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Abslracl 

A Tulle slyle necessary and surricienl condilion 

lor n-ex'lendable graphs is proposed. Lel G be a conn-

ecled graph and lel u and v be lwo verlices or G such 

lhal dGCu,v) == 2. We derine divergenceex*Cu.v) as 

an independenl sel conlaining u and v in G[{w) U NGCw)] ) 

* aI'ld ex Cu, v) = max {I Cw) 
w U,v 

proved lhal ir ror any lwo verlices u and v or G such 

1 and 

ir G has even order, lhen G is I'l-ex'lendable. Il is also 

proved lhal ir ror each v in VCG) , G' = G({v) U NGCv)] 

and ~CG') ~ exCG') + 2n - 1 and ir G has even order. lhen 

G is n-ex'lendable. 
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1. Introduction and terminology 

All graphs in 'lhis paper are fini'le~ undirec'led. 

connec~ed and simple. 

Plummer (6] in'lroduced 'lhe concep'l of n-exLendable 

graphs. Let G be a graph on v vertices with a perfect 

matching. Le'l n be a positive integer such ~hat n ~ 

Cv-2)/2. G is said 'lo be n-exLendable if there are n 

independent edges in G and any n independent edges of G 

are con'lained in a perfect matching of G. 

Let G be a connected graph. For a pair of vertices 

u and v of G. we use NCu.v) to denote NGCu) n NGCv) and 

nCu,v) 'lo denote INCu,v) I. Let u and v be ~wo ver'lices of 

G such 'lhat dGCu.v) = 2. We define divergence a*Cu.v) as 

following: 

I Cw) 
U, 'I" 

max< 1 s 1 I w E NC u • v), S i_ s an i ndependen'l 

se'l con'laining u and v in G[{w} U NGCw)] } 

and ~*Cu.v) = max {I Cw) 
w u,V 

W € NCu,v) }. 

We use wCG) todeno'le 'lhe number of components of G. 

And we use oCG) to deno'le 'lhe number of odd componen'ls of 

G. 

All 'lerminology and nota'lion not de:fined in this 

paper are from (1]. 

In (2], ~3) and [4J. Holton and Lou showed 'lha'l when 

'lhe connec'livi'ly is large. line graphs, power graphs and 

to~al graphs are n-extendable. This shows 'lhat a locally 
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dense graph is n-extendable under some condi~ions. In (5J. 

Lou showed ~ha~ a locally dense graph is Hamil~onian (and 

lur~hermore. pancyclic). Ronghua Shi [7] in~roduced a 

local condi~ion lor Hamil~onian graphs by using ~he conc

ept 01 divergence. However, n-extendable graphs and Hamil

~onian graphs have many similar proper~ies, In ~his paper. 

we give a sUllicien~ condi~ion lor n-extendable graphs 

which is a Shi's ~ype condi~ion. This condi~ion implies a 

resul~ 01 Plummer ~ha~ lor a connec~ed graph G wi~h even 

order, il o(G) ~ v/2 + n, ~hen G is n-extendable. 

Firs~, we introduce a Tu~~e style necessary and 

sUllicien~ condi~ion lor n-extendable graphs which is an 

immedia~e corollary 01 a resul~ 01 Plummer (see [6]), 

2. A necessary and sUllicient condi~ion lor n-extend

able graphs 

In ~his section, we give a Tu~te s~yle necessary and 

sUllicient condi~ion lor n-extendable graphs. It is an 

immedia~e corollary 01 ~he lollowing lemma. 

Lemma 1 Let v and n be in~egers with n ~ 2. v even and 

v ~ 2n+2. Le~ G be a graph with v ver~ices, Then il G is 

n-extendable, i~ is also (n~l)-extendable. 

Prool See [6J. o 



Theorem 2 A graph G is n-extendable i~ and only i~ ~or 

any S S VC G). oC G-s) :S I S I - 2d, wher e d = mi n <: i ndC s) • n) 

and indCs) is the maximum number o~ independent edges in 

G[S) . 

Proo:f Suppose G is n-extendable. Let S be any subset o~ 

VCG). Let d = min <:indCs), n ). By Lemma 1, G is d-extend-

able. Let e i = uivi Ci = 1.2 •... ,d) be d independent edges 

i = 1.2 •...• d }. By the 

d-extendability o~ G. G' has a per~ect matching. Let S' 

i = 1,2 •... ,d ). Then oCG'-S') = oCG-S) :S 

IS' I lSI 2d, as required. 

