (G) and edge set S. Note that all the edges of
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G(S)φ are directed. Let G(E \ S) be the subgraph of Gφ with vertex set V (G) and
edge set E(G) \ S. Note that none of the edges of G(E \ S) are directed. It is easy
to verify that H(Gφ) = H(G(S)φ) + H(G(E \ S)). Now we present the following
lemma.

Lemma 5.1. If Gφ is a mixed graph, then

Aut(Gφ) = Aut(G) ∩Aut(G(S)φ) = Aut(G(S)φ) ∩ Aut(G(E \ S)).
Proof. It is straightforward to check that Aut(Gφ) = Aut(G)∩Aut(G(S)φ). Now we
show that Aut(Gφ) = Aut(G(S)φ) ∩ Aut(G(E \ S)). Since Aut(Gφ) ⊆ Aut(G(S)φ)
and Aut(Gφ) ⊆ Aut(G(E \ S)), we have Aut(Gφ) ⊆ Aut(G(S)φ) ∩ Aut(G(E \ S)).
Conversely, if f ∈ Aut(G(S)φ) ∩Aut(G(E \ S)) then f is an automorphism of each
of G(S)φ and G(E \ S). Thus, f preserves the orientation of the edges of Gφ. This
gives f ∈ Aut(Gφ). Thus Aut(Gφ) = Aut(G(S)φ) ∩ Aut(G(E \ S)).

For an A ∈ Hn(Γ), let M(A) = {B ∈ Hn(Γ) : GA = GB}. For B ∈ M(A), let

[B] = {X ∈ M(A) : X ∼ B} and ΩM(A) = {[B] : B ∈ M(A)}.
We now define an action of the automorphism group Aut(GA) on the set ΩM(A),
the set of all equivalence classes in M(A). Let A ∈ Hn(Γ) with G := GA. For an
f ∈ Aut(G) and B ∈ M(A), define the matrix f(B) = [bfuv] by bfuv = bf(u)f(v) for all
u, v.

To verify that this action is well defined, it is enough to show that if B and C
are switching equivalent then f(B) and f(C) are also switching equivalent. Assume
that B := [buv] and C := [cuv] are switching equivalent. Then there exists a diagonal
matrixD(θ) := diag[θ(1), . . . , θ(n)] such thatB = D(θ)−1CD(θ), where θ(i) ∈ Γ\{0}
for each i ∈ {1, . . . , n}. That is, buv = θ(u)cuvθ(v) for all u, v.

Consider the diagonal matrix D(θf) := diag[θ(f(1)), . . . , θ(f(n))]. We have

θ(f(u))cfuvθ(f(v)) = θ(f(u))cf(u)f(v)θ(f(v)) = bf(u)f(v) = bfuv.

This means that f(B) = D(θf)−1f(C)D(θf), that is, f(B) and f(C) are switching
equivalent.

Theorem 5.2. If A,B ∈ Hn(Γ), then the gain graphs Gζ
A and Gζ

B are switching
isomorphic if and only if [A] and [B] belong to the same orbit of ΩM(A) under the
action of Aut(GA).

Proof. Let A := [auv] and B := [buv]. Let the gain graphs Gζ
A and Gζ

B be switching
isomorphic. Then there exists a gain graph Gζ

C such that Gζ
A is isomorphic to Gζ

C ,
and C is switching equivalent to B. Let C := [cuv]. As G

ζ
A is isomorphic to Gζ

C , there
exists f ∈ Aut(GA) such that cuv = af(u)f(v) for all u, v. This means that C = f(A).
As C is switching equivalent to B, we find that f(A) is switching equivalent to B,
that is, [f(A)] = [B]. Hence [A] and [B] belong to the same orbit of ΩM(A) under
the action of Aut(GA).

Conversely, assume that [A] and [B] belong to the same orbit of ΩM(A) under
the action of Aut(GA). Then there exists f ∈ Aut(GA) such that [f(A)] = [B]. We
see that Gζ

A is isomorphic to Gζ
f(A) and f(A) is switching equivalent to B. Hence Gζ

A

and Gζ
B are switching isomorphic.
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