Conversely, suppose that ~or any S S VCG) , oCG-s) :S 

15\ - 2d. where d = min <: indCs). n ). Let u.V, 
~.~ 

C i 

1.2 •...• n) be any n independent edges of G. Let G' 

G - <:u i • Vi i = 1.2 •...• n }. For any S· S VCG·). let S 

S' U <ui • vi I i = 1,2 •...• n ) . then oCG' -S') = oCG-s) 

::s ISI-2n = IS'I· So G' has a per:fect matching. Hence G 

is n-extendable. o 

3. Local cqnditions for n-extendable graphs 

In this section. we introduce some suf:ficient local 

conditions :for n-extendable graphs. This type o:f condition 

was :first introduced by Ronghua Shi :for Hamiltonian graphs. 

We :first give a connectivity result. 
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'* Lemma 3 Le~ G be a connec~ed graph. Ir nCu,v) ~ ex Cu,v) 

+ k - 1 ror any ~wo ver~ices u and v or G such ~ha~ 

dGCu,v) == 2, ~hen G is Ck+l)-connec~ed Ck ~ 1). 

Proor Suppose ~ha~ G is no~ Ck+l)-connec~ed. Le~ S £ 

VCG) be a minimum ver~ex cu~se~ such ~ha~ lSI ~ k. Assume 

C
1 

and C
2 

are ~wo componen~s or G-S. Le~ W E S. By ~he 

minimali ~y or lSI. w is adjacen~ ~o a ver~ex u in C
1 

and 

a ver~ex v in C--,. 
Co 

Then dGC u. v) == 2. So nC u, v) ~ '* 0( Cu. v) + 

'* '* k 1. Bu~ NCu, v) £ S and ex Cu-,v) ~ 2. Hence lSI ~ 0( C u, v) 

+ k - 1 ~ k+l. a con~radic~ion. o 

Theorem 4 Le~ G be a connec~ed graph and le~ k~ O. II 

nCu,v) ~ cx*Cu,v) + k lor any ~wo ver~ices u and v or G 

such ~ha~ dGCu,v) == 2. ~hen wCG-s) ~ lSI - k ror all 

cu~se~s S £ VCG). 

Proor Le~ S £ VCG) be a ver~ex cu~se~ or G. By Lemma 3. 

lSI ~ k+2. Le~ lSI = s. wCG-s) 

~he componen~s 01 G-S. Le~ S == {v
1

,v
Z

, ...• v } and k, be 
s .~ 

~he ~umber 01 componen~s in G-S which are adjacen~ ~o v, 
~ 

Wi~hou~ loss or generali~y. assume ~ha~ kl ~ k
Z 

~ .. , ~ 

k . 
s 

max {k. 
~ 

v, is adjacen~ ~o C. and 1 ~ i 
~ J 

~ s} Cj = 1.2, ... ,~). Wi~hou~ loss of generali~y, assume 

We choose S £ VCG) such ~ha~ IS1-k-wCG-s) is as small 



as possible. 

Claim 1 There is no k. such ~ha~ k. ~ 1 C1 ~ i ~ s). 
~ ~ 

Suppose ~his is no~ ~he case and k. 
~ 

::; 1 lor some i. 

We use S' = S - {vi) ~o replace S. Then wCG-S') ::: wCG-S). 

Bu~ IS' I = I S I - 1. So IS' I-k -we G-S') < I S I -k -we G-s). a 

con~radic~ion ~o ~he choice or S. 

Ir v. is adjacen~ ~o a ver~ex u in componen~ C and a 
J 

ver~ex v in componen~ C', by ~he hypo~hesis or ~he ~heo-

rem. u and v have a~ leas~ k. + k common neighbours in S. 
J 

Thererore. ir Vj is adjacen~ ~o a~ l:east. ~wo component.s or 

G-S. t.hen all componen~s adjacent. t.o v. each have a~ leas~ 
J 

k
j 

+ k neighbours in S. Consider all ver~ices in S adjacen~ 

t.o a componen~ Cit t.hen Ci has at. least. k m.+ k neighbours 
~ 

in S by t.he derinit.ion or k For ~he convenience or 
m

i 

explanat.ion, if' a vert.ex in S is adjacent. t.o k compon-

ent.s or G-S. ~hen we say t.ha~ it. sends k .edges t.o ~he 

componen~s. If' a componen~ C or G-S has k neighbours in 

S. t.hen we say ~hat. C sends k edges ~o S. Now ~he ver~i-

ces in S send k1 + k2 + '" + ks edges t.o ~he componen~s 

orG-S. And t.he component.s or G-S send at. least. Ck + k) 
m

1 

+ Ck + k) + .,. 
m2 

k1 + k2 + ... + 

::: Ck + k) + Ck 

k 

m1 m2 

t. 
and so r; k. + 

+ Ck + k) edges t.o S. 
mt. 

s 

+ k) + ... + Ck + k) 
mt. 

s t. 
r; k. ::: r; k + "tk 

~ J m. i=1 j =t.+1 i =1 ~ 

So we have 

C1) 

C2) 



Claim 2 

By induc~ion, we shall prove ~ha~ k ~ k. Ci 1,2. 
m. ~ 
~ 

.. , .~). Then ~he claim holds. By ~he delini~ion oI k 
m. 

J-

Assume ~ha~ k ~ k. lor all i < j. Now i 
m. ~ 

j. II 
~ 

adjacen~ ~o v lor some q ~ j, ~hen k 
q mj 

is 

Ot..herwise. C1 'C2 ' ...• C
j 

are only adjacent. ~o v
1

,v
2

' ...• 

v
j

_1 ' Then kl + k2 + .,.+ k
j

_
1 

~ Ck
m1

+ k) + Ck
m2

+ k) + 

+ Ck + k). By ~he induc~ion hypo~hesis. k > k. Ci 
mj ffii J-

1 • 2, ... , j -1) and k 
m. 

J 

~ 1. + k + ... + 
ffi2 

+ k. l' a con~radic~ion. 
J-

Hence we have ~ha~ km. ~ k
j

. 

J 

s 
By (2) and Claim 2. E k. ~ ~k 

j =~+1 J 
(3) 

Bu~ t.here are a~ mos~ ~ componen~s adjacen~ ~o_vl' 

v 2 ' ... ,vs respec~ively. Hence 



k. ::; t
~ 

Ci 1.2 •...• s) 

s 
By (3) and (4), Cs-t.)t. ~ E k. ~ t-k 

j =t.+l J 

(4) 

(5) 

By (5), we have s-t. ~ k. There~ore ~ ::; s-k. So 

o 

Corollary 5 Let. G be a connect-ed graph wit-h even order. 

I~ nCu. v) * ~ Ol Cu. v) + 2n - 1 ~or any t.WQ vert-ices u and 

v of' G such t-hat- dGCu.v) = 2. t.hen G is n-exl:..endable. 

Proof' Suppose G is not. n-extendable. There are n inde-

pendent- edges e
i 

= uiv
i 

Ci = 1.2 •... ,n) such t-hat. G -

{ui,v
i 

I i = 1.2, ...• n} has no perf'ect. mat-ching. Let. G' 

= G - {ui.v
i 

I i = 1,2 •... ,n}. By Tut-t.e's Theorem. t-here 

is a set- S· S VCG') such t.hat... oCG' -S') > I S' I. In ~act.... 

oCG'-S'),~ IS' I + 2. Let... S = S· u {u. ,v. 
~ ~ 

i 

Then wCG-s) = wCG' -S') ~ oCG' -S') ~ IS' I + 2: 

2. But.. by Theorem 4. wCG-S0 ::; lSI C2n-~) 

1. a cont.radict...ion. o 

1,2 •...• n}. 

lSI - 2n + 

lSI - 2n + 

Next we shall gi ve anot-her k i"nd of' local densi t: y 

condit..ion ~or n-e~endable graphs which 'concerns t.he 

induced subgraph on each vert..exo:f G and it-s neigh-

bours. 

Theorem 6 Let- G be a connect..~d graph. For ~ny ~ E 

VCG). let.. G' = G[{v} U NGCv)] and suppose t-hat. :for any 



t.wo nonadjacent. vert.ices u,w E VCG'), dG.Cu) + dG.Cw) ~ 

dGCv) + 1 + k. Then lor any t.wo vertices u and v at 

distance 2 in G apart, nCu,v) ~ a*Cu.v) + k Ck ~ 0). 

ProoI Let u and v be two vertices in VCG) such that 

dGCu. v) 2, and W E NCu,v). Then u,v E NCw). So u and 

v are two nonadjacent vertices in G' = G[{w} U NGCw)]. 

Let n·Cu.v) 

order 01 the maximum independent vertex set in G' which 

contains u and v. 

There are at most CdGCw) + 1 - 2) - Ca'Cu.v) - 2) 

vertices adjacent. to either u or v in G'. So nCu,v) ~ 

n • Cu. v) ~ [dGC w) + 1 + k J 

2)J = a'Cu,v) + k. 

But w can be any vertex in NCu.v). Hence nCu.v) ~ 

* a Cu. v) + k. o 

Corollary 7 Let. G be a connected graph with even order. 

For any vertex v in VCG). let G' = G({v} U NGCv)] and 

suppose that lor any two nonadjacent vertices u and w in 

VCG') • 

Then Gis n -extendabl e. 

ProoI By Theorem 6, lor any two vert.ices u and v in 

VCG) 01 distance 2, n(u,v) ~ a*Cu,v) + 2n - 1. By Coro-



llary 5. 6 is n-e~endable. 0 

Corollary 5 also implies a resul~ or Plummer. The 

rollowing corollary is due ~o Plummer [6). 

Corollary e Le~ G be a connec~ed graph or even order. 

Ir 6(6) ~ v/2 + n, ~hen G is n-e~endable. 

Proof' Le~ u,v E VCG) such that dGCu.v) 2. Le~ w be 

a ver~ex in NCu.v). By ~he hypo~hesis. dGCu) + dGCv) ~ 

v + 2n. Let aCu.v) be the order of' the maximum indepen-

den~ vertex set in G which con~ains u and v. Then ~here 

are a~ mos~ Cv-2) - CaCu,v) - 2) ver~ices adjacen~ to u 

or v in G. So 

nC u • v) ~ [v+2n J (Cv-2) - CaCu.v) - 2)J 

aCu,v) + 2n 

'* ~ Ol Cu.v) + 2n 

> Ol'*CU. v) + 2n -1. 

By Corollary 5. G is n-e~endable. o 

Now we in~roduce .a.no~her kind or local condition 

ror n-e~endable graphs concerning ~he local connec~i-

vi~y and local independence .number. The proor or ~he 

rollowing ~heorem is ~he same as in ~ha~ or Theorem 4. 

We use ~CG)-~o deno~e ~he connec~ivi~y of' G and OlCG) ~o 

deno~e t.he i-ndependence number of' G. 



Theorem 9 Le~ G be a connec~ed graph and le~ k .~ O. For 

any v E YCG), le~ G' G[<v} U NGCv)] and suppose ~ha~ 

~CG') ~ aCG') + k. Then wCG-s) ~ lSI - k for any cu~se~ 

S ~ YCG). 

Corollary 10 

YCG) , le~ G' 

aCG') + 2n 

Le~ G be a connec~ed graph. For any v E 

G[<v) U NGCv)] and suppose ~ha~ ~CG') ~ 

1. Then G is n-extendable. 

Proof By Theorem 9 and ~he same argumen~ as in Coroll-

ary 5, ~he resul~ follows. o 

4. Concluding remarks 

Now we give some remarks ~o show ~he sharpness of 

~he resul~s in ~his paper. 

Remark 1 The bound of nCu,v) in Lemma 3 is sharp. Le~ 

H = Kk and le~ u and v be ~wo ver~ices no~ in YCH). We 

cons~ruc~ G by joining each of u and v ~o all ver~ices of 

H. Then nCu,v) ~ a*Cu.v) + k - 2. Bu~ G is only k-connec

~ed. 

Remark 2 The bound of nCu,v) in Corollary 5 is sharp. 



Le~ H = K
2n 

and le~ u and v be ~wo ve~~ices no~ in VCH). 

We cons~~uc~ G by joining each of u and v ~o all ve~~ices 

of H. Then we have only ~wo ve~~ices of dis~ance 2 and 

* nCu.v) ~ a Cu.v) + 2n 

Then e i = u2i-lu2i Ci 1.2 •...• n) do no~ lie in any pe~-

fec~ ma~ching of G. The above g~aph also shows ~he sha~p-

ness of ~he bound of ~he deg~ee sum in Corolla~y 7. And 

i~ also shows ~he sharpness of ~he bound on connec~ivi~y 

in Corollary 10. 

Remark: 3 Corollary 5 and Corollary 10 include many 

n-e~endable g~aphs which Corollary 8 canno~ desc~ibe. 

Le~ Hi = K2n+
1 

Ci = 1.2 •...• m and m is a posi~ive even 

in~eger no~ less ~han 2), Le~ G = Hl u H2 u u H u 
m 

{uv I u e VCH
i

) and v e VCH
i

+
1
). i := 1.2, ...• m-l). Then 

G sa~isfies ~he hypot.h,eses of Corolla~y 5 and Corolla~y 

10 and G is n-e~endable. Bu~ no vert.ex in G has degree 

a~ least. v/2 + n when m is sufficient.ly large. 

Remark: 4 The local condi~ions in Corollary 6 and Coro-

llary 10 canno~ imply each ot.her. 

Let. H = CU. V) be a K • where U 
m.m 



1 :::; i :::; m. 1 :::; j :::; 2n ) U { w.x. 
~ J 

:::; i :::; 2n, 1 :::; j :::; 2n ). Then G sa~isries lhal nCu.v) ~ 

'* a. Cu,v) + 2n 1 ror any lwo ver~ices u and v or G such 

~CG') ~ a.CG') + 2n - 1 doesn'l hold. 

Lel u
1 

and u
2 

be ~wo verlices no~ in VCH). Le~ G = H u 

{u
1

'U
2

) U {u
1

v
1

,u
2

v
1

) U {u
1

v
i 

I i = 2.3, ... ,2n+1) U 

1 

{ u
2

v
j 

I j = 2n+2.2n+3, ... ,4n+1). Then G sa~isries ~ha~ 

ror any v E VCGJ, ~CG[{v) U NGCv))J ~ a.CG[{v) U NGCv)]) 

2 and u
1 

and u
2 

have only one 

common neighbour. 
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